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Preface

A nonlinear Markov evolution is a dynamical system generated by a measure-
valued ordinary differential equation (ODE) with the specific feature that
it preserves positivity. This feature distinguishes it from a general Banach-
space-valued ODE and yields a natural link with probability theory, both in
the interpretation of results and in the tools of analysis. However, nonlinear
Markov evolution can be regarded as a particular case of measure-valued
Markov processes. Even more important (and not so obvious) is the interpreta-
tion of nonlinear Markov dynamics as a dynamic law of large numbers (LLN)
for general Markov models of interacting particles. Such an interpretation is
both the main motivation for and the main theme of the present monograph.

The power of nonlinear Markov evolution as a modeling tool and its range
of applications are immense, and include non-equilibrium statistical mechan-
ics (e.g. the classical kinetic equations of Vlasov, Boltzmann, Smoluchovski
and Landau), evolutionary biology (replicator dynamics), population and dis-
ease dynamics (Lotka–Volterra and epidemic models) and the dynamics of
economic and social systems (replicator dynamics and games). With cer-
tain modifications nonlinear Markov evolution carries over to the models of
quantum physics.

The general objectives of this book are: (i) to give the first systematic pre-
sentation of both analytical and probabilistic techniques used in the study of
nonlinear Markov processes, semigroups and kinetic equations, thus providing
a basis for future research; (ii) to show how the nonlinear theory is rooted in
the study of the usual (linear) Markov semigroups and processes; and (iii) to
illustrate general methods by surveying some applications to very basic non-
linear models from statistical (classical and quantum) physics and evolutionary
biology.

The book addresses the most fundamental questions in the theory of non-
linear Markov processes: existence, uniqueness, constructions, approximation
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schemes, regularity, LLN limit and probabilistic interpretation. By a proba-
bilistic interpretation of a nonlinear equation or of the corresponding evolution
we mean specification of the underlying random process, whose marginal dis-
tributions evolve according to this equation, or in other words a path-integral
representation for the solutions. This interpretation yields much more than
just time dynamics, as it also specifies the correlations between various peri-
ods of evolution and suggests natural schemes for numerical solution such
as nonlinear versions of the Markov chain Monte Carlo (MCMC) algorithm.
Technically, a probabilistic interpretation is usually linked with an appro-
priate stochastic differential equation (SDE) underlying the given nonlinear
dynamics.

Of course, many important issues are beyond the scope of this book. The
most notable omissions are: (i) the long-term behavior of, and related questions
about, stationary regimes and self-similar solutions; (ii) the effects of irregular
behavior (e.g. gelation for the coagulation process); (iii) the DiPerna–Lions
theory of generalized solutions; and (iv) numerical methods in general (though
we do discuss approximation schemes). All these themes are fully addressed
in the modern literature.

A particular feature of our exposition is the systematic combination of
analytic and probabilistic tools. We use probability to obtain better insight
into nonlinear dynamics and use analysis to tackle difficult problems in the
description of random and chaotic behavior.

Whenever possible we adopt various points of view. In particular we
present several methods for tackling the key results: analytic and probabilis-
tic approaches to proving the LLN; direct and approximative schemes for
constructing the solutions to SDEs; various approaches to the construction of
solutions to kinetic equations, discussing uniqueness via duality, positivity and
the Lyapunov function method; and the construction of Ornstein–Uhlenbeck
semigroups via Riccati equations and SDEs.

An original aim of this book was to give a systematic presentation of all
tools needed to grasp the proof of the central limit theorem (CLT) for coagula-
tion processes from Kolokoltsov [136]. Putting this into a general framework
required a considerable expansion of this plan. Apart from bringing together
results and tools scattered through the journal literature, the main novelties are
the following.

(i) The analysis of nonlinear Lévy processes, interacting degenerate stable-
like processes and nonlinear Markov games is initiated (Sections 1.4, 7.1, 7.2,
11.2, 11.3).

(ii) A method of constructing linear and nonlinear Markov processes with
general Lévy–Khintchine-type generators (including flows on manifolds such
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as curvilinear Ornstein–Uhlenbeck processes and stochastic geodesic flows)
via SDEs driven by nonlinear distribution-dependent Lévy-type noise is put
forward. In particular, a solution is suggested to the long-standing problem of
identifying the continuity class of Lévy kernels for which the corresponding
Lévy–Khintchine-type operators generate Feller processes: these kernels must
be continuous in the Wasserstein–Kantorovich metric W2 (Chapter 3). A mod-
ification of Feller semigroups suitable for the analysis of linear and nonlinear
processes with unbounded coefficients is proposed (Chapter 5).

(iii) A class of pseudo-differential generators of “order at most one” is sin-
gled out, for which both linear and nonlinear theory can be developed by a
direct analytic treatment (Sections 4.4, 7.2).

(iv) A class of infinite-dimensional Ornstein–Uhlenbeck semigroups and
related infinite-dimensional Riccati equations, which arises as the limit of fluc-
tuations for general mean field and kth-order interactions, is identified and its
analysis is initiated (Chapter 10).

(v) A theory of smoothness with respect to initial data for a wide class of
kinetic equations is developed (Chapter 8).

(vi) This smoothness theory is applied to obtain laws of large numbers
(LLNs) and central limit theorems (CLTs) with rather precise convergence
rates for Markov models of interactions with unbounded coefficients. These
include nonlinear stable-like processes, evolutionary games, processes gov-
erned by Vlasov-type equations, Smoluchovski coagulation and Boltzmann
collision models.

Readers and prerequisites

The book is aimed at researchers and graduate students in stochastic and
functional analysis as applied to mathematical physics and systems biology
(including non-equilibrium statistical and quantum mechanics, evolutionary
games) as well as at natural scientists with strong mathematical backgrounds
interested in nonlinear phenomena in dynamic modeling. The exposition is a
step-by-step account that is intended to be accessible and comprehensible. A
few exercises, mostly straightforward, are placed at the ends of some sections
to illustrate or clarify points in the text.

The prerequisites for reading the book are (i) the basic notions of func-
tional analysis (a superficial understanding of Banach and Hilbert spaces is
sufficient; everything needed is covered in the early chapters of a standard
treatise such as Reed and Simon [205] or Yosida [250]), (ii) abstract mea-
sure theory and the Lebesgue integral (including Lp-spaces and, preferably,
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Fourier transforms) and (iii) probability theory and random processes (elemen-
tary distributions, characteristic functions, convergence of random variables,
conditioning, Markov and Lévy processes, martingales; see e.g. Kallenberg
[114], Shiryayev [220], Jacod and Protter [106], Applebaum [8], Kyprianou
[153]).

The book is designed in such a way that, depending on their background and
interests, readers may choose a selective path of reading. For instance, read-
ers interested only in jump-type processes (including evolutionary games and
spatially trivial Smoluchovski and Boltzmann models) do not need SDEs and
�DO and so can read Sections 2.1, 2.3, 4.2, 4.3, Chapter 6 and Sections 8.3–
8.6 and then look for sections that are relevant to them in Part III. However,
readers interested in nonlinear Lévy processes, diffusions and stable-like pro-
cesses should look at Chapters 2 and 3, Sections 4.4 and 4.7, Chapters 5 and 7,
Sections 8.2, 9.1 and 9.2 and the relevant parts of Sections 10.1 and 10.2.

Plan of the book

In Chapter 1, the first four sections introduce nonlinear processes in the sim-
plest situations, where either space or time is discrete (nonlinear Markov
chains) or the dynamics has a trivial space dependence (the constant-coefficient
case, describing nonlinear Lévy processes). The rest of this introductory chap-
ter is devoted to an informal discussion of the limit of the LLN in Markov
models of interaction. This limit is described by kinetic equations and its anal-
ysis can be considered as the main motivation for studying nonlinear Markov
processes.

As the nonlinear theory is deeply rooted in the linear theory (since infinites-
imal transformations are linear), Part I of the book is devoted to background
material on the usual (linear) Markov processes. Here we systematically
build the “linear basement” for the “nonlinear skyscrapers” to be erected
later. Chapter 2 recalls some particularly relevant tools from the theory of
Markov processes, stressing the connection between an analytical description
(using semigroups and evolution equations) and a probabilistic description.
Chapters 3 to 5 deal with methods of constructing Markov processes that serve
as starting points for subsequent nonlinear extensions. The three cornerstones
of our analysis – the concepts of positivity, duality and perturbation – are
developed here in the linear setting.

Nonlinear processes per se are developed in Part II. Chapters 6 and 7
open with basic constructions and well-posedness results for nonlinear Markov
semigroups and processes and the corresponding kinetic equations. Chapter 8,
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which is rather technical, is devoted to the regularity of nonlinear Markov
semigroups with respect to the initial data. Though these results are of inde-
pendent interest, the main motivation for their development here is to prepare
a sound basis for the analytic study of the LLN undertaken later in the book.

In Part III we study the application of nonlinear processes to the dynamic
LLN and the corresponding CLT for fluctuations (Chapters 9 and 10).

In Chapter 11 we sketch possible directions for the further development
of the ideas presented here, namely the stochastic LLN and related measure-
valued processes, nonlinear Markov games, nonlinear quantum dynamic semi-
groups and processes, linear and nonlinear processes on manifolds and, finally,
the analysis of the generators of positivity-preserving evolutions. Section 11.6
concludes with historical comments and a short review of the (immense)
literature on the subject and of related results.

The appendices collect together technical material used in the main text.
I am indebted to Diana Gillooly from CUP and to Ismael Bailleul, who

devoted the time and energy to read extensively and criticize early drafts. I
would also like to thank my colleagues and friends from all over the globe,
from Russia to Mexico, for useful discussions that helped me to understand
better the crucial properties of stochastic processes and interacting particles.



Basic definitions, notation and abbreviations

Kernels and propagators

Kernels and propagators are the main players in our story. We recall here the
basic definitions. A transition kernel from a measurable space (X,F) to a mea-
surable space (Y,G) is a function of two variables, μ(x, A), x ∈ X, A ∈ G,
which is F-measurable as a function of x for any A and is a measure in
(Y,G) for any x . It is called a transition probability kernel or simply a prob-
ability kernel if all measures μ(x, .) are probability measures. In particular,
a random measure on a measurable space (X,F) is a transition kernel from
a probability space to (X,F). Lévy kernels from a measurable space (X,F)

to Rd are defined as above but now each μ(x, .) is a Lévy measure on Rd ,
i.e. a (possibly unbounded) Borel measure such that μ(x, {0}) = 0 and∫

min(1, y2)μ(x, dy) < ∞.
For a set S, a family of mappings U t,r from S to itself, parametrized by

pairs of numbers r ≤ t (resp. t ≤ r ) from a given finite or infinite interval is
called a propagator (resp. a backward propagator) in S if U t,t is the identity
operator in S for all t and the following chain rule, or propagator equation,
holds for r ≤ s ≤ t (resp. for t ≤ s ≤ r ): U t,sU s,r = U t,r . A family of
mappings T t from S to itself parametrized by non-negative numbers t is said
to form a semigroup (of the transformations of S) if T 0 is the identity mapping
in S and T t T s = T t+s for all t, s. If the mappings U t,r forming a backward
propagator depend only on the differences r − t then the family T t = U 0,t

forms a semigroup.

Basic notation

Sets and numbers

N, Z, R, C The sets of natural, integer, real and complex numbers;
Z+ The set N ∪ {0}
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R+ (resp. R̄+) The set of positive (resp. non-negative) numbers
N∞, Z∞, R∞, C∞ The sets of sequences from N, Z, R, C
Cd , Rd The complex and real d-dimensional spaces
(x, y) or xy Scalar product of the vectors x, y ∈ Rd

|x | or ‖x‖ Standard Euclidean norm
√
(x, x) of x ∈ Rd

Re a, Im a Real and imaginary parts of a complex number a
[x] Integer part of a real number x (the maximum integer not exceeding x)
Sd The d-dimensional unit sphere in Rd+1

Br (x) (resp. Br ) The ball of radius r centred at x (resp. at the origin)
in Rd

�̄, ∂� Closure and boundary respectively of the subset � in a metric
space

Functions

C(S) (resp. B(S)) For a complete metric space (S, ρ) (resp. for a
measurable space (S,F)), the Banach space of bounded continuous (resp.
measurable) functions on S equipped with the sup norm ‖ f ‖ = ‖ f ‖C(S) =
supx∈S | f (x)|

BUC(S) Closed subspace of C(S) consisting of uniformly continuous
functions

C f (S) (resp. B f (S)) For a positive function f on X , the Banach space of
continuous (resp. measurable) functions g on S with finite norm ‖g‖C f (S) =
‖g/ f ‖C(S) (resp. with B instead of C)

C f,∞(S) (resp. B f,∞(S)) The subspace of C f (S) (resp. B f (S)) consist-
ing of functions g such that the ratio of g and f belongs to C∞(S)

Cc(S) ⊂ C(S) Functions with a compact support
CLip(S) ⊂ C(S) Lipschitz continuous functions f , i.e. | f (x) − f (y)| ≤

κρ(x, y) with a constant κ
CLip(S) Banach space under the norm ‖ f ‖Lip = supx | f (x)| + supx 
=y

| f (x) − f (y)|/|x − y|
C∞(S) ⊂ C(S) Functions f such that limx→∞ f (x) = 0, i.e. for all ε

there exists a compact set K : supx /∈K | f (x)| < ε (it is a closed subspace of
C(S) if S is locally compact)

Csym(Sk) or Csym(Sk) Symmetric continuous functions on Xk , i.e.
functions invariant under any permutations of their arguments

Ck(Rd) (sometimes for brevity Ck) Banach space of k times continu-
ously differentiable functions with bounded derivatives on Rd and for which
the norm is the sum of the sup norms of the function itself and all its partial
derivatives up to and including order k
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Ck∞(Rd)⊂ Ck(Rd) Functions for which all derivatives up to and includ-
ing order k are from C∞(Rd)

Ck
Lip(R

d) A subspace of Ck(Rd) whose derivative of order k is Lipschitz
continuous; it is a Banach space equipped with the norm ‖ f ‖Ck

Lip
= ‖ f ‖Ck−1 +

‖ f (k)‖Lip

Ck
c (R

d) = Cc(Rd) ∩ Ck(Rd)

∇ f = (∇1 f, . . . ,∇d f ) = (∂ f/∂x1, . . . , ∂ f/∂xd), f ∈ C1(Rd)

L p(�,F, μ) or L p(�,F, μ), p ≥ 1 The usual Banach space of (equiv-
alence classes of) measurable functions f on the measure space � such that
‖ f ‖p = (∫ | f |p(x)μ(dx)

)1/p
< ∞

L p(Rd) The L p-space that corresponds to Lebesgue measure
L∞(�,F, P) Banach space of (equivalence classes of) measurable func-

tions f on the measure space � with finite sup norm ‖ f ‖ = ess supx∈� | f (x)|
W l

1 = W l
1(R

d) Sobolev Banach spaces of integrable functions on Rd

whose derivatives up to and including order l (defined in the sense of
distributions) are also integrable and equipped with the norms ‖ f ‖Wl

1
=∑l

m=0 ‖ f (m)‖L1(Rd )

S(Rd) = { f ∈ C∞(Rd) : ∀k, l ∈ N, |x |k∇l f ∈ C∞(Rd)} Schwartz
space of fast-decreasing functions

Measures

M(S) (resp. P(S)) The set of finite Borel measures (resp. probability
measures) on a metric space S
Msigned(S) Banach space of finite signed Borel measures on S; μn → μ

weakly in Msigned(S) means that ( f, μn) → ( f, μ) for any f ∈ C(S)
M f (S) for a positive continuous function f on S The set of Radon mea-

sures on S with finite norm ‖μ‖M f (S) = sup‖g‖C f (S)≤1(g, μ); μn → μ weakly

in M f (S) means that ( f, μn) → ( f, μ) for any f ∈ C f (S); if S is locally
compact and f → ∞ as x → ∞ then M f (S) is the Banach dual to C f,∞(S),
so that μn → μ �-weakly in M f (S) means that ( f, μn) → ( f, μ) for any
f ∈ C f,∞(S)
M+

hδ(S) The set of finite linear combinations of Dirac’s δ-measures on S
with coefficients hk, k ∈ N

μ f The pushforward of μ by the mapping f : μ f (A) = μ( f −1(A)) =
μ{y : f (y) ∈ A}

|ν| For a signed measure ν, this is its (positive) total variation measure
( f, g) = ∫

f (x)g(x) dx Scalar product for functions f, g on Rd

( f, μ) = ∫
S f (x)μ(dx) Pairing of f ∈ C(S), μ ∈ M(S)
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Matrices and operators

1M Indicator function of a set M (equals one or zero according to whether
its argument is in M or otherwise)

1 Constant function equal to one; also, the identity operator
f = O(g) This means that | f | ≤ Cg for some constant C
f = o(g)n→∞ This means that limn→∞( f/g) = 0
AT or A′ Transpose of a matrix A
A� or A′ Dual or adjoint operator
KerA, Sp A, tr A Kernel, spectrum and trace of the operator A

Probability

E,P Expectation and probability of a function or event
Ex ,Px for x ∈ S (resp. Eμ,Pμ for μ ∈ P(S)) Expectation and probabil-

ity with respect to a process started at x (resp. with initial distribution μ)

Standard abbreviations

r.h.s. right-hand side
l.h.s. left-hand side
a.s. almost surely
i.i.d. independent identically distributed
BM Brownian motion
CLT central limit theorem
LLN law of large numbers
ODE ordinary differential equation
OU Ornstein–Uhlenbeck
SDE stochastic differential equation
�DO pseudo-differential operator
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Introduction

Sections 1.1–1.4 introduce nonlinear processes in the simplest situations,
where either space or time is discrete (nonlinear Markov chains) or the
dynamics has trivial space dependence (the constant-coefficient case describ-
ing nonlinear Lévy processes). The rest of the chapter is devoted to an informal
discussion of the law of large numbers (LLN) for particles in Markov models
of interaction. This limit is described by kinetic equations, and its analysis
can be considered as the main motivation for the study of nonlinear Markov
processes.

1.1 Nonlinear Markov chains

A discrete-time discrete-space nonlinear Markov semigroup �k , k ∈ N, is
specified by an arbitrary continuous mapping � : �n → �n , where the
simplex

�n =
{
μ = (μ1, . . . , μn) ∈ Rn+ :

n∑
i=1

μi = 1

}

represents the set of probability laws on the finite state space {1, . . . , n}. For a
measure μ ∈ �n the family μk = �kμ can be considered as an evolution of
measures on {1, . . . , n}. But it does not yet define a random process, because
finite-dimensional distributions are not yet specified. In order to obtain a pro-
cess we have to choose a stochastic representation for �, i.e. to write it down
in the form

�(μ) = {� j (μ)}n
j=1 =

{ n∑
i=1

Pi j (μ)μi

}n

j=1

, (1.1)
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where Pi j (μ) is a family of stochastic matrices1 depending on μ (and so
introducing nonlinearity!), whose elements specify the nonlinear transition
probabilities. For any given � : �n �→ �n a representation (1.1) exists but
is not unique. There exists a unique representation (1.1) given the additional
condition that all matrices Pi j (μ) are one dimensional:

Pi j (μ) = � j (μ), i, j = 1, . . . , n. (1.2)

Once a stochastic representation (1.1) for a mapping � is chosen we can nat-
urally define, for any initial probability law μ = μ0, a stochastic process il ,
l ∈ Z+, called a nonlinear Markov chain, on {1, . . . , n} in the following way.
Starting with an initial position i0, distributed according to μ, we then choose
the next point i1 according to the law {Pi0 j (μ)}n

j=1. The distribution of i1 now

becomes μ1 = �(μ):

μ1
j = P(i1 = j) =

n∑
i=1

Pi j (μ)μi = � j (μ).

Then we choose i2 according to the law {Pi1 j (μ
1)}n

j=1, and so on. The law

governing this process at any given time k is μk = �k(μ); that is, it is given
by the semigroup. Now finite-dimensional distributions will be defined as well.
Namely, for a function f of, say, two discrete variables, we have

E f (ik, ik+1) =
n∑

i, j=1

f (i, j)μk
i Pi j (μ

k).

In other words, this process can be defined as a time-nonhomogeneous Markov
chain with transition probabilities Pi j (μ

k) at time t = k.
Clearly the finite-dimensional distributions depend on the choice of repre-

sentation (1.1). For instance, for the simplest representation (1.2) we have

E f (i0, i1) =
n∑

i, j=1

f (i, j)μi� j (μ),

so that the discrete random variables i0 and i1 turn out to be independent.
Once a representation (1.1) is chosen, we can also define the transition

probabilities Pk
i j at time t = k recursively as

Pk
i j (μ) =

n∑
m=1

Pk−1
im (μ)Pmj (μ

k−1).

1 Recall that a d × d matrix Q is called stochastic if all its elements Qi j are non-negative and

such that
∑d

j=1 Qi j = 1 for all i .
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The semigroup identity �k+l = �k�l implies that

�k
j (μ) =

n∑
i=1

Pk
i j (μ)μi

and

Pk
i j (μ) =

n∑
m=1

Pl
im(μ)Pk−l

m j (μl), l < k.

Remark 1.1 In practical examples of the general model (1.1) the transi-
tion probabilities often depend on the law μ via such basic characteristics
as its standard deviation or expectation. See e.g. Frank [79], where we can
also find some elementary examples of deterministic nonlinear Markov chains,
for which the transitions are certain once the distribution is known, i.e. where
Pi j (μ) = δ

j
j (i,μ) for a given deterministic mapping (i, μ) �→ j (i, μ).

We can establish nonlinear analogs of many results known for the usual
Markov chains. For example, let us present the following simple fact about
long-time behavior.

Proposition 1.2 (i) For any continuous � : �n → �n there exists a
stationary distribution, i.e. a measure μ ∈ �n, such that �(μ) = μ.

(ii) If a representation (1.1) for � is chosen in such a way that there exist
j0 ∈ [1, n], time k0 ∈ N and positive δ such that

Pk0
i j0
(μ) ≥ δ, (1.3)

for all i , μ, then �m(μ) converges to a stationary measure for any initial μ.

Proof Statement (i) is a consequence of the Brouwer fixed point prin-
ciple. Statement (ii) follows from the representation (given above) of the
corresponding nonlinear Markov chain as a time-nonhomogeneous Markov
process.

Remark 1.3 The convergence of Pm
i j (μ) as m → ∞ can be shown by a

standard argument. We introduce the bounds

m j (t, μ) = inf
i

Pt
i j (μ), M j (t, μ) = sup

i
Pt

i j (μ),

then we deduce from the semigroup property that m j (t, μ) (resp. M j (t, μ)) is
an increasing (resp. decreasing) function of t and finally we deduce from (1.3)
that

M j (t + k0, μ) − m j (t + k0, μ) ≤ (1 − δ)
(

M j (t, μ) − m j (t, μ)
)
,
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implying the required convergence. (See e.g. Norris [193], Shiryayev [220],
and Rozanov [210] for the time-homogeneous situation.)

We turn now to nonlinear chains in continuous time. A nonlinear Markov
semigroup in continuous time and with finite state space {1, . . . , n} is defined
as a semigroup �t , t ≥ 0, of continuous transformations of �n . As in the case
of discrete time the semigroup itself does not specify a process. A continuous
family of nonlinear transition probabilities on {1, . . . , n} is a family P(t, μ) =
{Pi j (t, μ)}n

i, j=1 of stochastic matrices, depending continuously on t ≥ 0 and
μ ∈ �n , such that the nonlinear Chapman–Kolmogorov equation holds:

n∑
i=1

μi Pi j (t + s, μ) =
∑
k,i

μk Pki (t, μ)Pi j

(
s,

n∑
l=1

Pl.(t, μ)μl

)
. (1.4)

This family is said to yield a stochastic representation for the Markov
semigroup �t whenever

�t
j (μ) =

∑
i

μi Pi j (t, μ), t ≥ 0, μ ∈ �n . (1.5)

If (1.5) holds, equation (1.4) simply represents the semigroup identity
�t+s = �t�s .

Once a stochastic representation (1.5) for the semigroup �k is chosen, we
can define the corresponding stochastic process starting from μ ∈ �n as a
time-nonhomogeneous Markov chain with transition probabilities from time s
to time t

pi j (s, t, μ) = Pi j (t − s,�s(μ)).

To show the existence of a stochastic representation (1.5) we can use the same
idea as in the discrete-time case and define Pi j (t, μ) = �t

j (μ). However, this
is not a natural choice from the point of view of stochastic analysis. A natural
choice would arise from a generator that is reasonable from the point of view
of the theory of Markov processes.

Namely, assuming the semigroup �t is differentiable in t we can define
the (nonlinear) infinitesimal generator of the semigroup �t as the nonlinear
operator on measures given by

A(μ) = d

dt
�t
∣∣∣
t=0

(μ).

The semigroup identity for �t implies that �t (μ) solves the Cauchy problem

d

dt
�t (μ) = A(�t (μ)), �0(μ) = μ. (1.6)
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As follows from the invariance of �n under these dynamics, the mapping A
is conditionally positive, in the sense that if μi = 0 for a μ ∈ �n then this
implies Ai (μ) ≥ 0, and it is also conservative in the sense that A maps the
measures from �n to the space of signed measures

�0
n =

{
ν ∈ Rn :

n∑
i=1

νi = 0
}
.

We shall say that such a generator A has a stochastic representation if it can
be written in the form

A j (μ) =
n∑

i=1

μi Qi j (μ) = (μQ(μ)) j , (1.7)

where Q(μ) = {Qi j (μ)} is a family of infinitesimally stochastic matrices
depending on μ ∈ �n .2 Thus in its stochastic representation the generator
has the form of a usual Markov chain generator, though it depends addition-
ally on the present distribution. The existence of a stochastic representation
for the generator is not as obvious as for the semigroup but is not difficult to
obtain, as shown by the following statement.

Proposition 1.4 Given any nonlinear Markov semigroup �t on �n that is
differentiable in t , its infinitesimal generator has a stochastic representation.

An elementary proof can be obtained (see Stroock [227]) from the observa-
tion that as we are interested only in the action of Q on μ we can choose its
action �0

n on the space transverse to μ in an arbitrary way. Instead of reproduc-
ing this proof we shall give in Section 6.8 a straightforward (and remarkably
simple) proof of the generalization of this fact for nonlinear operators in
general measurable spaces.

In practice, the converse problem is more important: the construction
of a semigroup (a solution to (1.6)) from a given operator A, rather than
the construction of the generator for a given semigroup. In applications,
A is usually given directly in its stochastic representation. This problem
will be one of our central concerns in this book, but in a quite general
setting.

2 A square matrix is called infinitesimally stochastic if it has non-positive (resp. non-negative)
elements on the main diagonal (resp. off the main diagonal) and the sum of the elements of any
row is zero. Such matrices are also called Q-matrices or Kolmogorov matrices.
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1.2 Examples: replicator dynamics, the Lotka–Volterra
equations, epidemics, coagulation

Nonlinear Markov semigroups abound among popular models in the natural
and social sciences, so it is difficult to distinguish the most important exam-
ples. We shall discuss briefly here three biological examples (anticipating our
future analysis of evolutionary games) and an example from statistical mechan-
ics (anticipating our analysis of kinetic equations) illustrating the notions
introduced above of stochastic representation, conditional positivity and so
forth.

The replicator dynamics of the evolutionary game arising from the classical
game of rock–paper–scissors (a hand game for two players) has the form⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

dx

dt
= (y − z)x,

dy

dt
= (z − x)y,

dz

dt
= (x − y)z,

(1.8)

(see e.g. Gintis [84], where a biological interpretation can be found also;
the general equations of replicator dynamics are discussed in Section 1.6 of
the present text). The generator of equations (1.8) clearly has a stochastic
representation (1.7) with infinitesimal stochastic matrix

Q(μ) =
⎛
⎜⎝

− z 0 z

x − x 0

0 y − y

⎞
⎟⎠ , (1.9)

where μ = (x, y, z) ∈ �3.
The famous Lotka–Volterra equations describing a biological system with

two species, a predator and its prey, have the form⎧⎪⎨
⎪⎩

dx

dt
= x(α − βy),

dy

dt
= −y(γ − δx),

(1.10)

where α, β, γ, δ are positive parameters. The generator of this model is condi-
tionally positive but not conservative, as the total mass x + y is not preserved.
However, owing to the existence of the integral of motion α log y − βy +
γ log x −δx , the dynamics (1.10) is pathwise equivalent to the dynamics (1.8);
i.e. there is a continuous mapping taking the phase portrait of system (1.10) to
that of system (1.8).
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One of the simplest deterministic models of an epidemic can be written as a
system of four differential equations:⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Ẋ(t) = −λX (t)Y (t),

L̇(t) = λX (t)Y (t) − αL(t),

Ẏ (t) = αL(t) − μY (t),

Ż(t) = μY (t),

(1.11)

where X (t), L(t), Y (t) and Z(t) denote respectively the numbers of suscep-
tible, latent, infectious and removed individuals at time t and the positive
coefficients λ, α, μ (which may actually depend on X, L , Y, Z ) reflect the rates
at which susceptible individuals become infected, latent individuals become
infectious and infectious individuals are removed. Written in terms of the pro-
portions x = X/σ , y = Y/σ , l = L/σ , z = Z/σ , i.e. normalized to the total
mass σ = X + L + Y + Z , this system becomes⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ẋ(t) = −σλx(t)y(t),

l̇(t) = σλx(t)y(t) − αl(t),

ẏ(t) = αl(t) − μy(t),

ż(t) = μy(t),

(1.12)

with x(t) + y(t) + l(t) + z(t) = 1. Subject to the common assumption that
σλ, α and μ are constants, the r.h.s. is an infinitesimal generator of a nonlinear
Markov chain in �4. Again the generator depends quadratically on its variable
and has an obvious stochastic representation (1.7) with infinitesimal stochastic
matrix

Q(μ) =

⎛
⎜⎜⎜⎜⎝

− λy λy 0 0

0 − α α 0

0 0 − μ μ

0 0 0 0

⎞
⎟⎟⎟⎟⎠ , (1.13)

where μ = (x, l, y, z), yielding a natural probabilistic interpretation for the
dynamics (1.12) as explained in the previous section. For a detailed determin-
istic analysis of this model and a variety of extensions we refer to the book by
Rass and Radcliffe [201].

We turn now to an example from statistical mechanics, namely the dynamics
of coagulation processes with a discrete mass distribution. Unlike the previous
examples, the state space here is not finite but rather countable. As in the linear
theory, the basic notions of finite nonlinear Markov chains presented above
have a straightforward extension to the case of countable state spaces.
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Let x j ∈ R+ denote the amount of particles of mass j ∈ N present in the
system. Assuming that the rate of coagulation of particles of masses i and j is
proportional to the present amounts of particles xi and x j , with proportionality
coefficients given by positive numbers Ki j , one can model the process by the
system of equations

ẋ j = 1
2

∞∑
i,k=1

Kik xi xk(δ
i+k
j − δi

j − δk
j ), j = 1, 2, . . . , (1.14)

or equivalently

ẋ j = 1
2

j−1∑
i=1

Ki, j−i xi x j−i −
∞∑

k=1

Kkj xk x j , j = 1, 2, . . . (1.15)

These are the much studied Smoluchovski coagulation equations for discrete
masses. The r.h.s. is again an infinitesimal generator in the stochastic form
(1.7) with quadratic dependence on the unknown variables, but now with a
countable state space, the natural numbers, N.

In the next section we introduce another feature (i.e. another probabilistic
interpretation) of nonlinear Markov semigroups and processes. It turns out that
they represent the dynamic law of large numbers (LLN) for Markov models of
interacting particles. In particular, this representation will explain the frequent
appearance of the quadratic r.h.s. in the corresponding evolution equations, as
this quadratic dependence reflects the binary interactions that are most often
met in practice. The simultaneous interactions of groups of k particles would
lead to a polynomial of order k on the r.h.s.

1.3 Interacting-particle approximation for discrete
mass-exchange processes

We now explain the natural appearance of nonlinear Markov chains as a
dynamic law of large numbers in the case of discrete mass-exchange processes;
these include coagulation, fragmentation, collision breakage and other mass-
preserving interactions. Thus for the last time we will work with a discrete
(countable) state space, trying to visualize the idea of the LLN limit for this
easier-to-grasp situation. Afterwards we shall embark on our main journey,
which is devoted to general (mostly locally compact) state spaces.

We denote by Z∞+ the subset of Z∞ with non-negative elements that is
equipped with the usual partial order: N = {n1, n2, . . .} ≤ M = {m1,m2, . . .}
means that n j ≤ m j for all j . Let R∞+,fin and Z∞+,fin denote respectively the sub-
sets of R∞+ and Z∞+ containing sequences with only a finite number of non-zero
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coordinates. We shall denote by {e j } the standard basis in R∞+,fin and will occa-
sionally represent sequences N = {n1, n2, . . .} ∈ Z∞+,fin as linear combinations
N = ∑∞

j=1 n j e j .
Suppose that a particle is characterized by its mass m, which can take only

integer values. A collection of particles is then described by the vector N =
{n1, n2, . . .} ∈ Z∞+ , where the non-negative integer n j denotes the number of
particles of mass j . The state space of our model is the set Z∞+,fin of finite
collections of particles. We shall denote by |N | = n1 +n2 + · · · the number of
particles in the state N , by μ(N ) = n1 + 2n2 + · · · the total mass of particles
in this state and by supp (N ) = { j : n j 
= 0} the support of N considered as a
measure on {1, 2, . . .}.

Let � be an arbitrary element of Z∞+,fin. By its mass-exchange transforma-
tion we shall mean any transformation of � into an element � ∈ Z∞+,fin such
that μ(�) = μ(�). For instance, if � consists of only one particle then this
transformation is pure fragmentation, and if � consists of only one particle
then this transformation is pure coagulation (not necessarily binary, of course).
By a process of mass exchange with a given profile � = {ψ1, ψ2, . . .} ∈ Z∞+,fin
we shall mean the Markov chain on Z∞+,fin specified by a Markov semigroup,
on the space B(Z∞+,fin) of bounded functions on Z∞+,fin, whose generator is
given by

G� f (N ) = C�
N

∑
�:μ(�)=μ(�)

P�
�

[
f (N − � + �) − f (N )

]
. (1.16)

Here C�
N = ∏

i∈ supp (�) Cψi
ni (Ck

n denotes a binomial coefficient) and {P�
� }

is any collection of non-negative numbers parametrized by � ∈ Z∞+,fin such

that P�
� = 0 whenever μ(�) 
= μ(�). It is understood that G� f (N ) = 0

whenever � ≤ N does not hold. Since mass is preserved this Markov chain is
effectively a chain with a finite state space, specified by the initial condition,
and hence it is well defined and does not explode in finite time. The behavior of
the process defined by the generator (1.16) is as follows: (i) if N ≥ � does not
hold then N is a stable state; (ii) if N ≥ � does hold then any randomly chosen
subfamily � of N can be transformed to a collection � with the rate P�

� . A
subfamily � of N consists of any ψ1 particles of mass 1 from a given number
n1 of these particles, any ψ2 particles of mass 2 from a given number n2 etc.
(notice that the coefficient C�

N in (1.16) is just the number of such choices).
More generally, if k is a natural number, a mass-exchange process of order

k, or k-ary mass-exchange process, is a Markov chain on Z∞+,fin defined by the
generator Gk = ∑

�:|�|≤k G� . More explicitly,
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Gk f (N ) =
∑

�:|�|≤k,�≤N

C�
N

∑
�:μ(�)=μ(�)

P�
� [ f (N−�+�)− f (N )], (1.17)

where P�
� is an arbitrary collection of non-negative numbers that vanish when-

ever μ(�) 
= μ(�). As in the case of a single �, for any initial state N this
Markov chain lives on a finite state space of all M with μ(M) = μ(N ) and
hence is always well defined.

We shall now perform a scaling that represents a discrete version of the
general procedure leading to the law of large numbers for Markov models of
interaction: this will be introduced in Section 1.5. The general idea behind
such scalings is to make precise the usual continuous state space idealization
of what is basically a finite model with an extremely large number of points
(for example, water consists of a finite number of molecules but the general
equation of thermodynamics treats it as a continuous medium).

Choosing a positive real h we shall consider, instead of a Markov chain on
Z∞+,fin, a Markov chain on hZ∞+,fin ⊂ R∞ with generator Gh

k given by

(Gh
k f )(hN )

= 1

h

∑
�:|�|≤k,�≤N

h|�|C�
N

∑
�:μ(�)=μ(�)

P�
�

[
f (Nh − �h + �h) − f (Nh)

]
.

(1.18)

This generator can be considered to be the restriction to B(hZ∞+,fin) of an

operator in B(R∞+,fin) which we shall again denote by Gh
k and which is

defined by

(Gh
k f )(x) = 1

h

∑
�:|�|≤k

Ch
�(x)

∑
�:μ(�)=μ(�)

P�
�

[
f (x − �h + �h) − f (x)

]
,

(1.19)

where the function Ch
� is defined as

∏
j∈ supp (�)

x j (x j − h) · · · (x j − (ψ j − 1)h)

ψ j !

when x j ≥ (ψ j − 1)h for all j ; Ch
� vanishes otherwise. Clearly, as h → 0,

the operator given by (1.19) converges on smooth enough functions f to the
operator �k on B(R∞+,fin) given by

�k f (x) =
∑

�:|�|≤k

x�

�!
∑

�:μ(�)=μ(�)

P�
�

∞∑
j=1

∂ f

∂x j
(φ j − ψ j ), (1.20)
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where

x� =
∏

j∈ supp (�)

x
ψ j
j , �! =

∏
j∈ supp (�)

ψ j !.

The operator �k is an infinite-dimensional first-order partial differential oper-
ator. It is well known from the theory of stochastic processes that first-order
partial differential operators generate deterministic Markov processes whose
evolution is given by the characteristics of the partial differential operator �k .
These characteristics are described by the following infinite system of ordinary
differential equations:

ẋ j =
∑

�:|�|≤k

x�

�!
∑

�:μ(�)=μ(�)

P�
� (φ j − ψ j ), j = 1, 2, . . . (1.21)

This is the general system of kinetic equations describing the dynamic law of
large numbers for k-ary mass-exchange processes with discrete mass distribu-
tions. In particular, in the case of binary coagulation, the P�

� are non-vanishing
only for |�| = 2 and |�| = 1, and one can write P� = Ki j = K ji for a � con-
sisting of two particles of masses i and j (which coagulate to form a particle
of mass i + j). Hence in this case (1.21) takes the form (1.14).

Let us stress again that the power of the polynomial x� in (1.21) corresponds
to the number of particles taking part in each interaction. In particular, the
most common, quadratic, dependence occurs when only binary interactions
are taken into account.

Similarly, equations (1.10) and (1.12) can be deduced as the dynamic law
of large numbers for the corresponding system of interacting particles (or
species).

Of course, the convergence of the generator Gh
k to �k for smooth functions

does not necessarily imply the convergence of the corresponding semigroups
or processes (especially for systems with an infinite state space). Additional
arguments are required to justify this convergence. For the general discrete
mass-exchange model (1.21), convergence was proved in Kolokoltsov [130],
generalizing a long series of results for particular cases by various authors;
see the detailed bibliography in Kolokoltsov [130]. We shall not develop this
topic here, as we aim to work with more general models with continuous state
spaces, including (1.21) as an easy special case.

1.4 Nonlinear Lévy processes and semigroups

To open our discussion of processes with uncountable state spaces, which
generalize the nonlinear Markov chains introduced above, we shall define
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the simplest class of nonlinear processes having a Euclidean state space,
namely nonlinear Lévy processes. Serious analysis of these processes will be
postponed to Section 7.1.

A straightforward and constructive way to define a Lévy process is via its
generator, given by the famous Lévy–Khintchine formula. Namely, a Lévy pro-
cess Xt is a Markov process in Rd with a generator L of Lévy–Khintchine form
given by

L f (x) = 1
2 (G∇,∇) f (x) + (b,∇ f (x))

+
∫

[ f (x + y) − f (x) − (y,∇ f (x))1B1(y)]ν(dy), (1.22)

where G = (Gi j ) is a symmetric non-negative matrix, b = (bi ) ∈ Rd , ν(dy)
is a Lévy measure3 and

(G∇,∇) f (x) =
d∑

i, j=1

Gi j
∂2 f

∂xi∂x j
, (b,∇ f (x)) =

n∑
i=1

bi
∂ f

∂xi
.

In other words, Xt is a stochastic process such that

E( f (Xt )|Xs = x) = (�t−s f )(x), f ∈ C(Rd),

where �t is the strongly continuous semigroup of linear contractions on
C∞(Rd) generated by L . The generator L has an invariant domain C2∞(Rd), so
that for any f ∈ C2∞(Rd) the function �t f is the unique solution in C2∞(Rd)

of the Cauchy problem

ḟt = L ft , f0 = f.

A Lévy process is not only a time-homogeneous Markov process (the transition
mechanism from time s to time t > s depends only on the difference t − s),
but also a space-homogeneous Markov process, i.e.

�t Tλ = Tλ�
t

for any λ ∈ Rd , where Tλ is the translation operator Tλ f (x) = f (x + λ). The
existence (and essentially the uniqueness, up to a modification) of the Lévy
process corresponding to a given L is a well-known fact.

Suppose now that a family Aμ of Lévy–Khintchine generators is given by

Aμ f (x) = 1
2 (G(μ)∇,∇) f (x) + (b(μ),∇ f )(x)

+
∫

[ f (x + y) − f (x) − (y,∇ f (x))1B1(y)]ν(μ, dy), (1.23)

3 I.e. a Borel measure in Rd such that ν{0} = 0 and
∫

min(1, |y|2)ν(dy) < ∞.
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thus depending on μ ∈ P(Rd); for a Borel space X , P(X) denotes the set
of probability measures on X . By the nonlinear Lévy semigroup generated
by Aμ we mean the weakly continuous semigroup V t of weakly continuous
transformations of P(Rd) such that, for any μ ∈ P(Rd) and any f ∈ C2∞(Rd),
the measure-valued curve μt = V t (μ) solves the problem

d

dt
( f, μt ) = (Aμt f, μt ), t ≥ 0, μ0 = μ. (1.24)

Once a Lévy semigroup has been constructed we can define the correspond-
ing nonlinear Lévy process with initial law μ as the time-nonhomogeneous
Lévy process generated by the family Lt given by

Lt f (x) = AV tμ f (x) = 1
2 (G(V t (μ))∇,∇) f (x) + (b(V t (μ)),∇ f )(x)

+
∫

[ f (x + y) − f (x)

− (y,∇ f (x))1B1(y)]ν(V t (μ), dy), (1.25)

with law μ at t = 0.
We shall prove the existence of nonlinear Lévy semigroups in Section 7.1

under mild assumptions about the coefficients of L . Starting from this exis-
tence result we can obtain nonlinear analogs of many standard facts about
Lévy processes, such as transience–recurrence criteria and local time proper-
ties, as presented in e.g. Bertoin [33]. We can also extend the theory to Hilbert-
and Banach-space-valued Lévy processes (see e.g. Albeverio and Rüdiger [3]
for the corresponding linear theory). However, we shall not go in this direc-
tion as our main objective here is to study nonlinear processes with variable
coefficients.

1.5 Multiple coagulation, fragmentation and collisions;
extended Smoluchovski and Boltzmann models

We shall now embark on an informal discussion of the methods and tools aris-
ing in the analysis of Markov models of interacting particles and their dynamic
law of large numbers, in the case of an arbitrary (not necessarily countable)
state space. Technical questions about the well-posedness of the evolutions
and the justification of limiting procedures will be addressed in later chapters.
Here the aim is (i) to get a brief idea of the kinds of equation that are worth
studying and the limiting behaviors to expect, (ii) to develop some intuition
about the general properties of these evolutions and about approaches to their
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analysis and (iii) to see how the analysis of various classical models in the nat-
ural sciences (most notably statistical and quantum physics and evolutionary
biology) can be unified in a concise mathematical framework.

The ideas discussed go back to Boltzmann and Smoluchovski and were
developed in the classical works of Bogolyubov, Vlasov, Leontovich, McKean,
Katz, Markus, Lushnikov, Dobrushin and many others. The subject has
attracted attention from both mathematicians and physicists and more recently
from evolutionary biologists. The full model of kth-order interactions lead-
ing to measure-valued evolutions (see (1.73) below) was put forward in
Belavkin and Kolokoltsov [25] and Kolokoltsov [132] and its quantum analog
in Belavkin [21].

Let us stress that in this book our aim is to introduce the law of large numbers
specified by nonlinear Markov processes in the mathematically most direct and
unified way, without paying too much attention to the particulars of concrete
physical models. A review of various relevant and physically meaningful scal-
ing procedures (hydrodynamic, low-density, weak-coupling, kinetic etc.) can
be found in the monograph by Spohn [225]; see also Balescu [16].

By a symmetric function of n variables we mean a function that is invariant
under any permutation of these variables, and by a symmetric operator on the
space of functions of n variables we mean an operator that preserves the set of
symmetric functions.

We denote by X a locally compact separable metric space. Denoting by X0

a one-point space and by X j the j-fold product X × · · · × X , considered with
the product topology, we denote by X their disjoint union ∪∞

j=0 X j , which is
again a locally compact space. In applications, X specifies the state space of
one particle and X = ∪∞

j=0 X j stands for the state space of a random number
of similar particles. We denote by Csym(X ) the Banach spaces of symmet-
ric bounded continuous functions on X and by Csym(Xk) the corresponding
spaces of functions on the finite power Xk . The space of symmetric (positive
finite Borel) measures is denoted by Msym(X ). The elements of Msym(X )

and Csym(X ) are respectively the (mixed) states and observables for a Markov
process on X . We denote the elements of X by boldface letters, say x, y. For a
finite subset I = {i1, . . . , ik} of a finite set J = {1, . . . , n}, we denote by |I |
the number of elements in I , by Ī its complement J \ I and by xI the collection
of variables xi1 , . . . , xik .

Reducing the set of observables to Csym(X ) means in effect that our
state space is not X (resp. Xk) but rather the factor space SX (resp. SXk)
obtained by factorization with respect to all permutations, which allows the
identification Csym(X ) = C(SX ) (resp. Csym(Xk) = C(SXk)). Clearly
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SX can be identified with the set of all finite subsets of X , the order being
irrelevant.

A key role in the theory of measure-valued limits of interacting-particle
systems is played by the inclusion SX to M(X) given by

x = (x1, . . . , xl) �→ δx1 + · · · + δxl = δx, (1.26)

which defines a bijection between SX and the set M+
δ (X) of finite linear com-

binations of Dirac’s δ-measures with natural coefficients. This bijection can be
used to equip SX with the structure of a metric space (complete whenever X
is complete) by “pulling back” any distance on M(X) that is compatible with
its weak topology.

Clearly each f ∈ Csym(X ) is defined by its components (restrictions)
f k on Xk , so that for x = (x1, . . . , xk) ∈ Xk ⊂ X , say, we can write
f (x) = f (x1, . . . , xk) = f k(x1, . . . , xk). Similar notation will be used for
the components of measures from M(X ). In particular, the pairing between
Csym(X ) and M(X ) can be written as

( f, ρ) =
∫

f (x)ρ(dx) = f 0ρ0 +
∞∑

n=1

∫
f (x1, . . . , xn)ρ(dx1 · · · dxn),

f ∈ Csym(X ), ρ ∈ M(X ).

A useful class of measures (and mixed states) on X is given by decompos-
able measures of the form Y ⊗; such a measure is defined for an arbitrary finite
measure Y (dx) on X by means of its components:

(Y ⊗)n(dx1 · · · dxn) = Y ⊗n(dx1 · · · dxn) = Y (dx1) · · · Y (dxn).

Similarly, decomposable observables (multiplicative or additive) are defined
for an arbitrary Q ∈ C(X) as

(Q⊗)n(x1, . . . , xn) = Q⊗n(x1, . . . , xn) = Q(x1) · · · Q(xn), (1.27)

where

(Q⊕)(x1, . . . , xn) = Q(x1) + · · · + Q(xn) (1.28)

(Q⊕ vanishes on X0). In particular, if Q = 1, then Q⊕ = 1⊕ is the number of
particles: 1⊕(x1, . . . , xn) = n.

In this section we are interested in pure jump processes on X , whose
semigroups and generators preserve the space Csym of continuous symmetric
functions and hence are given by symmetric transition kernels q(x; dy), which
can thus be considered as kernels on the factor space SX .
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To specify a binary particle interaction of pure jump type we have to specify
a continuous transition kernel

P2(x1, x2; dy) = {P2
m(x1, x2; dy1 · · · dym)}

from SX2 to SX such that P2(x; {x}) = 0 for all x ∈ X2. By the intensity of
the interaction we mean the total mass

P2(x1, x2) =
∫
X

P2(x1, x2; dy) =
∞∑

m=0

∫
Xm

P2
m(x1, x2; dy1 · · · dym).

The intensity defines the rate of decay of any pair of particles x1, x2, and the
measure Pk(x1, x2; dy) defines the distribution of possible outcomes. If we
suppose that any pair of particles, randomly chosen from a given set of n
particles, can interact then this leads to a generator G2 of binary interacting
particles, defined in terms of the kernel P2:

(G2 f )(x1, . . . , xn) =
∑

I⊂{1,...,n},|I |=2

∫ [
f (x Ī , y) − f (x1, . . . , xn)

]

× P2(xI , dy)

=
∞∑

m=0

∑
I⊂{1,...,n},|I |=2

∫ [
f (x Ī , y1, . . . , ym) − f (x1, . . . , xn)

]

× Pk
m(xI ; dy1 . . . dym).

A probabilistic description of the evolution of a pure jump Markov pro-
cess Zt on X specified by this generator (if this process is well defined!)
is the following.4 Any two particles x1, x2 (chosen randomly and uniformly
from n existing particles) wait for interaction to occur for a P2(x1, x2)-
exponential random time. The first pair in which interaction occurs produces
in its place a collection of particles y1, . . . , ym according to the distribu-
tion P2

m(x1, x2; dy1 · · · dym)/P2(x1, x2). Then everything starts again from the
new collection of particles thus obtained.

Similarly, a k-ary interaction or kth-order interaction of pure jump type is
specified by a transition kernel

Pk(x1, . . . , xk; dy) = {Pk
m(x1, . . . , xk; dy1 · · · dym)} (1.29)

4 See Theorem 2.34 for some background on jump-type processes, and take into account that the
minimum of any finite collection of exponential random variables is again an exponential
random variable.
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from SXk to SX such that Pk(x; {x}) = 0 for all x ∈ X , where the intensity is

Pk(x1, . . . , xk) =
∫

Pk(x1, . . . , xk; dy)

=
∞∑

m=0

∫
Pk

m(x1, . . . , xk; dy1 · · · dym). (1.30)

This kernel defines a generator Gk of k-ary interacting particles:

(Gk f )(x1, . . . , xn)

=
∑

I⊂{1,...,n},|I |=k

∫ [
f (x Ī , y) − f (x1, . . . , xn)

]
Pk(xI , dy). (1.31)

To model possible interactions of all orders up to a certain k, we can take the
sum of generators of the type (1.31) for all l = 1, 2, . . . , k, leading to a model
with generator given by

G≤k f =
k∑

l=1

Gl f. (1.32)

To ensure that operators of the type in (1.31) generate a unique Markov
process we have to make certain assumptions. Physical intuition suggests
that there should be conservation laws governing the processes of interaction.
Precise criteria will be given in Part III.

Changing the state space according to the mapping (1.26) yields the corre-
sponding Markov process on M+

δ (X). Choosing a positive parameter h, we
now scale the empirical measures δx1 +· · ·+ δxn by a factor h and the operator
of k-ary interactions by a factor hk−1.

Remark 1.5 Performing various scalings and analyzing scaling limits is
a basic feature in the analysis of models in physics and biology. Scaling
allows one to focus on particular aspects of the system under study. Scaling
empirical measures by a small parameter h in such a way that the measure
h(δx1 + · · · + δxn ) remains finite when the number of particles n tends to
infinity realizes the basic idea of a continuous limit, mentioned in Section 1.3
(when the number of molecules becomes large in comparison with their indi-
vidual sizes, we observe and treat a liquid as a continuously distributed mass).
Scaling kth-order interactions by hk−1 reflects the idea that, say, simultaneous
ternary collisions are rarer events than binary collisions. Precisely this scaling
makes these kth-order interactions neither negligible nor overwhelming in the
approximation considered.
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The above scaling leads to the generator �h
k defined by

�h
k F(hδx) = hk−1

∑
I⊂{1,...,n},|I |=k

∫
X

[F(hδx − hδxI + hδy) − F(hν)]

× P(xI ; dy), (1.33)

which acts on the space of continuous functions F on the set M+
hδ(X) of mea-

sures of the form hν = hδx = hδx1 + · · · + hδxn . Allowing interactions of
order ≤ k leads to the generator �h≤k given by

�h≤k F(hδx) =
k∑

l=1

�h
l F(hδx)

=
k∑

l=1

hl−1
∑

I⊂{1,...,n},|I |=l

∫
X

[F(hδx − hδxI + hδy) − F(hν)]

× P(xI ; dy). (1.34)

This generator defines our basic Markov model of exchangeable particles with
(h-scaled) k-ary interactions of pure jump type. As we are aiming to take the
limit h → 0, with hδx converging to a finite measure, the parameter h should
be regarded as the inverse of the number of particles. There also exist important
models with an input (i.e. with a term corresponding to l = 0 in (1.34)), but
we shall not consider them here.

The scaling introduced before Remark 1.5, which is usual in statistical
mechanics, is not the only reasonable one. In the theory of evolutionary games
(see Section 1.6) or other biological models a more natural scaling is to nor-
malize by the number of particles, i.e. a k-ary interaction term is divided by
nk−1 = (‖hν‖/h)k−1 (see e.g. the phytoplankton dynamics model in [9] or
[211]). This leads to, instead of �h

k , the operator �̃h
k given by

�̃h
k F(hδx) = hk−1

∑
I⊂{1,...,n},|I |=k

∫
X

[F(hν − hδxI + hδy) − F(hν)]

× P(xI ; dy)
‖hδx‖k−1

, (1.35)

or, more generally,

�̃h≤k F(hδx) =
k∑

l=1

�̃h
l F(hδx). (1.36)
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Applying the obvious relation

∑
I⊂{1,...,n},|I |=2

f (xI ) = 1
2

∫∫
f (z1, z2)δx(dz1)δx(dz2)

− 1
2

∫
f (z, z)δx(dz), (1.37)

which holds for any f ∈ Csym(X2) and x = (x1, . . . , xn) ∈ Xn , one observes
that the expression for the operator �h

2 is

�h
2 F(hδx) = − 1

2

∫
X

∫
X
[F(hδx − 2hδz + hδy) − F(hδx)]
× P(z, z; dy)(hδx)(dz)

+ 1
2 h−1

∫
X

∫
X2

[F(hδx − hδz1 − hδz2 + hδy) − F(hδx)]
× P(z1, z2; dy)(hδx)(dz1)(hδx)(dz2). (1.38)

On the linear functions

Fg(μ) =
∫

g(y)μ(dy) = (g, μ)

this operator acts according to

�h
2 Fg(hδx)

= 1
2

∫
X

∫
X2

[g⊕(y) − g⊕(z1, z2)]P(z1, z2; dy)(hδx)(dz1)(hδx)(dz2)

− 1
2 h
∫
X

∫
X
[g⊕(y) − g⊕(z, z)]P(z, z; dy)(hδx)(dz).

It follows that if h tends to 0 and hδx tends to some finite measure μ (in other
words, if the number of particles tends to infinity but the “whole mass” remains
finite owing to the scaling of each atom), the corresponding evolution equation
Ḟ = �h

2 F on linear functionals F = Fg tends to the equation

d

dt
(g, μt ) = �2 Fg(μt )

= 1
2

∫
X

∫
X2

[
g⊕(y) − g⊕(z)

]
P2(z; dy)μ⊗2

t (dz), z = (z1, z2),

(1.39)

which is the general kinetic equation for binary interactions of pure jump type
in weak form. “Weak” means that it must hold for all g belonging to C∞(X)

or at least to its dense subspace.
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A similar procedure for the k-ary interaction operator in (1.33), based on the
k-ary extension (H.4), (H.6) (see Appendix H) of (1.37), leads to the general
kinetic equation for k-ary interactions of pure jump type in weak form:

d

dt
(g, μt ) = �k Fg(μt )

= 1

k!
∫
X

∫
Xk

[
g⊕(y) − g⊕(z)

]
Pk(z; dy)μ⊗k

t (dz), z = (z1, . . . , zk).

(1.40)

More generally, for interactions of order at most k, we start from the generator
given in (1.32) and specified by the family of kernels P = {P(x) = Pl(x), x ∈
Xl , l = 1, . . . , k} of type (1.30) and obtain the equation

d

dt
(g, μt ) = �l≤k Fg(μt ) =

k∑
l=1

1

l!
∫
X

∫
Xl

[
g⊕(y) − g⊕(z)

]
Pl (z; dy)μ⊗l

t (dz).

(1.41)

The same limiting procedure with the operator given by (1.35) yields the
equation

d

dt

∫
X

g(z)μt (dz)

= 1

k!
∫
X

∫
Xk

[
g⊕(y) − g⊕(z)

]
Pk(z; dy)

(
μt

‖μt‖
)⊗k

(dz)‖μt‖. (1.42)

In the biological context the dynamics is traditionally written in terms of
normalized (probability) measures. Because for positive μ the norm equals
‖μ‖ = ∫

X μ(dx) we see that, for positive solutions μt of (1.42), the norms of
μt satisfy the equation

d

dt
‖μt‖ = − 1

k!
∫

Xk
Q(z)

(
μt

‖μt‖
)⊗k

(dz)‖μt‖, (1.43)

where

Q(z) = −
∫
X
[
1⊕(y) − 1⊕(z)

]
Pk(z; dy). (1.44)

Consequently, rewriting equation (1.42) in terms of the normalized measure
νt = μt/‖μt‖ yields
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d

dt

∫
X

g(z)νt (dz) = 1

k!
∫
X

∫
Xk

[
g⊕(y) − g⊕(z)

]
Pk(z; dy)ν⊗k

t (dz)

+ 1

k!
∫

X
g(z)νt (dz)

∫
X

∫
Xk

Q(z)ν⊗k
t (dz). (1.45)

It is worth noting that the rescaling of interactions leading to (1.42) is
equivalent to a time change in (1.40). A particular instance of this reduction
in evolutionary biology is the well-known trajectory-wise equivalence of the
Lotka–Volterra model and replicator dynamics; see e.g. [96].

We shall now consider some basic examples of interaction.

Example 1.6 (Generalized Smoluchovski coagulation model) The clas-
sical Smoluchovski model describes the mass-preserving binary coagulation
of particles. In the more general context, often called cluster coagulation, see
Norris [194], a particle is characterized by a parameter x from a locally com-
pact state space X , where a mapping E : X → R+, the generalized mass,
and a transition kernel P2

1 (z1, z2, dy) = K (z1, z2, dy), the coagulation ker-
nel, are given such that the measures K (z1, z2; .) are supported on the set
{y : E(y) = E(z1) + E(z2)}. In this setting, equation (1.39) takes the form

d

dt

∫
X

g(z)μt (dz)

= 1
2

∫
X3

[g(y) − g(z1) − g(z2)]K (z1, z2; dy)μt (dz1)μt (dz2). (1.46)

In the classical Smoluchovski model, we have X = R+, E(x) = x and
K (x1, x2, dy) = K (x1, x2)δ(x1 + x2 − y) for a certain symmetric function
K (x1, x2).

Using the scaling (1.35), which would be more appropriate in a biological
context, we obtain, instead of (1.46), the equation

d

dt

∫
X

g(z)μt (dz) =
∫

X3
[g(y)−g(z1)−g(z2)]K (z1, z2, dy)

μt (dz1)μt (dz2)

‖μt‖ .

(1.47)

Example 1.7 (Spatially homogeneous Boltzmann collisions and beyond)
Interpret X = Rd as the space of particle velocities, and assume that binary
collisions (v1, v2) �→ (w1, w2) preserve total momentum and energy:

v1 + v2 = w1 + w2, v2
1 + v2

2 = w2
1 + w2

2. (1.48)

These equations imply that

w1 = v1 − n(v1 − v2, n), w2 = v2 + n(v1 − v2, n)),

n ∈ Sd−1, (n, v2 − v1) ≥ 0
(1.49)
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(see Exercise 1.1 below). Assuming that the collision rates are shift invariant,
i.e. they depend on v1, v2 only via the difference v2−v1, the weak kinetic equa-
tion (1.39) describing the LLN dynamics for these collisions takes the form

d

dt
(g, μt ) = 1

2

∫
n∈Sd−1:(n,v2−v1)≥0

∫
R2d

μt (dv1)μt (dv2)

× [g(w1) + g(w2) − g(v1) − g(v2)]B(v2 − v1, dn) (1.50)

in which the collision kernel B(v, dn) specifies a concrete physical collision
model. In the most common models, the kernel B has a density with respect
to Lebesgue measure on Sd−1 and depends on v only via its magnitude |v|
and the angle θ ∈ [0, π/2] between v and n. In other words, one assumes
B(v, dn) has the form B(|v|, θ)dn for a certain function B. Extending B to
angles θ ∈ [π/2, π ] by

B(|v|, θ) = B(|v|, π − θ) (1.51)

allows us finally to write the weak form of the Boltzmann equation as

d

dt
(g, μt ) = 1

4

∫
Sd−1

∫
R2d

[g(w1) + g(w2) − g(v1) − g(v2)]B(|v1 − v2|, θ)
× dnμt (dv1)μt (dv2), (1.52)

where w1 and w2 are given by (1.49), θ is the angle between v2 −v1 and n and
B satisfies (1.51).

Example 1.8 (Multiple coagulation, fragmentation and collision breakage)
The processes combining the pure coagulation of no more than k particles,
spontaneous fragmentation into no more than k pieces and collisions (or col-
lision breakages) of no more than k particles are specified by the following
transition kernels:

Pl
1(z1, . . . , zl , dy) = Kl(z1, . . . , zl; dy), l = 2, . . . , k,

called coagulation kernels;

P1
m(z; dy1 · · · dym) = Fm(z; dy1 · · · dym), m = 2, . . . , k,

called fragmentation kernels; and

Pl
l (z1, . . . , zl; dy1 · · · dyl) = Cl(z1, . . . , zl; dy1 · · · dy2), l = 2, . . . , k,
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called collision kernels. The corresponding kinetic equation (cf. (1.39)) takes
the form

d

dt

∫
g(z)μt (dz)

=
k∑

l=2

1

l!
∫

z1,...,zl ,y
[g(y) − g(z1) − · · · − g(zm)]Kl (z1, . . . , zl ; dy)

l∏
j=1

μt (dz j )

+
k∑

m=2

∫
z,y1,...,ym

[g(y1) + · · · + g(ym) − g(z)]Fm(z; dy1 . . . dym)μt (dz)

+
k∑

l=2

∫
[g(y1) + · · · + g(yl ) − g(z1) − · · · − g(zl )]

× Cl (z1, . . . , zl ; dy1 · · · dyl )

l∏
j=1

μt (dz j ). (1.53)

Exercise 1.1 Prove equations (1.49) and extend them to collisions in which
k particles v = (v1, . . . , vk) are scattered to k particles w = (w1, . . . , wk) that
preserve total energy and momentum, i.e.

v1 + · · · + vk = w1 + · · · +wk, v2
1 + · · · + v2

k = w2
1 + · · · +w2

k . (1.54)

Deduce the following version of the Boltzmann equation for the simultaneous
collision of k particles:

d

dt
(g, μt ) = 1

k!
∫

Sd(k−1)−1
�,v

∫
Rdk

[
g⊕(v − 2(v,n)n) − g⊕(v)

]
× Bk({vi − v j }k

i, j=1; dn)μt (dv1) · · ·μt (dvl), (1.55)

where

� = {u = (u1, . . . , uk) ∈ Rdk : u1 + · · · + uk = 0},
Sd(k−1)−1
� = {n ∈ � : ‖n‖ = |n1|2 + · · · + |nk |2 = 1},

Sd(k−1)−1
�,v = {n ∈ Sd(k−1)−1

� : (n, v) ≤ 0}.

Hint: In terms of u = {u1, . . . , uk}, defined by w = u + v, conditions (1.54)
mean that u ∈ � and

‖u‖2 =
k∑

j=1

u2
j = 2

k∑
j=1

(w j , u j ) = 2(w,u) = −2
k∑

j=1

(v j , u j ) = −2(v,u)
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or, equivalently, that u = ‖u‖n, n ∈ Sd(k−1)−1
� and

‖u‖ = 2(w,n) = −2(v,n),

implying, in particular, that (v,n) ≤ 0.

1.6 Replicator dynamics of evolutionary game theory

In this section we discuss examples of the kinetic equations that appear in
evolutionary game theory. These models are often simpler, mathematically,
than the basic models of statistical physics (at least from the point of view of
justifying the dynamic law of large numbers), but we want to make precise
their place in the general framework.

We start by recalling the notion of a game with a compact space of strate-
gies, referring for general background to textbooks on game theory; see e.g.
Kolokoltsov and Malafeev [139], [140] or Gintis [84]. A k-person game (in its
normal form) is specified by a collection of k compact spaces X1, . . . , Xk of
possible pure strategies for the players and a collection of continuous payoff
functions H1,. . . ,Hk on X1 × · · · × Xk . One step of such a game is played
according to the following rule. Each player i , i = 1, . . . , k, chooses indepen-
dently a strategy xi ∈ Xi and then receives the payoff Hi (x1, . . . , xk), which
depends on the choices of all k players. The collection of chosen strategies
x1, . . . , xk is called a profile (or situation) of the game. In elementary models
the Xi are finite sets. A game is called symmetric if the Xi do not depend on
i , so that Xi = X , and the payoffs are symmetric in that they are specified by
a single function H(x; y1, . . . , yk−1) on Xk that is symmetric with respect to
the last k − 1 variables y1, . . . , yk−1 via the formula

Hi (x1, . . . , xk) = H(xi , x1, . . . , xi−1, xi+1, . . . , xk).

Hence in symmetric games the label of the player is irrelevant; only the strategy
is important.

By the mixed-strategy extension of a game with strategy spaces Xi and pay-
offs Hi , i = 1, . . . , k, we mean a k-person game with strategy spaces P(Xi )

(considered as compact in their weak topology), i = 1, . . . , k, and payoffs

H �
i (P) =

∫
Xk

Hi (x1, . . . , xk)P(dx1 · · · dxk),

P = (p1, . . . , pk) ∈ P(X1) × · · · × P(Xk).

Playing a mixed strategy pi is interpreted as choosing the pure strategies ran-
domly with probability law pi . The key notion in the theory of games is that
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of Nash equilibrium. Let

H �
i (P‖xi )

=
∫

X1×···×Xi−1×Xi+1×···×Xn

Hi (x1, . . . , xn) dp1 · · · dpi−1dpi+1 · · · dpn .

(1.56)

A situation P = (p1, . . . , pk) is called a Nash equilibrium if

H �
i (P) ≥ H �

i (P‖xi ) (1.57)

for all i and xi ∈ Xi . For symmetric games and symmetric profiles P =
(p, . . . , p), which are of particular interest for evolutionary games, the payoffs

H �
i (P) = H �(P) =

∫
Xk

H(x1, . . . , xk)p⊗k(dx1 · · · dxk),

H �
i (P‖y) = H �(P‖y) =

∫
Xk−1

H(y, x1, . . . , xk−1) p⊗(k−1)(dx1 · · · dxk−1)

do not depend on i , and the condition of equilibrium is

H �(P) ≥ H �(P‖x), x ∈ X. (1.58)

The replicator dynamics (RD) of evolutionary game theory is intended to
model the process in which one approaches equilibrium from a given initial
state by decreasing the losses produced by deviations from equilibrium (thus
adjusting the strategy to the current situation). More precisely, assuming a
mixed profile given by a density ft with respect to a certain reference mea-
sure M on X ( ft can be interpreted as the fraction of a large population using
strategy x), the replicator dynamics is defined by

ḟt (x) = ft (x)
[
H �( ft M‖x) − H �( ft M)

]
. (1.59)

The aim of this short section is to demonstrate how this evolution appears as a
simple particular case of the LLN limit (1.43) of the scaled Markov model of
type (1.31).

In the evolutionary biological context, particles become species of a certain
large population, and the position of a particle x ∈ X becomes the strategy
of a species. A key feature distinguishing the evolutionary game setting from
the general model developed in preceding sections is that the species produce
new species of their own kind (with inherited behavioral patterns). In the usual
model of evolutionary game theory it is assumed that any k randomly chosen
species can occasionally meet and play a k-person symmetric game specified
by a payoff function H(x; y1, . . . , yk−1) on Xk , where the payoff measures
fitness expressed in terms of the expected number of offspring.
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Remark 1.9 Basic evolutionary models consider binary interactions (k = 2)
with finite numbers of pure strategies, that is, elementary two-player games.
However, arbitrary interaction laws and state spaces seem to be quite relevant
in the biological context; see [201]. Such models would allow the analysis of
animals living in groups or large families.

To specify a Markov model we need to specify the game a little further.
We shall assume that X is a compact set and that the result of the game in
which player x plays against y1, . . . , yk−1 is given by the probability rates
Hm(x; y1, . . . , yk−1), m = 0, 1, . . ., of the number m of particles of the same
type as x that would appear in place of x after this game (i.e. one interaction).
To fit into the original model, the Hm can be chosen arbitrarily as long as the
average change equals the original function H :

H(x; y1, . . . , yk−1) =
∞∑

m=0

(m − 1)Hm(x; y1, . . . , yk−1). (1.60)

The simplest model is one in which a particle can either die or produce
another particle of the same kind, with given rates H0, H2; the probabilities
are therefore H0/(H0 + H2) and H2/(H0 + H2). Under these assumptions
equation (1.60) reduces to

H(x; y1, . . . , yk−1) = H2(x; y1, . . . , yk−1) − H0(x; y1, . . . , yk−1). (1.61)

In the general case, we have the model from Section 1.5 specified by transition
kernels of the form

Pk
m(z1, . . . , zk; dy) = Hm(z1; z2, . . . , zk)δz1(dy1) · · · δz1(dym)

+ Hm(z2; z1, . . . , zk)

m∏
j=1

δz2(dy j ) + · · ·

+ Hm(zk; z1, . . . , zk−1)

m∏
j=1

δzk (dy j ), (1.62)

so that∫
X
[
g⊕(y) − g⊕(z)

]
Pk(z; dy) =

∞∑
m=0

(m − 1)[g(z1)Hm(z1; z2, . . . , zk) + · · ·

+ g(zk)Hm(zk; z1, . . . , zk−1)]
= g(z1)H(z1; z2, . . . , zk) + · · ·

+ g(zk)H(zk; z1, . . . , zk−1).
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Owing to the symmetry of H , equation (1.42) takes the form

d

dt

∫
X

g(x)μt (dx)

= ‖μt‖
(k − 1)!

∫
Xk

g(z1)H(z1; z2, . . . , zk)

(
μt

‖μt‖
)⊗k

(dz1 · · · dzk), (1.63)

and hence for the normalized measure νt = μt/‖μt‖ one obtains the evolution

d

dt

∫
X

g(x)νt (dx) = 1

(k − 1)!
∫

X

[
H �(νt‖x) − H �(νt )

]
g(x)νt (dx), (1.64)

which represents the replicator dynamics in weak form for a symmetric k-
person game with an arbitrary compact space of strategies. It is obtained here
as a simple particular case of (1.45).

If a reference probability measure M on X is chosen, equation (1.64) can be
rewritten, in terms of the densities ft of νt with respect to M , as (1.59).

Nash equilibria are connected with the replicator dynamics through the
following result.

Proposition 1.10 (i) If ν defines a symmetric Nash equilibrium for a symmet-
ric k-person game specified by the payoff H(x; y1, . . . , yk−1) on Xk, where X
is a compact space, then ν is a fixed point for the replicator dynamics (1.64).

(ii) If ν is such that any open set in X has positive ν-measure (i.e. a “pure
mixed” profile) then the converse to statement (i) holds.

Proof (i) By definition, ν defines a symmetric Nash equilibrium if and
only if

H �(ν‖x) ≤ H �(ν)

for all x ∈ X . But the set M = {x : H �(ν‖x) < H �(ν)} should have
ν-measure zero (otherwise, integrating the above inequality would lead to a
contradiction). This implies that∫

X

[
H �(ν‖x) − H �(ν)

]
g(x)νt (dx) = 0

for all g.
(ii) Conversely, assuming that the last equation holds for all g implies, because
ν is a pure mixed profile, that

H �(ν‖x) = H �(ν)

on a open dense subset of X and hence everywhere, owing to the continuity
of H .
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Exercise 1.2 Consider a mixed-strategy extension of a two-person symmetric
game in which there is a compact space of pure strategies X for each player
and a payoff specified by an antisymmetric function H on X2, i.e. H(x, y) =
−H(y, x). Assume that there exists a positive finite measure M on X such
that

∫
H(x, y)M(dy) = 0 for all x . Show that M specifies a symmetric Nash

equilibrium and that, moreover, the function

L( f ) =
∫

ln ft (x)M(dx)

is constant on the trajectories of the system (1.59). The function L( f ) is called
the relative entropy of the measure M with respect to the measure ft M .

Hint:
d

dt
L( ft ) =

∫
H �( ft M‖x)M(dx) − H �( ft M),

and both terms on the r.h.s. vanish by the assumptions made.

1.7 Interacting Markov processes; mean field and
kth-order interactions

Here we extend the models of Section 1.5 beyond pure jump interactions
(analytically, beyond purely integral generators).

As shown in Belavkin and Kolokoltsov [25] under rather general assump-
tions, the parts of generators of Feller processes on X that are not of pure jump
type can generate only processes that preserve the number of particles. Hence,
a general Feller generator in SX has the form B = (B1, B2, . . .), where

Bk f (x1, . . . , xk)

= Ak f (x1, . . . , xk) +
∫
X
[

f (y) − f (x1, . . . , xk)
]

Pk(x1, . . . , xk, dy);
(1.65)

here Pk is a transition kernel from SXk to SX and Ak generates a symmetric
Feller process in Xk . However, with this generator the interaction of a subsys-
tem of particles depends on the whole system: for the operator (0, B2, 0, . . .),
say, two particles will interact only in the absence of any other particle). To put
all subsystems on an equal footing, one allows interactions between all subsets
of k particles from a given collection of n particles. Consequently, instead of
Bk one is led to a generator of k-ary interactions of the form
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Ik[Pk, Ak] f (x1, . . . , xn)

=
∑

I⊂{1,...,n},|I |=k

BI f (x1, . . . , xn)

=
∑

I⊂{1,...,n},|I |=k

{
(AI f )(x1, . . . , xn)

+
∫ [

f (x Ī , y) − f (x1, . . . , xn)
]

Pk(xI , dy)
}
, (1.66)

where AI (resp. BI ) is the operator A|I | (resp. B|I |) acting on the variables
xI . In quantum mechanics the transformation B1 �→ I1 is called the second
quantization of the operator B1. The transformation Bk �→ Ik for k > 1 can
be interpreted as the tensor power of this second quantization (see Appendix J
for Fock-space notation).

The generators of interaction of order at most k have the form

k∑
l=1

Il [Pl , Al ] f (x1, . . . , xn)

= (G≤k f )(x1, . . . , xn) +
∑

I⊂{1,...,n}
(AI f )(x1, . . . , xn), (1.67)

where G≤k f is given by (1.32). The corresponding kth-order scaled evolution
on C(SX ) is then governed by the equations

ḟ (t) = I h[P, A] f (t), I h[P, A] = 1

h

k∑
l=1

hl Il [Pl , Al ]. (1.68)

Scaling the state space by choosing f on SX to be of the form f (x) =
F(hδx), one defines the corresponding generators �k

h on C(M+
hδ) by

�l
h F(hδx) = hl−1

∑
I⊂{1,...,n},|I |=l

Bl
I F(hδx), x = (x1, . . . , xn). (1.69)

Using the combinatorial equation (H.4) for Fg(hν) with hν = hδx1 + · · · +
hδxn = hδx, one can write

1

h
hl

∑
I⊂{1,...,n},|I |=l

(AI Fg)(hν) = hl
∑

I⊂{1,...,n},|I |=l

(Al g⊕(xI ))

= 1

l!
∫

(Ag⊕)(z1, . . . , zl)

l∏
j=1

(hν)(dz j ) + O(h),
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where the notation (Ag⊕)(z1, . . . , zl) = (Al g⊕(z1, . . . , zl)) is used. The same
limiting procedure as in Section 1.5 now leads to, instead of (1.41), the more
general equation

d

dt

∫
g(z)μt (dz)

=
k∑

l=1

1

l!
∫

Xl

{
(Ag⊕)(z) +

∫
X
[
g⊕(y) − g⊕(z)

]
P(z; dy)

}
μ⊗l

t (dz). (1.70)

More compactly, (1.70) can be written in terms of the operators Bk as

d

dt

∫
g(z)μt (dz) =

k∑
l=1

1

l!
∫

Xl
(Bl g⊕)(z)μ⊗l

t (dz) (1.71)

or as
d

dt

∫
g(z)μt (dz) =

∫
X
(Bg⊕)(z)μ⊗̃

t (dz), (1.72)

where the convenient normalized tensor power of measures is defined, for
arbitrary Y , by

(Y ⊗̃)n(dx1 · · · dxn) = Y ⊗̃n(dx1 · · · dxn) = 1

n!Y (dx1) · · · Y (dxn).

Finally, one can allow additionally for a mean field interaction, i.e. for the
dependence of the family of operators A and transition kernels P in (1.65) on
the current empirical measure μ = hδx. In this case one obtains a generalized
version of (1.70) in which A and P depend additionally on μt :

d

dt
(g, μt ) =

∫
X

{
(A[μt ]g⊕)(z) +

∫
X
[
g⊕(y) − g⊕(z)

]
P(μt , z; dy)

}
μ⊗̃

t (dz),

(1.73)

or, more compactly,

d

dt
(g, μt ) =

∫
X
(B[μt ]g⊕)(z)μ⊗̃l

t (dz). (1.74)

This is the weak form of the general kinetic equation describing the dynamic
LLN for Markov models of interacting particles, or interacting Markov
processes, with mean field and kth-order interactions.

If the Cauchy problem for this equation is well posed, its solution μt for a
given μ0 = μ can be considered as a deterministic measure-valued Markov
process. The corresponding semigroup is defined as Tt F(μ) = F(μt ). Using
the variational derivatives (F.6) the evolution equation for this semigroup can
be written as
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d

dt
F(μt ) = (�F)(μt ) =

∫
X

B[μt ]
(

δF

δμt (.)

)⊕
(z)μ⊗̃

t (dz)

=
∫
X

A[μt ]
(

δF

δμt (.)

)⊕
(z)μ⊗̃

t (dz)

+
∫
X 2

[(
δF

δμt (.)

)⊕
(y) −

(
δF

δμt (.)

)⊕
(z)

]
P(μt , z; dy)μ⊗̃

t (dz). (1.75)

This is heuristic for the moment, as the assumptions of Lemma F.1 should
be either checked for this case or modified appropriately. The kinetic equa-
tion (1.73) is simply a particular case of (1.75) for the linear functionals
F(μ) = Fg(μ) = (g, μ).

For a linear Markov process it is instructive to study the analytic properties
of its semigroup. For instance, knowledge about the domain or an invariant
core is important. A core can often be identified with a certain class of smooth
functions. A similar search for a core for the nonlinear semigroup F(μt ) spec-
ified by (1.75) leads naturally to the question of the differentiability of μt with
respect to the initial data μ0. We shall explore this problem in Chapter 8, and
later on its usefulness in relation to the LLN and CLT will be demonstrated.

If the transition kernels P(μ, z; dy) preserve the number of particles, the
components

Bl f (x1, . . . , xl) = Al f (x1, . . . , xl) +
∫

Xl

[
f (y1, . . . , yl) − f (x1, . . . , xl)

]
× Pl(x1, . . . , xl , dy1 · · · dyl)

(1.76)

also preserve the number of particles, i.e. Bl : Csym(Xl) �→ Csym(Xl). In par-
ticular, the integral transformations specified by Pk can be included in Ak . For
instance, in the important case in which only binary interactions that preserve
the number of particles are included, equation (1.74) takes the form

d

dt
(g, μt )

=
∫

X
(B1[μt ]g)(z)μt (dz) + 1

2

∫
X2

(B2[μt ]g⊕)(z1, z2)μt (dz1)μt (dz2)

(1.77)

for conditionally positive operators B1 and B2 in C(X) and C2
sym(X2)

respectively.
It is worth stressing that the same kinetic equation can be obtained as the

LLN dynamics for quite different Markov models of interaction. In particular,
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since A and P are symmetric, equation (1.73) (obtained as a limit for com-
plicated interactions allowing for a change in the number of particles) can be
written compactly as

d

dt
(g, μt ) = ( Ã[μt ]g, μt ) (1.78)

for a certain conditionally positive operator Ã in C(X) depending on μ as
on a parameter, which represents the mean field limit for a process preserv-
ing the number of particles. However, when analyzing the evolution (1.73) (or
more specifically (1.70)) it is often convenient to keep track of the structure
of the interaction and not to convert it to the concise form (1.78), in partic-
ular because some natural subcriticality conditions can be given in terms of
this structure and may be lost in such a reduction. Having said this we stress
that, when solving kinetic equations numerically using a scheme arising from
particle approximations, we can try various approximations to find the most
appropriate from the computational point of view.

In order to make all our heuristic calculations rigorous, we have to perform
at least two (closely connected) tasks: first, to show the well-posedness of the
Cauchy problem for equation (1.73) under certain assumptions and possibly in
a certain class of measures; second, to prove the convergence of the Markov
approximation processes in M+

hδ(X) to their solutions. These tasks will be
dealt with in Parts II and III respectively. In the rest of this chapter we shall
discuss briefly further classical examples. We shall also introduce certain tools
and entities (moment measures, correlation functions, the nonlinear martin-
gale problem) that are linked with evolutions of the type (1.73) and, as can be
seen in the physical and mathematical literature, are used for practical calcula-
tions, for the analysis of the qualitative behavior of such evolutions and for the
comparison of theoretical results with experiments and simulations.

1.8 Classical kinetic equations of statistical mechanics:
Vlasov, Boltzmann, Landau

The kinetic equations (1.41),

d

dt
(g, μt ) = �l≤k Fg(μt ) =

k∑
l=1

1

l!
∫
X

∫
Xl

[
g⊕(y) − g⊕(z)

]
Pl(z; dy)μ⊗l

t (dz),

usually appear in spatially homogeneous models of interaction. The richer
model (1.66) allows us to include arbitrary underlying Markov motions, poten-
tial interactions, interdependence of volatility (diffusion coefficients) etc. We
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shall distinguish here some kinetic equations of the type (1.77) that are of par-
ticular interest for physics, showing how they fit into the general framework
discussed above.

Example 1.11 (Vlasov’s equation) As a classical particle is described by
its position and momentum, let X = R2d and both B1 and B2 be genera-
tors of deterministic dynamics (first-order differential operators). The Vlasov
equation in a weak form,

d

dt
(g, μt ) =

∫
R2

(
∂H

∂p

∂g

∂x
− ∂H

∂x

∂g

∂p

)
μt (dx dp)

+
∫

R4d

(
∇V (x1 − x2),

∂g

∂p1
(x1, p1)

)
× μt (dx1 dp1)μt (dx2 dp2) (1.79)

is obtained when B1 generates the Hamiltonian dynamics, i.e.

B1 = ∂H

∂p

∂

∂x
− ∂H

∂x

∂

∂p
.

The function H(x, p) is called the Hamiltonian; for example, H = p2/2 −
U (x) for a given single-particle potential U . The generator B2 specifies the
potential interaction:

B2 f (x1, p1, x2, p2) = ∇V (x1 − x2)
∂ f

∂p1
+ ∇V (x2 − x1)

∂ f

∂p2

for a given potential V .

Example 1.12 (Boltzmann’s equation) Unlike the spatially homogeneous
Boltzmann model leading to (1.50), the state space of the full model of colli-
sions is R2d as for the Vlasov equation. Assuming that away from collisions
particles move according to the law of free motion and that collisions may
occur when the distance between particles is small, we obtain the mollified
Boltzmann equation

d

dt
(g, μt ) =

(
v
∂

∂x
g, μt

)
+ 1

2

∫
R4d

∫
n∈Sd−1:(n,v1−v2)≥0

η(x1 − x2)

× B(v1 − v2, dn)μt (dx1 dv1)μt (dx2 dv2)

× [
g(x1, v1 − n(v1 − v2, n)) + g(x2, v2 + n(v1 − v2, n))

− g(x1, v1) − g(x2, v2)
]
, (1.80)

where the mollifier η is a certain non-negative function with compact support.
More interesting, however, is the equation, obtained from (1.80) by a limit-

ing procedure, that describes local collisions that occur only when the positions
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of the particles coincide. Namely, suppose that instead of η we have a fam-
ily ηε of functions converging weakly to the measure σ(x1)δx1−x2 dx1 with
continuous σ :

lim
ε→0

∫
R2d

f (x1, x2)η
ε(x1 − x2)dx1dx2 =

∫
Rd

f (x, x)σ (x)dx

for all f ∈ C(R2d). Assuming that μt (dx dv) = μt (x, dv)dx (with an obvi-
ous abuse of notation) and taking the formal limit as ε → 0 in the kinetic
equation (1.80) leads to the Boltzmann equation in weak form:

d

dt

∫
Rd

g(x, v)μt (x, dv)

=
∫

Rd
v
∂g

∂x
(x, v)μt (x, dv)

+ 1

2

∫
R2d

∫
n∈Sd−1:(n,v1−v2)≥0

B(v1 − v2, dn)μt (x, dv1)μt (x, dv2)

× [
g(x, v1 − n(v1 − v2, n)) + g(x, v2 + n(v1 − v2, n))

− g(x, v1) − g(x, v2)
]
. (1.81)

A rigorous analysis of this limiting procedure and the question of the well-
posedness of equation (1.81) are important open problems.

Example 1.13 (Landau–Fokker–Planck equation) The equation

d

dt
(g, μt )

=
∫

R2d

[ 1
2 (G(v − v�)∇,∇)g(v) + (b(v − v�),∇g(v))

]
μt (dv�)μt (dv),

(1.82)

for a certain non-negative matrix-valued field G(v) and a vector field b(v),
is known as the Landau–Fokker–Planck equation. Physically this equation
describes the limiting regime of Boltzmann collisions described by (1.50)
when they become grazing, i.e. when v1 is close to v2. We will not describe
this procedure in detail; for further information see Arseniev and Buryak [13],
Villani [245] and references therein.

1.9 Moment measures, correlation functions and the
propagation of chaos

For completeness, we shall introduce here the basic notion used in physics for
describing interacting-particle systems, namely correlation functions, and the
related effect of the propagation of chaos. Despite its wider importance, this
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material is not much used later in the book and is not crucial for understanding
what follows; so this section could be skipped.

Let the measure ρ = (ρ0, ρ1, . . .) ∈ Msym(X ). The important role in the
analysis of interacting particles is played by the moment measures ν of ρ,
defined as

νn(dx1 . . . dxn) =
∞∑

m=0

∫
Xm

(n + m)!
m! ρ(dx1 · · · dxn . . . dxn+m), (1.83)

where the integral in each term is taken over the variables xn+1, . . . , xn+m . If
X = Rd and

ρn(dx1 · · · dxn) = ρn(x1, . . . , xn)dx1 · · · dxn,

then the densities of the νn with respect to Lebesgue measure, given by

νn(x1, . . . , xn) =
∞∑

m=0

∫
Xm

(n + m)!
m! ρ(x1, . . . , xn+m)dxn+1 · · · dxn+m,

are called the correlation functions of the family of densities {ρn}. For large-
number asymptotics one normally uses the scaled moment measures νh of ρ,
defined as

νh
n (dx1 · · · dxn) = hn

∞∑
m=0

∫
Xm

(n + m)!
m! ρ(dx1 · · · dxn · · · dxn+m) (1.84)

for a positive parameter h.
Let us look at this transformation from the functional point of view. For

any gk ∈ C(Xk) let us introduce an observable Sh gk ∈ Csym(X ) defined by
Sh gk(x) = 0 for x ∈ Xn with n < k and by

Sh gk(x) = hk
∑′

i1,...,ik∈{1,...,n}
g(xi1, . . . , xik )

for x ∈ Xn with n ≥ k;
∑′ means summation over all ordered k-tuples

i1, . . . , ik of different numbers from {1, . . . , n} and Sh g0(x) = g0. The func-
tion Sh has a clear combinatorial interpretation. For instance, if g1 = 1A for a
Borel set A ⊂ X then Sh g1(x) is the number (scaled by h) of components of x
lying in A. If gk = 1A1 · · · 1Ak for pairwise disjoint Borel sets Ai ⊂ X then

Sh gk(x) = Sh1A1(x) · · · Sh1Ak (x)

is the number (scaled by hk) of ways to choose one particle from A1, one
particle from A2 and so on from a given collection x. So Sh defines a func-
tional extension of the well-known problem of counting the number of ways
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to choose a sequence of balls of prescribed colors, say green, blue, red, from a
bag containing a given number of colored balls.

Clearly, if g ∈ Csym(Xk) then

Sh gk(x) = hkk!
∑

I⊂{1,...,n}:|I |=k

g(xI ).

We have seen already that these observables appear naturally when deducing
kinetic equations. The extension of the mapping gk �→ Sh gk to the mapping
C(X ) �→ Csym(X ) by linearity can be expressed as

Sh g(x) =
∑

I⊂{1,...,n}
h|I ||I |!g(xI ).

Remark 1.14 It can be shown by induction that if f = Sh g with g ∈
Csym(X ) then g is unique and is given by

g(x1, . . . , xn) = 1

n!h−n
∑

I⊂{1,...,n}
(−1)n−|I | f (xI ).

Lemma 1.15 The mapping ρ �→ νh
k from Msym(X ) to Msym(Xk) is dual

to the mapping gk �→ Sh gk. That is, for νh defined by (1.84) and g =
(g0, g1, . . .) ∈ C(X ),

(Sh gk, ρ) = (gk, ν
h
k ), k = 0, 1, . . . (1.85)

and

(Sh g, ρ) = (g, νh) =
∞∑

k=0

(gk, ν
h
k ). (1.86)

In particular, if x is a random variable in X that is distributed according to the
probability law ρ ∈ P(X ) then

ESh gk(x) = (gk, ν
h
k ). (1.87)

Proof We have

(Sh gk, ρ) =
∞∑

m=0

Sh gk(x1, . . . , xk+m)ρk+m(dx1 · · · dxk+m)

=
∞∑

m=0

hk
∑ ′

i1,...,ik∈{1,...,m+k}
g(xi1, . . . , xik )ρk+m(dx1 · · · dxk+m)

=
∞∑

m=0

hk (m + k)!
m! g(x1, . . . , xk)ρk+m(dx1 · · · dxk+m),

implying (1.85).
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The crucial property of the moment measures is obtained by observing that
they represent essentially the moments of empirical measures.

Lemma 1.16 Let x be a random variable in X that is distributed according
to the probability law ρ ∈ P(X ); then

E(gk, (hδx)
⊗k) = (gk, ν

h
k ) + O(h)‖ f ‖ max

l<k
‖νh

l ‖ (1.88)

for gk ∈ Csym(Xk). In particular,

E(g1, hδx) = (g1, ν
h
1 ), (1.89)

E(g2, (hδx)
⊗2) = (g2, ν

h
2 ) + h

∫
g2(x, x)νh

1 (dx). (1.90)

Proof We have

E(g1, hδx) = h
∫

X
g1(x1)ρ1(dx1)

+ h
∫

X2

[
g1(x1) + g1(x2)

]
ρ2(dx1dx2) + · · · ,

yielding (1.89). Similarly,

E(g2, (hδx)
⊗2) = h2

∫
X

g2(x, x)ρ1(dx)

+ h2
∫

X2

[
g2(x1, x1) + g2(x1, x2)

+ g2(x2, x1) + g2(x2, x2)
]
ρ2(dx1dx2) + · · · ,

yielding (1.90). Then (1.88) is obtained by trivial induction.

Suppose, now, we can prove that as h → 0 the empirical measures hδx

of the approximating Markov process converge to the deterministic measure-
valued process μt that solves the kinetic equation (1.73). By (1.89) the limiting
measure μt coincides with the limit of the first moment measure νh

1 . Moreover,
once the convergence of hδx to a deterministic limit is obtained, it is natural
to expect (and often easy to prove) that the tensor powers (hδx)

⊗k converge
to the products μ⊗k

t . Hence, by (1.88) we can then conclude that the moment
measures νh

k converge to the products μ⊗k
t . The possibility of expressing the

moment measures as products is a manifestation of the so-called propagation
of chaos property of the limiting evolution.
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Exercise 1.3 Prove the following results. (i) If μt satisfies (1.71) then νt =
(μt )

⊗̃ ∈ Msym(X ) satisfies the linear equation

d

dt
νl

t (dx1 · · · dxl) =
l∑

j=1

K∑
k=1

Cl
l+k−1

∫
xl+1,...,xl+k−1

(B j,l+1,...,l+k−1
k )∗

× νk+l−1
t (dx1 · · · dxl+k−1), (1.91)

where the Cl
m are the usual binomial coefficients, B∗

k is the dual to Bk and
(B I

k )
∗νt (dx1 · · · dxm) specifies the action of B∗

k on variables with indexes from
I ⊂ {1, . . . ,m}.

(ii) If the evolution of νt ∈ Msym(X ) is specified by (1.91) then the dual
evolution on Csym(X) is given by the equation

ġ(x1, . . . , xl) = (LB g)(x1, . . . , xl) =
∑

I⊂{1,...,l}

∑
j 
∈I

(B j,I
|I |+1gĪ )(x1, . . . , xl),

(1.92)
where gI (x1, . . . , xl) = g(xI ) and B j1,..., jk

k specifies the action of Bk on the
variables j1, . . . , jk . In particular,

(LB g1)(x1, . . . , xl) = (Bl(g
1)+)(x1, . . . , xl).

Hint: Observe that the strong form of (1.71) is

μ̇t (dx) =
K∑

k=1

1

(k − 1)! B∗
k (μt ⊗ · · · ⊗ μt )(dxdy1 · · · dyk−1),

which implies (1.91) by straightforward manipulation. From (1.91) it follows
that

d

dt
(g, νt ) =

∞∑
l=0

K∑
k=1

∑
I⊂{1,...,l+k−1},|I |=k−1

∑
j 
∈I

B j,I
k gĪ (x1, . . . , xl+k−1)

× νt (dx1 · · · dxl+k−1)

=
∞∑

m=0

∑
I⊂{1,...,m}

∑
j 
∈I

B j,I
|I |+1gĪ (x1, . . . , xm)νt (dx1 · · · dxm),

which implies (1.92).
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1.10 Nonlinear Markov processes and semigroups;
nonlinear martingale problems

The aim of this chapter was to motivate the analysis of equations describing
nonlinear positivity-preserving evolutions on measures. We can now iden-
tify, in a natural way, nonlinear analogs of the main notions from the theory
of Markov processes and observe how the fundamental connection between
Markov processes, semigroups and martingale problems is carried forward into
the nonlinear setting.

Let M̃(X) be a dense subset of the space M(X) of finite (positive Borel)
measures on a metric space X , considered in its weak topology. By a nonlinear
sub-Markov (resp. Markov) propagator in M̃(X) we shall mean any propaga-
tor V t,r of possibly nonlinear transformations of M̃(X) that do not increase
(resp. preserve) the norm. If V t,r depends only on the difference t−r and hence
specifies a semigroup, this semigroup is referred to as nonlinear or generalized
sub-Markov or Markov respectively.

The usual, linear, Markov propagators or semigroups correspond to the
case when all the transformations are linear contractions in the whole space
M(X). In probability theory these propagators describe the evolution of aver-
ages of Markov processes, i.e. processes whose evolution after any given time
t depends on the past X≤t only via the present position Xt . Loosely speaking,
to any nonlinear Markov propagator there corresponds a process whose behav-
ior after any time t depends on the past X≤t only through the position Xt of
the process and its distribution at t . To be more precise, consider the nonlinear
kinetic equation

d

dt
(g, μt ) = (B[μt ]g, μt ), (1.93)

where the family of operators B[μ] in C(X) depend on μ as on a parameter and
each B[μ] generates a Feller semigroup. (It was shown above that equations
of this kind appear naturally as LLNs for interacting particles, and, as we shall
see in Section 11.5, also that they arise from the mere assumption of positivity
preservation.) Suppose that the Cauchy problem for equation (1.93) is well
posed and specifies the weakly continuous Markov semigroup Tt in M(X).
Suppose also that for any weakly continuous curve μt ∈ P(X) the solutions
to the Cauchy problem

d

dt
(g, νt ) = (B[μt ]g, νt ) (1.94)

define a weakly continuous propagator V t,r [μ.], r ≤ t , of linear transforma-
tions in M(X) and hence a Markov process in X . Then, to any μ ∈ P(X)
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there corresponds a Markov process Xμ
t in X with distributions μt = Tt (μ)

for all times t and with transition probabilities pμ
r,t (x, dy) specified by equation

(1.94) and satisfying the condition∫
X2

f (y)pμ
r,t (x, dy)μr (dx) = ( f, V t,rμr ) = ( f, μt ). (1.95)

We shall call the family of processes Xμ
t a nonlinear Markov process.

Thus a nonlinear Markov process is a semigroup of the transformations
of distributions such that to each trajectory is attached a “tangent” Markov
process with the same marginal distributions. The structure of these tangent
processes is not intrinsic to the semigroup but can be specified by choosing a
stochastic representation for the generator.

As in the linear case, the process Xt with càdlàg paths (or the correspond-
ing probability distribution on the Skorohod space) solves the (B[μ], D)-
nonlinear martingale problem with initial distribution μ, meaning that X0 is
distributed according to μ and that the process

M f
t = f (Xt ) − f (X0) −

∫ t

0
B[L(Xs)] f (Xs) ds, t ≥ 0 (1.96)

(L(Xs) is the law of Xs) is a martingale for any f ∈ D, with respect to the
natural filtration of Xt . This martingale problem is called well posed if, for any
initial μ, there exists a unique Xt solving it.



PART I

Tools from Markov process theory





2

Probability and analysis

In this chapter we recall some particularly relevant tools from the theory of
Markov processes and semigroups, stressing the connection between an analyt-
ical description in terms of evolution equations and a probabilistic description.
To begin with, we introduce the duality between abstract semigroups and prop-
agators of linear transformations, at the level of generality required for further
applications.

2.1 Semigroups, propagators and generators

This section collects in a systematic way those tools from functional analy-
sis that are most relevant to random processes; we consider these in the next
section. Apart from recalling the notions of operator semigroups and their gen-
erators, we shall discuss their nonhomogeneous analogs, i.e. propagators, and
use them to deduce a general well-posedness result for a class of nonlinear
semigroups. For completeness we first recall the notion of unbounded opera-
tors (also fixing some notation), assuming, however, that readers are familiar
with such basic definitions for Banach and Hilbert spaces as convergence,
bounded linear operators and dual spaces and operators.

A linear operator A on a Banach space B is a linear mapping A : D �→ B,
where D is a subspace of B called the domain of A. We say that the operator
A is densely defined if D is dense in B. The operator A is called bounded if
the norm ‖A‖ = supx∈D ‖Ax‖/‖x‖ is finite. If A is bounded and D is dense
then A has a unique bounded extension (with the same norm) to an operator
with the whole of B as its domain. It is also well known that a linear operator
A : B → B is continuous if and only if it is bounded. For a continuous linear
mapping A : B1 → B2 between two Banach spaces its norm is defined as
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‖A‖B1 �→B2 = sup
x 
=0

‖Ax‖B2

‖x‖B1

.

The space of bounded linear operators B1 → B2 equipped with this norm is a
Banach space itself, often denoted by L(B1, B2).

A sequence of bounded operators An , n = 1, 2, . . . , in a Banach space B is
said to converge strongly to an operator A if An f → A f for any f ∈ B.

A linear operator on a Banach space is called a contraction if its norm does
not exceed 1. A semigroup Tt of bounded linear operators on a Banach space
B is called strongly continuous if ‖Tt f − f ‖ → 0 as t → 0 for any f ∈ B.

Example 2.1 If A is a bounded linear operator on a Banach space then

Tt = et A =
∞∑

n=0

tn

n! An

defines a strongly continuous semigroup.

Example 2.2 The shifts Tt f (x) = f (x + t) form a strongly continuous
group of contractions on C∞(R), L1(R) or L2(R). However, it is not strongly
continuous on C(R). Observe also that if f is an analytic function then

f (x + t) =
∞∑

n=0

tn

n! (Dn f )(x),

which can be written formally as et D f (x).

Example 2.3 Let η(y) be a complex-valued continuous function on Rd such
that Re η ≤ 0. Then

Tt f (y) = etη(y) f (y)

is a semigroup of contractions, on the Banach spaces L p(Rd), L∞(Rd),
B(Rd),C(Rd) or C∞(Rd), that is strongly continuous on L p(Rd) and
C∞(Rd) but not on the other three spaces.

An operator A with domain D is called closed if its graph is a closed subset
of B × B, that is, if xn → x and Axn → y as n → ∞ for a sequence
xn ∈ D then x ∈ D and y = Ax . The operator A is called closable if a closed
extension of A exists, in which case the closure of A is defined as the minimal
closed extension of A, that is, the operator whose graph is the closure of the
graph of A. A subspace D of the domain DA of a closed operator A is called a
core for A if A is the closure of A restricted to D.
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Let Tt be a strongly continuous semigroup of linear operators on a Banach
space B. The infinitesimal generator, or simply the generator, of Tt is defined
as the operator A given by

A f = lim
t→0

Tt f − f

t

and acting on the linear subspace DA ⊂ B (the domain of A) where this limit
exists (in the topology of B). If the Tt are contractions then the resolvent of Tt

(or of A) is defined for any λ > 0 as the operator Rλ given by

Rλ f =
∫ ∞

0
e−λt Tt f dt.

For example, the generator A of the semigroup Tt f = etη f from Example 2.3
is given by the multiplication operator A f = η f on functions f such that
η2 f ∈ C∞(Rd) or η2 f ∈ L p(Rd).

Theorem 2.4 (Basic properties of generators and resolvents) Let Tt be a
strongly continuous semigroup of linear contractions on a Banach space B
and let A be its generator. Then the following hold:

(i) Tt DA ⊂ DA for each t ≥ 0 and Tt A f = ATt f for each t ≥ 0, f ∈ DA.
(ii) Tt f = ∫ t

0 ATs f ds + f for f ∈ D.
(iii) Rλ is a bounded operator on B, with ‖Rλ‖ ≤ λ−1 for any λ > 0.
(iv) λRλ f → f as λ → ∞.
(v) Rλ f ∈ DA for any f and λ > 0 and (λ − A)Rλ f = f , i.e. Rλ =

(λ − A)−1.
(vi) If f ∈ DA then RλA f = ARλ f .

(vii) DA is dense in B.
(viii) A is closed on DA.

Proof (i) Observe that for, ψ ∈ DA,

ATtψ =
(

lim
h→0

1

h
(Th − I )

)
Ttψ = Tt

(
lim
h→0

1

h
(Th − I )

)
ψ = Tt Aψ.

(ii) This follows from (i).
(iii) We have ‖Rλ f ‖ ≤ ∫∞

0 e−λt‖ f ‖ dt = λ−1‖ f ‖.
(iv) This follows from the equation

λ

∫ ∞

0
e−λt Tt f dt = λ

∫ ∞

0
e−λt f dt + λ

∫ ε

0
e−λt (Tt f − f ) dt

+ λ

∫ ∞

ε

e−λt (Tt f − f ) dt,
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observing that the first term on the r.h.s. is f and the second (resp. third)
term is small for small ε (resp. for any ε and large λ).

(v) By definition

ARλ f = lim
h→0

1

h
(Th − 1)Rλ f = lim

h→0

1

h

∫ ∞

0
e−λt (Tt+h f − Tt f ) dt

= lim
h→0

(
eλh − 1

h

∫ ∞

0
e−λt Tt f dt − eλh

h

∫ h

0
e−λt Tt f dt

)
= λRλ f − f.

(vi) This follows from the definitions and (ii).
(vii) This follows from (iv) and (v).

(viii) If fn → f as n → ∞ for a sequence fn ∈ D and A if fn → g then

Tt f − f = lim
n→∞

∫ t

0
Ts A fn ds =

∫ t

0
Ts g ds.

Applying the fundamental theorem of calculus completes the proof.

Remark 2.5 For all ψ ∈ B, the vector ψ(t) = ∫ t
0 Tuψ du belongs to DA and

Aψ(t) = Ttψ − ψ . Moreover, ψ(t) → ψ as t → 0 for all ψ and Aψ(t) →
Aψ for ψ ∈ DA. This observation yields another insightful proof of statement
(vii) of Theorem 2.4 (bypassing the use of the resolvent).

Proposition 2.6 Let an operator A with domain DA generate a strongly con-
tinuous semigroup of linear contractions Tt . If D is a dense subspace of DA

that is invariant under all Tt then D is a core for A.

Proof Let D̄ be the domain of the closure of the operator A restricted to
D. We have to show that for ψ ∈ DA there exists a sequence ψn ∈ D̄, n ∈ N,
such that ψn → ψ and Aψn → Aψ . By the remark above it is enough to show
this for ψ(t) = ∫ t

0 Tuψ du. As D is dense there exists a sequence ψn ∈ D
converging to ψ ; hence Aψn(t) → Aψ(t). To complete the proof it remains
to observe that ψn(t) ∈ D̄ by the invariance of D.

An important tool for the construction of semigroups is perturbation theory,
which can be applied when a generator of interest can be represented as the
sum of a well-understood operator and a term that is smaller (in some sense).
Below we give the simplest result of this kind.

Theorem 2.7 Let an operator A with domain DA generate a strongly contin-
uous semigroup Tt on a Banach space B, and let L be a bounded operator
on B. Then A + L with the same domain DA also generates a strongly
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continuous semigroup �t on B given by the series

�t = Tt +
∞∑

m=1

∫
0≤s1≤···≤sm≤t

Tt−sm LTsm−sm−1 L · · · Ts2−s1 L

× Ts1 ds1 · · · dsm (2.1)

converging in the operator norm. Moreover, �t f is the unique (bounded)
solution of the integral equation

�t f = Tt f +
∫ t

0
Tt−s L�s f ds, (2.2)

with a given f0 = f . Finally, if D is an invariant core for A that is itself
a Banach space under the norm ‖.‖D, if the Tt are uniformly (for t from a
compact interval) bounded operators D → D and if L is a bounded operator
D → D then D is an invariant core for A + L and the �t are uniformly
bounded operators in D.

Proof On the one hand, clearly

‖�t‖ ≤ ‖Tt‖ +
∞∑

m=1

(‖L‖t)m

m!
(

sup
s∈[0,t]

‖Ts‖
)m+1

,

implying the convergence of the series. Next, we have

�t�τ f

=
∞∑

m=0

∫
0≤s1≤···≤sm≤t

Tt−sm LTsm−sm−1 L · · · Ts2−s1 LTs1 ds1 · · · dsm

×
∞∑

n=0

∫
0≤u1≤···≤un≤τ

Tτ−un LTun−un−1 L · · · Tu2−u1 LTu1 du1 · · · dun

=
∞∑

m,n=0

∫
0≤u1≤···un≤τ≤v1≤···≤vm≤t+τ

Tt+τ−vm LTvm−vm−1 L · · · Tv1−un L · · · Tu2−u1 L

× Tu1 dv1 · · · dvmdu1 · · · dun

=
∞∑

k=0

∫
0≤u1≤···≤uk≤t+τ

Tt+τ−uk LTuk−uk−1 L · · · Tu2−u1 LTu1 du1 · · · duk

= �t+τ f,

showing the main semigroup condition. Equation (2.2) is then a consequence
of (2.1). On the other hand, if (2.2) holds then substituting the l.h.s. of this
equation into its r.h.s. recursively yields
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�t f = Tt f +
∫ t

0
Tt−s LTs f ds +

∫ t

0
ds2Tt−s2 L

∫ s2

0
ds1Ts2−s1 L�s1 f

= Tt f +
N∑

m=1

∫
0≤s1≤···≤sm≤t

Tt−sm LTsm−sm−1 L · · · Ts2−s1 LTs1 f ds1 · · · dsm

+
∫

0≤s1≤···≤sN+1≤t
Tt−sN+1 LTsN+1−sN L · · · Ts2−s1 L�s1 f ds1 · · · dsm

for arbitrary N . As the last term tends to zero, the series representation (2.1)
follows.

Further, since the terms with m > 1 in (2.1) are O(t2) for small t ,

d

dt

∣∣∣∣t=0�t f = d

dt

∣∣∣∣
t=0

(
Tt f +

∫ t

0
Tt−s LTs f ds

)
= d

dt

∣∣∣∣
t=0

Tt f + L f,

so that (d/dt)|t=0�t f exists if and only if (d/dt)|t=0 Tt f exists, and in
this case

d

dt

∣∣∣∣
t=0

�t f = (A + L) f.

The last statement is obviously true, because the conditions on D ensure that
the series (2.1) converges in the norm topology of D.

For the analysis of time-nonhomogeneous and/or nonlinear evolutions we
need to extend the notion of a generator to propagators. A backward propagator
U t,r of uniformly (for t, r from a compact set) bounded linear operators on
a Banach space B is called strongly continuous if the family U t,r depends
strongly continuously on t and r . For a dense subspace D of B that is invariant
under all U t,r we say that a family of linear operators At with common domain
D is a (nonhomogeneous) generator of the propagator U t,r on the common
invariant domain D if

d

ds
U t,s f = U t,s As f,

d

ds
U s,r f = −AsU s,r f, t ≤ s ≤ r (2.3)

for all f ∈ D, where the derivative exists in the topology of B and where for
s = t (resp. s = r ) it is assumed to be only a right (resp. left) derivative.

Remark 2.8 The principle of uniform boundedness (well known in func-
tional analysis) states that if a family Tα of bounded linear mappings from a
Banach space X to another Banach space is such that the sets {‖Tαx‖} are
bounded for each x then the family Tα is uniformly bounded. This implies that
if U t,r is a strongly continuous propagator of bounded linear operators then the
norms of U t,r are bounded uniformly for t, r from any compact interval. This
fact is not of particular importance for our purposes, as we can include uniform
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boundedness on compact intervals in the definition. All our constructions of
propagators yield this boundedness directly.

The next result extends Theorem 2.7 to propagators.

Theorem 2.9 Let U t,r be a strongly continuous backward propagator of
bounded linear operators in a Banach space B, a dense subspace D ⊂ B
is itself a Banach space under the norm ‖.‖D and the U t,r are bounded
operators D → D. Suppose that a family of linear operators At generates
this propagator on the common domain D (so that (2.3) holds). Let Lt be
a family of bounded operators in both B and D that depend continuously
on t in the strong topology as operators in B. Then At + Lt generates a
strongly continuous propagator �t,r in B, on the same invariant domain D,
where

�t,r = U t,r +
∞∑

m=1

∫
t≤s1≤···≤sm≤r

U t,s1 Ls1 · · · U sm−1,sm Lsm

× U sm ,r ds1 · · · dsm . (2.4)

This series converges in the operator norms of both B and D. Moreover, �t,r f
is the unique bounded solution of the integral equation

�t,r f = U t,r f +
∫ r

t
U t,s Ls�

s,r f ds, (2.5)

for a given fr = f .

Proof This result is a straightforward extension of Theorem 2.7. The only
difference to note is that, in order to obtain

d

dt

∣∣∣∣t=r

∫ r

t
U t,s Ls�

s,r f ds = d

dt

∣∣∣∣
t=r

∫ r

t
U t,s Lr�

s,r f ds = −Lr f

one uses the continuous dependence of Ls on s (since the Ls are strongly
continuous in s, the function Ls�

s,r f is continuous in s, because the fam-
ily �s,r f is compact as the image of a continuous mapping of the interval
[t, r ]).

For a Banach space B or a linear operator A, one usually denotes by B� or
A� respectively its Banach dual. The notation B ′, A′ is also used.

Theorem 2.10 (Basic duality) Let U t,r be a strongly continuous backward
propagator of bounded linear operators in a Banach space B generated by a
family of linear operators At on a common dense domain D invariant under
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all U t,r . Let D be itself a Banach space with respect to a norm ‖.‖D such that
the At are continuous mappings D → B. Then:

(i) the family of dual operators V s,t = (U t,s)� forms a weakly continuous
in s, t propagator of bounded linear operators in B� (contractions if the U t,r

are contractions) such that

d

dt
V s,tξ = −V r,t A�

t ξ,
d

ds
V s,tξ = A�

s V s,tξ, t ≤ s ≤ r, (2.6)

holds weakly in D�, i.e., the second equation, for example, means

d

ds
( f, V s,tξ) = (As f, V s,tξ), t ≤ s ≤ r, f ∈ D; (2.7)

(ii) V s,tξ is the unique solution to the Cauchy problem (2.7), i.e. if ξt = ξ

for a given ξ ∈ B� and ξs , s ∈ [t, r ], is a weakly continuous family in B�

satisfying
d

ds
( f, ξs) = (As f, ξs), t ≤ s ≤ r, f ∈ D, (2.8)

then ξs = V s,tξ for t ≤ s ≤ r;
(iii) U s,r f is the unique solution to the inverse Cauchy problem of the sec-

ond equation in (2.3), i.e. if fr = f and fs ∈ D for s ∈ [t, r ] satisfies the
equation

d

ds
fs = −As fs, t ≤ s ≤ r, (2.9)

where the derivative exists in the norm topology of B, then fs = U s,r f .

Proof Statement (i) is a direct consequence of duality.
(ii) Let g(s) = (U s,r f, ξs) for a given f ∈ D. Writing

(U s+δ,r f, ξs+δ) − (U s,r f, ξs)

= (U s+δ,r f − U s,r f, ξs+δ) + (U s,r f, ξs+δ − ξs)

and using (2.3), (2.8) and the invariance of D, allows one to conclude that

d

ds
g(s) = −(AsU s,r f, ξs) + (U s,r f, A�

sξs) = 0.

Hence g(r) = ( f, ξr ) = g(t) = (U t,r f, ξt ), showing that ξr is uniquely
defined. Similarly we can analyze any other point r ′ ∈ (s, r).
(iii) In a similar way to the proof of (ii), this follows from the observation that

d

ds
( fs, V s,tξ) = 0.

The following simple stability result for these propagators is useful.
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Theorem 2.11 Suppose that we are given a sequence of propagators U t,r
n ,

n = 1, 2, . . ., with corresponding generators An
t , and a propagator U t,r with

generator At . Suppose that all these propagators satisfy the same conditions
as U t,r and At from Theorem 2.10 with the same D and B and with all bounds
uniform in n. Moreover, let

‖An
t − At‖D→B ≤ εn

uniformly for bounded times t, where εn → 0 as n → ∞. Then:

‖U t,r
n g − U t,r g‖B = O(1)εn‖g‖D

uniformly for bounded times t, r; U t,r
n converges to U t,r strongly in B; and the

dual propagators V r,t
n converge to V r,t weakly in B� and in the norm topology

of D�.

Proof The required estimate follows from the obvious representation

(U t,r
n − U t,r )g = U t,s

n U s,r g

∣∣∣∣r
s=t

=
∫ r

t
U t,s

n (An
s − As)U

s,r g ds, g ∈ D.

The other statements follow by the usual approximation argument and duality.

The following result represents the basic tool (used in Chapter 6) allowing
us to build nonlinear propagators from infinitesimal linear ones.1 Recall that
V s,t is the dual of U t,s given by Theorem 2.10.

Theorem 2.12 Let D be a dense subspace of a Banach space B that is itself
a Banach space such that ‖ f ‖D ≥ ‖ f ‖B, and let ξ �→ A[ξ ] be a mapping
from B� to the bounded linear operator A[ξ ] : D → B, such that

‖A[ξ ] − A[η]‖D→B ≤ c‖ξ − η‖D� , ξ, η ∈ B�. (2.10)

Let M be a bounded subset of B� that is closed in the norm topologies of
both B� and D� and, for a μ ∈ M, let Cμ([0, r ], M) be the metric space of the
curves ξs ∈ M, s ∈ [0, r ], ξ0 = μ, that are continuous in the norm D�, with
distance

ρ(ξ., η.) = sup
s∈[0,r ]

‖ξs − ηs‖D� .

Assume finally that, for any μ ∈ M and ξ. ∈ Cμ([0, r ], M), the operator
curve A[ξt ] : D → B generates a strongly continuous backward propagator

1 The reader may choose to skip over this result until it is needed.
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of uniformly bounded linear operators U t,s[ξ.], 0 ≤ t ≤ s ≤ r , in B on the
common invariant domain D (where, in particular, (2.3) holds), such that

‖U t,s[ξ.]‖D→D ≤ c, t, s ≤ r, (2.11)

for some constant c > 0; the dual propagators V s,t preserve the set M. Then
the weak nonlinear Cauchy problem

d

dt
( f, μt ) = (A[μt ] f, μt ), μ0 = μ, f ∈ D, (2.12)

is well posed in M. More precisely, for any μ ∈ M it has a unique solution
Tt (μ) ∈ M, and the transformations Tt of M form a semigroup for t ∈ [0, r ]
depending Lipschitz continuously on time t and on the initial data in the norm
of D�, i.e.

‖Tt (μ) − Tt (η)‖D� ≤ c(r, M)‖μ − η‖D� , ‖Tt (μ) − μ‖D� ≤ c(r, M)t.
(2.13)

Proof Since

( f, (V t,0[ξ1
. ] − V t,0[ξ2

. ])μ) = (U 0,t [ξ1
. ] f − U 0,t [ξ2

. ] f, μ)

and

U 0,t [ξ1
. ] − U 0,t [ξ2

. ] = U 0,s[ξ1
. ]U s,t [ξ2

. ]
∣∣∣t
s=0

=
∫ t

0
U 0,s[ξ1

. ](A[ξ1
s ] − A[ξ2

s ])U s,t [ξ2
. ] ds,

and taking into account (2.10) and (2.11), one deduces that

‖(V t,0[ξ1
. ] − V t,0[ξ2

. ])μ‖D� ≤ ‖U 0,t [ξ1
. ] − U 0,t [ξ2

. ]‖D→B‖μ‖B�

≤ tc(r, M) sup
s∈[0,r ]

‖ξ1
s − ξ2

s ‖D�

(we have used the assumed boundedness of M). This implies that, for t ≤ t0
with a small enough t0, the mapping ξt �→ V t,0[ξ.] is a contraction in
Cμ([0, t], M). Hence by the contraction principle there exists a unique fixed
point for this mapping. To obtain the unique global solution one just has to
iterate the construction on the next interval [t0, 2t0] and then on [2t0, 3t0] etc.
The semigroup property of Tt follows directly from uniqueness.

Finally, if Tt (μ) = μt and Tt (η) = ηt then

Tt (μ) − Tt (η) = V t,0[μ.]μ − V t,0[η.]η
= (V t,0[μ.] − V t,0[η.])μ + V t,0[η.](μ − η).



2.1 Semigroups, propagators and generators 53

Estimating the first term as above yields

sup
s≤t

‖Ts(μ) − Ts(η)‖D� ≤ c(r, M)

[
t sup

s≤t
‖Ts(μ) − Ts(η)‖D� + ‖μ − η‖D�

]
,

which implies the first estimate in (2.13) for small times; this can then be
extended to all finite times by iteration. The second estimate in (2.13) follows
from (2.7).

Remark 2.13 For our purposes, basic examples of the set M above are the
following:

(i) One can take M to be the ball of fixed radius in B�;2 it is natural to make
this choice when all propagators are contractions;

(ii) if B = C∞(Rd) and D = C2∞(Rd) or D = C1∞(Rd) one can often take
M = P(Rd), which is closed in the norm topology of D� because it is weakly
(not �-weakly) closed in B� and hence also in D�.

Remark 2.14 If M is closed only in B�, but not in D�, the same argument
as in the previous remark shows that there could exist at most one solution to
(2.12); i.e. uniqueness holds.

We shall need also a stability result for the above nonlinear semigroups Tt

with respect to small perturbations of the generator A.

Theorem 2.15 Under the assumptions of Theorem 2.12 suppose that ξ �→
Ã[ξ ] is another mapping, from B� to the bounded operator Ã[ξ ] : D → B,
satisfying the same condition as A; the corresponding propagators Ũ t,s , Ṽ s,t

satisfy the same conditions as U t,s , V s,t . Suppose that

‖ Ã[ξ ] − A[ξ ]‖D→B ≤ κ, ξ ∈ M (2.14)

for a constant κ . Then

‖T̃t (μ) − Tt (η)‖D� ≤ c(r, M)(κ + ‖μ − η‖D� ). (2.15)

Proof As in the proof of Theorem 2.12, denoting Tt (μ) by μt and T̃t (η)

by η̃t one can write

μt − η̃t = (V t,0[μ.] − Ṽ t,0[η̃.])μ + Ṽ t,0[η̃](μ − η)

and then

sup
s≤t

‖μs − η̃s‖D� ≤ c(r, M)

(
t (sup

s≤t
‖μs − η̃s‖D� + κ) + ‖μ − η‖D�

)
,

2 By the Banach–Alaoglu theorem the ball M is weakly closed in B� and hence also in D�

since, for bounded subsets of B�, weak closures in B� and D� coincide and consequently M is
closed in the norm of D�.
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which implies (2.15) in the first place for small times and then for all finite
times by iteration.

2.2 Feller processes and conditionally positive operators

In this section we recall the basic properties of Feller processes and semi-
groups, fixing our notation and stressing the interplay between analytical and
probabilistic interpretations.

A linear operator L on a functional space is called positive if f ≥ 0 �⇒
L f ≥ 0. A backward propagator (resp. a semigroup) of positive linear con-
tractions in B(S), C(S) or L p(Rd) is said to be a sub-Markov backward
propagator (resp. a sub-Markov semigroup). It is called a Markov (backward)
propagator (resp. a Markov semigroup) if additionally all these contractions
are conservative, i.e. they take any constant function to itself. The connection
with the theory of Markov processes is given by the following fundamental
fact. For a Markov process Xt (defined on a probability space and taking values
in a metric space), the transformations

�s,t f (x) = E( f (Xt )|Xs = x) (2.16)

form a Markov propagator in the space B(S) of bounded Borel functions. In
particular, if this Markov process is time homogeneous, the family

�t f (x) = E( f (Xt )|X0 = x) = Ex f (Xt ) (2.17)

forms a Markov semigroup.
Usually Markov processes are specified by their Markov transition proba-

bility families pr,t (x, A) (which are the families of transition kernels from S to
S parametrized by an ordered pair of real numbers r ≤ t), so that

ps,t (x, A) = (�s,t 1A)(x) = P(Xt ∈ A|Xs = x)

or, equivalently,

(�s,t f )(x) =
∫

S
f (y)ps,t (x, dy), f ∈ B(S).

The basic propagator equation U t,sU s,r = U t,r written in terms of the Markov
transition families

pr,t (x, A) =
∫

S
ps,t (y, A)pr,s(x, dy) (2.18)

is called the Chapman–Kolmogorov equation.
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A strongly continuous semigroup of positive linear contractions on C∞(S)
is called a Feller semigroup.

A (homogeneous) Markov process in a locally compact metric space S is
called a Feller process if its Markov semigroup reduced to C∞(S) is a Feller
semigroup, i.e. if it preserves C∞(S) and is strongly continuous there.

Theorem 2.16 For an arbitrary Feller semigroup �t in C∞(S) there exists a
(uniquely defined) family of positive Borel measures pt (x, dy) on S, with norm
not exceeding 1, depending vaguely continuously on x, i.e.

lim
xn→x

∫
f (y)pt (xn, dy) =

∫
f (y)pt (x, dy), f ∈ C∞(S)

and such that

�t f (x) =
∫

pt (x, dy) f (y). (2.19)

Proof Representation (2.19) follows from the Riesz–Markov theorem. The
other properties of pt (x, dy) mentioned in the present theorem follow directly
from the definition of a Feller semigroup.

Formula (2.19) allows us to extend the operators �t to contraction operators
in B(S). This extension clearly forms a sub-Markov semigroup in B(S).

Let K1 ⊂ K2 ⊂ · · · be an increasing sequence of compact subsets of S
exhausting S, i.e. S = ∪n Kn . Let χn be any sequence of functions from Cc(S)
with values in [0, 1] and such that χ(x) = 1 for |x | ∈ Kn . Then, for any
f ∈ B(S), one has (by monotone or dominated convergence)

�t f (x) =
∫

pt (x, dy) f (y) = lim
n→∞

∫
py(x, dy)χn(y) f (y)

= lim
n→∞(�t (χn f ))(x) (2.20)

(for positive f the limit is actually the supremum over n). This simple equation
is important, as it allows us to define the minimal extension of �t to B(S)
directly via �t , avoiding explicit reference to pt (x, dy).

Theorem 2.17 If �t is a Feller semigroup then uniformly, for x from a
compact set,

lim
t→0

�t f (x) = f (x), f ∈ C(Rd),

where �t denotes the extension (2.20).

Proof By linearity and positivity it is enough to show this for 0 ≤ f ≤ 1.
In this case, for any compact set K and a non-negative function φ ∈ C∞(Rd)

that equals 1 in K ,
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( f − �t f )1K ≤ [ f φ − �t ( f φ)]1K ,

and similarly

[1 − f − �t (1 − f )]1K ≤ [(1 − f )φ − �t ((1 − f )φ)]1K .

The latter inequality implies that

(�t f − f )1K ≤ [�t 1 − 1 + 1 − f − �t ((1 − f )φ)]1K

≤ [(1 − f )φ − �t ((1 − f )φ)]1K .

Consequently

| f − �t f |1K ≤ | f φ − �t ( f φ)|1K + |(1 − f )φ − �t ((1 − f )φ)|1K ,

which implies the required convergence on the compact set K by the strong
continuity of �t .

Corollary 2.18 If � is a Feller semigroup then the dual semigroup ��
t

on M(X) is a positivity-preserving semigroup of contractions depending
continuously on t in both the vague and weak topologies.

Proof Everything is straightforward from the above definitions except
weak continuity, which follows from the previous theorem since

( f, ��
t μ − μ) = (�t f − f, μ)

=
∫

|x |<K
(�t f − f )(x)μ(dx) +

∫
|x |≥K

(�t f − f )(x)μ(dx);

for f ∈ C(Rd) the second integral can be made arbitrarily small by choosing
large enough K , and the first integral is then small for small t by Theorem 2.17.

A Feller semigroup �t is called conservative if all measures pt (x, .) in the
representation (2.19) are probability measures or, equivalently, if the natural
extension of �t to B(S) given by (2.20) preserves constants and hence forms
a Markov semigroup in B(S).

Another useful link between the Markov property and continuity is stressed
in the following modification of the Feller property. A C-Feller semigroup in
C(S) is a sub-Markov semigroup in C(S), i.e. it is a semigroup of contractions
�t in C(S) such that 0 ≤ u ≤ 1 implies 0 ≤ �t u ≤ 1. Note that on the one
hand this definition does not include strong continuity and on the other hand it
applies to any topological space S, not necessarily one that is locally compact
or even metric. Of course, a Feller semigroup �t is C-Feller if the space C(S)
is invariant under the natural extension (2.20), and a C-Feller semigroup �t is
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Feller if C∞(S) is invariant under all �t and the corresponding restriction is
strongly continuous. It is worth stressing that a Feller semigroup may not be
C-Feller, and vice versa; see the exercises at the end of Section 2.4.

Feller semigroups arising from Markov processes are obviously conserva-
tive. Conversely, any conservative Feller semigroup is the semigroup of a
certain Markov process; this follows from representation (2.19) for the ker-
nels pt and a basic construction of Markov processes based on Kolmogorov’s
existence theorem.

Proposition 2.19 A Feller semigroup is C-Feller if and only if �t applied
to a constant is a continuous function. In particular, any conservative Feller
semigroup is C-Feller.

Proof By Proposition A.5 the vague continuity and weak continuity of
pt (x, dy) with respect to x coincide under the condition of continuous
dependence of the total mass pt (x, S) on x .

Theorem 2.20 If X x
t is a Feller process in Rd whose starting point is denoted

by x then (i) X x
t → X y

t weakly as x → y for any t, and (ii) X x
t → x in

probability as t → 0.

Proof Proposition A.5 implies statement (i) and the weak convergence
X x

t → x as t → 0. In particular, the family of distributions of Xt , t ∈ [0, 1],
is tight (see the definition before Theorem A.12). Taking this into account, in
order to show the convergence in probability one has to show that, for any
K > ε > 0,

lim
t→0

P(ε < |X x
t − x | < K ) = 0.

Now choosing an arbitrary non-negative function f (y) ∈ C∞(Rd) that
vanishes at x and equals 1 for ε < ‖x − y‖ < K yields

P(ε < |X x
t − x | < K ) ≤ E f (X x

t ) → f (x) = 0,

as required.

Theorem 2.21 Let Xt be a Lévy process with characteristic exponent

η(u) = i(b, u) − 1
2 (u, Gu) +

∫
Rd

[ei(u,y) − 1 − i(u, y)1B1(y)]ν(dy). (2.21)

Then Xt is a Feller process with semigroup �t such that

�t f (x) =
∫

f (x + y)pt (dy), f ∈ C(Rd), (2.22)
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where pt is the law of Xt . This semigroup is translation invariant, i.e.

(�t f )(x + z) = (�t f (. + z))(x).

Proof Formula (2.22) follows from the definition of Lévy processes as
time-homogeneous and translation-invariant Markov process. Notice that any
f ∈ C∞(Rd) is uniformly continuous. For any such f ,

�t f (x) − f (x) =
∫

[ f (x + y) − f (x)]pt (dy)

=
∫

|y|>K
[ f (x + y) − f (x)]pt (dy)

+
∫

|y|≤K
[ f (x + y) − f (x)]pt (dy);

the first (resp. the second) term is small for small t and any K by the stochastic
continuity of X (resp. for small K and arbitrary t by the uniform continuity
of f ). Hence ‖�t f − f ‖ → 0 as t → 0. To see that �t f ∈ C∞(Rd) for
f ∈ C∞(Rd) one writes similarly

�t f (x) =
∫

|y|>K
f (x + y)pt (dy) +

∫
|y|≤K

f (x + y)pt (dy)

and observes that the second term clearly belongs to C∞(Rd) for any K and
that the first can be made arbitrarily small by choosing large enough K .

Remark 2.22 A Fourier transform takes the semigroup �t to a multiplication
semigroup,

�t f (x) = F−1(etηF f ), f ∈ S(Rd),

because

(F�t f )(p) = 1

(2π)d/2

∫
e−i px

∫
f (x + y)pt (dy)

= 1

(2π)d/2

∫ ∫
e−i pz+i py

∫
f (z)pt (dy)

= (F f )(p)etη(p).

This yields another proof of the Feller property of the semigroup �t .

Theorem 2.23 If Xt is a Lévy process with characteristic exponent (2.21)
then its generator L is given by
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L f (x) =
d∑

j=1

b j
∂ f

∂x j
+ 1

2

d∑
j,k=1

G jk
∂2 f

∂x j∂xk

+
∫

Rd

(
f (x + y) − f (x) −

d∑
j=1

y j
∂ f

∂x j
1B1(y)

)
ν(dy) (2.23)

on the Schwartz space S of fast-decreasing smooth functions. Moreover, the
Lévy exponent is expressed in terms of the generator by the formula

η(u) = e−iux Leiux . (2.24)

Each space Ck∞(Rd) with k ≥ 2 is an invariant core for L.

Proof Let us first check (2.23) for exponential functions. Namely, for
f (x) = ei(u,x),

�t f (x) =
∫

f (x + y)pt (dy) = ei(u,x)
∫

ei(u,y) pt (dy) = ei(u,x)etη(u).

Hence

L f (x) = d

dt

∣∣∣∣
t=0

�t f (x) = η(u)ei(u,x)

is given by (2.23), owing to the elementary properties of exponents. By linear-
ity this extends to functions of the form f (x) = ∫

ei(u,x)g(u)du with g ∈ S.
But this class coincides with S by Fourier’s theorem. To see that Ck∞(Rd) is
invariant under �t for any k ∈ N it is enough to observe that the derivative
∇l�t f for a function f ∈ C1∞(Rd) satisfies the same equation as �t f itself.
Finally, L f ∈ C∞(Rd) for any f ∈ C2∞(Rd).

By a straightforward change of variable, one finds that the operator L� is
given by

L� f (x) = −
d∑

j=1

b j
∂ f

∂x j
+ 1

2

d∑
j,k=1

G jk
∂2 f

∂x j∂xk

+
∫

Rd

(
f (x − y) − f (x) +

d∑
j=1

y j
∂ f

∂x j
1B1(y)

)
ν(dy) (2.25)

is adjoint to (2.23) in the sense that∫
L f (x)g(x) dx =

∫
f (x)L�g(x) dx,

for f, g from the Schwartz space S.
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Remark 2.24 The operator (2.23) is a �DO (see Appendix E) with the sym-
bol η(p), where η is the characteristic exponent (2.21). In fact, by (E.3) one
simply has to check that (F L f )(p) = η(p)(F f )(p). Since

(F L f )(p) = 1

(2π)d/2
(e−i p., L f ) = 1

(2π)d/2
(L�e−i p., f ),

this follows from the equation

L�e−i px = η(p)e−i px ,

which in its turn is a direct consequence of the properties of the exponent
function.

The following are the basic definitions relating to the generators of Markov
processes. One says that an operator A in C(Rd) defined on a domain DA (i)
is conditionally positive, if A f (x) ≥ 0 for any f ∈ DA such that f (x) = 0 =
miny f (y); (ii) satisfies the positive maximum principle (PMP) if A f (x) ≤ 0
for any f ∈ DA such that f (x) = maxy f (y) ≥ 0; (iii) is dissipative if
‖(λ − A) f ‖ ≥ λ‖ f ‖ for λ > 0, f ∈ DA; (iv) is local if A f (x) = 0 whenever
f ∈ DA ∩Cc(Rd) vanishes in a neighborhood of x ; (v) is locally conditionally
positive if A f (x) ≥ 0 whenever f (x) = 0 and has a local minimum there; (vi)
satisfies a local PMP if A f (x) ≤ 0 for any f ∈ DA having a local non-negative
maximum at x .

For example, the multiplication operator taking u(x) to c(x)u(x), for some
function c ∈ C(Rd), is always conditionally positive but it satisfies the PMP
only in the case of non-negative c.

The importance of these notions lies in the following fact.

Theorem 2.25 Let A be a generator of a Feller semigroup �t . Then

(i) A is conditionally positive,
(ii) A satisfies the PMP on DA,

(iii) A is dissipative.

If moreover A is local and DA contains C∞
c then A is locally conditionally

positive and satisfies the local PMP on C∞
c .

Proof This is very simple. For (i), note that

A f (x) = lim
t→0

�t f (x) − f (x)

t
= lim

t→0

�t f (x)

t
≥ 0

by positivity preservation. For (ii) note that if f (x) = maxy f (y) then,
by Exercise 2.2 (see below), �t f (y) ≤ f (x) for all y, t , implying that
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A f (x) ≤ 0. For (iii) choose x to be the maximum point of | f |. By passing to
− f if necessary we can consider f (x) to be positive. Then

‖(λ − A) f ‖ ≥ λ‖ f ‖ ≥ λ f (x) − A f (x) ≥ λ f (x)

by the PMP.

Let us observe that if S is compact and a Feller semigroup in C(S) is conser-
vative then the constant unit function 1 belongs to the domain of its generator
A, and A1 = 0. Hence it is natural to call such generators conservative. In
the case of noncompact S = Rd , we shall say that a generator of a Feller
semigroup A is conservative if Aφn(x) → 0 for any x as n → ∞, where
φn(x) = φ(x/n) and φ is an arbitrary function from C2

c (R
d) that equals

1 in a neighborhood of the origin and has values in [0, 1]. We shall see at
the end of the next section that the conservativity of a semigroup implies the
conservativity of the generator with partial inverse to be given in Theorem 2.40.

We recall now the basic structural result about generators of Feller processes
by formulating the following fundamental fact.

Theorem 2.26 (Courrège) If the domain of a conditionally positive operator
L (in particular, the generator of a Feller semigroup) in C∞(Rd) contains the
space C2

c (R
d) then it has the following Lévy–Khintchine form with variable

coefficients:

L f (x) = 1
2 (G(x)∇,∇) f (x) + (b(x),∇ f (x)) + c(x) f (x)

+
∫

[ f (x + y) − f (x) − (∇ f (x), y)1B1(y)]ν(x, dy), f ∈ C2
c (R

d).

(2.26)

Here G(x) is a symmetric non-negative matrix and ν(x, .) is a Lévy measure
on Rd , i.e. ∫

Rn
min(1, |y|2)ν(x; dy) < ∞, ν({0}) = 0, (2.27)

that depends measurably on x. If additionally L satisfies the PMP then
c(x) ≤ 0 everywhere.

The proof of this theorem is based only on standard calculus, though it
requires some ingenuity (the last statement in the theorem being of course
obvious). It can be found in [52], [43] and [105] and will not be reproduced
here. We will simply indicate the main strategy, showing how the Lévy ker-
nel comes into play. Namely, as follows from conditional positivity, L f (x) for
any x is a positive linear functional on the space of continuous functions with
support in Rd \ {0}. Hence, by the Riesz–Markov theorem for these functions,
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L f (x) = L̃ f (x) =
∫

f (y)ν̃(x, dy) =
∫

f (x + y)ν(x, dy)

for some kernel ν such that ν(x, {x}) = 0. Next, we can deduce from con-
ditional positivity that L should be continuous as a mapping from C2

c (R
d)

to the bounded Borel functions. This in turn allows us to deduce the basic
moment condition (2.27) on ν. We then observe that the difference between L
and L̃ must be a second-order differential operator. Finally, one shows that this
differential operator must also be conditionally positive.

Remark 2.27 Actually, when proving Theorem 2.26 (see [43]) one arrives at
a characterization not only for conditionally positive operators but also for con-
ditionally positive linear functionals obtained by fixing the arguments. Namely,
it is shown that if a linear functional (Ag)(x) : C2

c �→ Rd is conditionally pos-
itive at x , i.e. if Ag(x) ≥ 0 whenever a non-negative g vanishes at x , then
Ag(x) is continuous and has the form (2.26) (irrespective of the properties of
Ag(y) at other points y).

Corollary 2.28 If the domain of the generator L of a conservative Feller
semigroup �t in C∞(Rd) contains C2

c then it has the form (2.26) with
vanishing c(x). In particular, L is conservative.

Proof By Theorems 2.25 and 2.26, L has the form (2.26) on C2
c (R

d)

with non-positive c(x). The conservativity of L means that Lφn(x) → 0 for
any x as n → ∞, where φn(x) = φ(x/n) and φ is an arbitrary function
from C2

c (R
d) that equals 1 in a neighborhood of the origin and has values in

[0, 1]. Clearly limn→∞ Lφn(x) = c(x). So conservativity is equivalent to the
property that c(x) = 0 identically. Since �t is a conservative Feller semigroup
it corresponds to a certain Markov (actually Feller) process Xt .

The inverse question whether a given operator of the form (2.26) (or its
closure) actually generates a Feller semigroup, which roughly speaking means
having regular solutions to the equation ḟ = L f (see the next section), is non-
trivial and has attracted much attention. We shall deal with it in the next few
chapters.

We conclude this section by recalling Dynkin’s formula connecting Markov
processes and martingales.

Theorem 2.29 (Dynkin’s formula) Let f ∈ D, the domain of the generator
L of a Feller process Xt . Then the process

M f
t = f (Xt ) − f (X0) −

∫ t

0
L f (Xs) ds, t ≥ 0, (2.28)
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is a martingale (with respect to the filtration for which Xt is a Markov process)
under any initial distribution ν. It is often called Dynkin’s martingale.

Proof

E(M f
t+h |Ft ) − M f

t

= E
(

f (Xt+h) −
∫ t+h

0
L f (Xs) ds

∣∣∣ Ft

)
−
(

f (Xt ) −
∫ t

0
L f (Xs) ds

)

= �h f (Xt ) − E
( ∫ t+h

t
L f (Xs) ds

∣∣∣ Ft

)
− f (Xt )

= �h f (Xt ) − f (Xt ) −
∫ h

0
L�s f (Xt ) ds = 0.

This result motivates the following definition. Let L be a linear operator
given by L : D → B(Rd), D ∈ C(Rd). One says that a process Xt with
càdlàg paths (or the corresponding probability distribution on the Skorohod
space) solves the (L , D)-martingale problem for initial distribution μ if X0

is distributed according to μ and the process (2.28) is a martingale for any
f ∈ D. This martingale problem is called well posed if, for any initial μ,
there exists a unique Xt solving it. The following result is a direct conse-
quence of Theorem 2.29. It will be used later on in the construction of Markov
semigroups.

Proposition 2.30 (i) A Feller process Xt solves the (L , D)-martingale
problem, where L is the generator of Xt and D is any subspace of its domain.

(ii) If the (L , D)-martingale problem is well posed, there can exist no more
than one Feller process whose generator is an extension of L.

Exercise 2.1 Let Xt be a Markov chain on {1, . . . , n} with transition prob-
abilities qi j > 0, i 
= j , which are defined via the semigroup of stochastic
matrices �t with generator by given

(A f )i =
∑
j 
=i

( f j − fi )qi j .

Let Nt = Nt (i) denote the number of transitions during time t of a process
starting at some point i . Show that Nt − ∫ t

0 q(Xs) ds is a martingale, where
q(l) = ∑

j 
=l ql j denotes the intensity of jump l. Hint: To check that ENt =
E
∫ t

0 q(Xs) ds show that the function ENt is differentiable and that

d

dt
E(Nt ) =

n∑
j=1

P(Xt = j)q j .
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Exercise 2.2 Show that if � is a positive contraction in B(S), where S is
a metric space, then a ≤ f ≤ b for f ∈ B(S) and a, b ∈ R implies that
a ≤ � f ≤ b. Hint: First settle the case when either a or b vanishes.

2.3 Jump-type Markov processes

In this section we consider in more detail the bounded conditionally positive
operators that correspond probabilistically to pure jump processes.

Proposition 2.31 Let S be a locally compact metric space and on the one
hand let L be a bounded conditionally positive operator from C∞(S) to B(S).
Then there exists a bounded transition kernel ν(x, dy) in S with ν(x, {x}) = 0
for all x, and a function a(x) ∈ B(S), such that

L f (x) =
∫

S
f (z)ν(x, dz) − a(x) f (x). (2.29)

On the other hand, if L is of this form then it is a bounded conditionally positive
operator C(S) �→ B(S).

Proof If L is conditionally positive in C∞(S) then L f (x) is a positive
functional on C∞(S \ {x}) and hence, by the Riesz–Markov theorem, there
exists a measure ν(x, dy) on S \ {x} such that L f (x) = ∫

S f (z)ν(x, dz)
for f ∈ C∞(S \ {x}). As L is bounded, these measures are uniformly
bounded. As any f ∈ C∞(S) can be written as f = f (x)χ + [ f − f (x)χ ],
where χ is an arbitrary function with a compact support and χ(x) = 1, it
follows that

L f (x) = f (x)Lχ(x) +
∫

[ f − f (x)χ ](z)ν(x, dz),

which clearly has the form (2.29). The inverse statement is obvious.

Remark 2.32 The condition ν(x, {x}) = 0 is natural for a probabilistic inter-
pretation (see below). From the analytical point of view it makes representation
(2.29) unique.

We shall now describe analytical and probabilistic constructions of pure
jump processes, focusing our attention on the most important case, that of
continuous kernels.

Theorem 2.33 Let ν(x, dy) be a weakly continuous uniformly bounded tran-
sition kernel in a complete metric space S such that ν(x, {x}) = 0 and also
a ∈ C(S). Then the operator defined in (2.29) has C(S) as its domain and



2.3 Jump-type Markov processes 65

generates a strongly continuous semigroup Tt in C(S) that preserves positivity
and is given in terms of certain transition kernels pt (x, dy):

Tt f (x) =
∫

pt (x, dy) f (y).

In particular, if a(x) = ‖ν(x, .)‖ then Tt 1 = 1 and Tt is the Markov semi-
group of a Markov process that we shall call a pure jump or jump-type Markov
process.

Proof Since L is bounded, it generates a strongly continuous semigroup.
As it can be given by the integral form

L f (x) =
∫

S
f (z)ν̃(x, dz),

where the signed measure ν̃(x, .) coincides with ν outside {x} and ν̃(x, {x}) =
−a(x), it follows from the convergence in norm of the exponential series
for Tt = et L that the Tt are integral operators. To see that these opera-
tors are positive we can observe that the Tt are bounded from below by
the resolving operators of the equation ḟ (x) = −a(x) f (x), which are pos-
itive. Application of the standard construction for Markov processes (via
Kolmogorov’s existence theorem) yields the existence of the corresponding
Markov process.

Remark 2.34 An alternative analytical proof can be given by perturbation
theory (Theorem 2.7), considering the integral term in (2.29) as a perturba-
tion. This approach leads directly to the representation (2.32) obtained below
probabilistically. From this approach, to obtain positivity is straightforward.

A characteristic feature of pure jump processes is the property that their
paths are a.s. piecewise constant, as is shown by the following result on the
probabilistic interpretation of these processes.

Theorem 2.35 Let ν(x, dy) be a weakly continuous uniformly bounded tran-
sition kernel in a metric space S such that ν(x, {x}) = 0. Let a(x) = ν(x, S).
Define the following process X x

t . Starting at a point x, the process remains
there for a random a(x)-exponential time τ , i.e. this time is distributed accord-
ing to P(τ > t) = exp[−ta(x)], and then jumps to a point y ∈ S distributed
according to the probability law ν(x, .)/a(x). Then the procedure is repeated,
now starting from y, etc. Let N x

t denote the number of jumps of this process
during a time t when starting from a point x. Then
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P(N x
t = k) =

∫
0<s1<···<sk<t

∫
Sk

e−a(yk )(t−sk )ν(yk−1, dyk)

× e−a(yk−1)(sk−sk−1)ν(yk−2, dyk−1) · · · e−a(y1)(s2−s1)ν(x, dy1)

× e−s1a(x)ds1 · · · dsk, (2.30)

P(N x
t > k) =

∫
0<s1<···<sk<t

∫
Sk

[1 − e−a(yk )(t−sk )]ν(yk−1, dyk)

× e−a(yk−1)(sk−sk−1)ν(yk−2, dyk−1) · · · e−a(y1)(s2−s1)ν(x, dy1)

× e−s1a(x)ds1 · · · dsk, (2.31)

and N x
t is a.s. finite. Moreover, for a bounded measurable f ,

E f (X x
t ) =

∞∑
k=0

E f (X x
t )1N x

t =k

=
∞∑

k=0

∫
0<s1<···<sk<t

∫
Sk

e−a(yk )(t−sk )ν(yk−1, dyk)

× e−a(yk−1)(sk−sk−1)ν(yk−2, dyk−1) · · · e−a(y1)(s2−s1)ν(x, dy1)

× e−s1a(x) f (yk)ds1 · · · dsk, (2.32)

and there exists (in the sense of the sup norm) the derivative

d

dt

∣∣∣∣
t=0

E f (X x
t ) =

∫
S

f (z)ν(x, dz) − a(x) f (x).

Proof Let τ1, τ2, . . . denote the (random) sequence of the jump times. By
the definition of the exponential waiting time,

P(N x
t = 0) = P(τ1 > t) = e−a(x)t .

Next, by conditioning,

P(N x
t = 1) = P(τ2 > t − τ1, τ1 ≤ t)

=
∫ t

0
P(τ2 > t − τ1|τ1 = s)a(x)e−sa(x) ds

=
∫ t

0

∫
S

P(τ2 > t − s|τ1 = s, X (s) = y)ν(x, dy)e−sa(x) ds

=
∫ t

0

∫
S

e−a(y)(t−s)ν(x, dy)e−sa(x) ds
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and

P(N x
t > 1) = P(τ2 ≤ t − τ1, τ1 ≤ t)

=
∫ t

0

∫
S
[1 − e−a(y)(t−s)]ν(x, dy)e−sa(x) ds;

similarly, one obtains (2.30), (2.31) for arbitrary k. Denoting M = supx a(x)
and taking into account the elementary inequality 1 − e−a ≤ a, a > 0, one
obtains from (2.31)

P(N x
t > k) ≤ Mk+1t

∫∫
0<s1<···<sk<t

ds1 · · · dsk ≤ (Mt)k+1

k! ,

implying the convergence of the series
∑∞

k=0 P(N x
t > k). Hence, by the Borel–

Cantelli lemma, N x
t is a.s. finite. In particular, the first equation in (2.32) holds.

Next, we have

E f (X x
t )1N x

t =1 =
∫ t

0

∫
S

f (y)ν(x, dy)e−sa(x)P(τ2 > t − s|Xs = y) ds

=
∫ t

0

∫
S

e−a(y)(t−s) f (y)ν(x, dy)e−sa(x)ds

The other terms of the series (2.32) are computed similarly. The equation
for the derivative then follows straightforwardly, as only the first two terms
of the series (2.32) contribute to the derivative, the rest of the terms being of
order at least t2.

Remark 2.36 The deduction of the expansion (2.32) given above shows
clearly its probabilistic meaning. As mentioned earlier, it can be obtained
by analytical methods (perturbation theory). We shall consider this approach
further in Section 4.2 when analyzing pure jump processes with unbounded
rates a(x).

Exercise 2.3 If S in Theorem 2.33 is locally compact and a bounded ν

(depending weakly continuously on x) is such that limx→∞
∫

K ν(x, dy) = 0
for any compact set K , then an operator L of the form (2.29) preserves the
space C∞(S) and hence generates a Feller semigroup.

2.4 Connection with evolution equations

From the definition of the generator and the invariance of its domain it follows
that if �t is the Feller semigroup of a process Xt with a generator L and
domain DL then �t f (x) solves the Cauchy problem
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d

dt
ft (x) = L ft (x), f0 = f, (2.33)

whenever f ∈ DL , the derivative being taken in the sense of the sup norm of
C(Rd). Formula (2.17) yields the probabilistic interpretation of this solution
and an explicit formula.

In the theory of linear differential equations, the solution G(t, x, x0) of
(2.33) with f0 = δx0 = δ(. − x0), i.e. satisfying (2.33) for t > 0 and the
limiting condition in the weak form

lim
t→0

G(t, ., x0, g) = lim
t→0

∫
G(t, x, x0)g(x) dx = g(x0)

for any g ∈ C∞
c , is called the Green function or heat kernel of the problem

(2.33) (whenever it exists, of course, which may not be the case in general). In
probability language the Green function G(t, x, x0) is the density at x0 of the
distribution of the process Xt that started at x .

Consequently, if the distribution of a Lévy process Xt has a density ω(t, y)
then �tδx0(x) = ω(t, x0 − x), as follows from (2.22), so that ω(t, x0 − x) is
the Green function G(t, x, x0) in this case. The density of the probability law
of Xt can be found as the Fourier transform of its characteristic function.

In particular, the Green function for the pseudo-differential (fractional
parabolic) equation

∂u

∂t
= (A,∇u(x)) − a|∇u|α

(see Appendix E for fractional derivatives) is given by the so-called stable
density

S(x0 − At − x;α, at) = (2π)−d
∫

Rd
exp[−at |p|α + i p(x + At − x0)] dp.

Together with the existence of a solution one is usually interested in its
uniqueness. The next statement shows how naturally this issue is settled via
conditional positivity.

Theorem 2.37 Let a subspace D ⊂ C(Rd) contain constant functions, and
let an operator L : D �→ C(Rd) satisfying the PMP be given. Let T > 0
and u(t, x) ∈ C([0, T ] × Rd). Assume that u(0, x) is everywhere non-
negative and that u(t, .) ∈ C∞(Rd) ∩ D for all t ∈ [0, T ] is differentiable
in t for t > 0 and satisfies the evolution equation

∂u

∂t
= Lu, t ∈ (0, T ].

Then u(t, x) ≥ 0 everywhere.
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Proof Suppose that inf u = −α < 0. For a δ < α/T consider the function

vδ = u(t, x) + δt.

Clearly this function also has a negative infimum. Since v tends to a posi-
tive constant δt as x → ∞, v has a global negative minimum at some point
(t0, x0) which lies in (0, T ]×Rd . Hence (∂v/∂t)(t0, x0) ≤ 0 and, by the PMP,
Lv(t0, x0) ≥ 0. Consequently we have, on the one hand,(

∂v

∂t
− Lv

)
(t0, x0) ≤ 0.

On the other hand, from the evolution equation and PMP we deduce that(
∂v

∂t
− Lv

)
(t0, x0) ≥

(
∂u

∂t
− Lu

)
(t0, x0) + δ = δ.

This contradiction completes the proof.

Corollary 2.38 Under the same conditions on D and L as in the above the-
orem, assume that f ∈ C([0, T ] × Rd) and g ∈ C∞(Rd). Then the Cauchy
problem

∂u

∂t
= Lu + f, u(0, x) = g(x), (2.34)

can have at most one solution u ∈ C([0, T ] × Rd) such that u(t, .) ∈ C∞(Rd)

for all t ∈ [0, T ].
Now we shall touch upon the problem of reconstructing a Feller semigroup

from a rich enough class of solutions to the Cauchy problem (2.33).

Theorem 2.39 Let L be a conditionally positive operator in C∞(Rd) satis-
fying the PMP, and let D be a dense subspace of C∞(Rd) containing C2

c (R
d)

and belonging to the domain of L. Suppose that Ut , t ≥ 0, is a family of
bounded (uniformly for t ∈ [0, T ] for any T > 0) linear operators in C∞(Rd)

such that Ut preserves D and that Ut f for any f ∈ D is a classical solution of
(2.33) (i.e. it holds for all t ≥ 0, the derivative being taken in the sense of the
sup norm of C(Rd)). Then Ut is a strongly continuous semigroup of positive
operators in C∞ defining a unique classical solution Ut ∈ C∞(Rd) of (2.33)
for any f ∈ D.

Proof Uniqueness and positivity follow from the previous theorem, if one
takes into account that by Courrége’s theorem, Theorem 2.26, the operator L
naturally extends to constant functions preserving the PMP. However, unique-
ness implies the semigroup property, because Ut+s and UtUs solve the same
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Cauchy problem. Finally, to prove strong continuity observe that if φ ∈ D then
(since L and Us commute by Theorem 2.4)

Utφ − φ =
∫ t

0
LUsφ ds =

∫ t

0
Us Lφ ds,

and

‖Utφ − φ‖ ≤ t sup
s≤t

‖Us‖‖Lφ‖.

Since D is dense, the case of arbitrary φ is dealt with by the standard
approximation procedure.

The next result gives a simple analytical criterion for conservativity. It also
introduces the very important formula (2.35) for the solution of nonhomoge-
neous equations, which is sometimes called the du Hamel principle.

Theorem 2.40 (i) Under the assumptions of the previous theorem assume in
addition that D is a Banach space itself, under a certain norm ‖φ‖D ≥ ‖φ‖
such that L is a bounded operator taking D to C∞(Rd) and the operators Ut

are bounded (uniformly for t from compact sets) as operators in D. Then the
function

u = Ut g +
∫ t

0
Ut−s fs ds (2.35)

is the unique solution to equation (2.34) in C∞(Rd).
(ii) Let L be uniformly conservative in the sense that ‖Lφn‖ → 0 as n → ∞

for φn(x) = φ(x/n), n ∈ N, and for any φ ∈ C2
c (R

d) that equals 1 in a
neighborhood of the origin and has values in [0, 1]. Then Ut is a conservative
Feller semigroup.

Proof (i) Uniqueness follows from Theorem 2.37. Since the Ut are uni-
formly bounded in D it follows that the function u from (2.35) is well defined
and belongs to D for all t . Next, straightforward formal differentiation shows
that u satisfies (2.34). To prove the existence of the derivative one writes

∂g

∂t
= LU f + lim

δ→0

1

δ

∫ t

0
(Ut+δ−s − Ut−s)φs ds + lim

δ→0

1

δ

∫ t+δ

t
Ut+δ−sφs ds.

The first limit here exists and equals L
∫ t

0 Ut−sφs ds. However,

lim
δ→0

1

δ

∫ t+δ

t
Ut+δ−sφs ds = φt + lim

δ→0

1

δ

∫ t+δ

t
(Ut+δ−sφs − φt ) ds,

and so the second limit is seen to vanish.
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(ii) Clearly the function φn solves the problem

∂u

∂t
= Lu − Lφn, u(0, x) = φ(x),

and hence by (i)

φn(x) = Utφn +
∫ t

0
Ut−s Lφn ds.

As n → ∞ the integral on the r.h.s. of this equation tends to zero in C∞(Rd)

and φn(x) tends to 1 for each x . Hence

lim
n→∞ Utφn(x) = 1, x ∈ Rd ,

implying that in a representation of the type (2.19) for Ut (which exists due
to the positivity of Ut ) all measures pt (x, dy) are probability measures. This
completes the proof.

We conclude this section with some simple exercises illustrating various
versions of the Feller property.

Exercise 2.4 Let Xt be a deterministic process in R solving the ODE ẋ = x3.
Show that (i) the solution to this equation with initial condition X (0) = x is

Xx (t) = sgn(x)

(
1

−2t + x−2

)1/2

, |x | < 1√
2t

,

(ii) the corresponding semigroup has the form

�t f (x) =

⎧⎪⎪⎨
⎪⎪⎩

(Xx (t)), |x | < 1√
2t

,

0, |x | ≥ 1√
2t

,

(2.36)

in C∞(R) and is Feller and (iii) the corresponding measures from representa-
tion (2.19) are

pt (x, dy) =

⎧⎪⎪⎨
⎪⎪⎩

δ(Xx (t) − y)), |x | < 1√
2t

,

0, |x | ≥ 1√
2t

,

(2.37)

implying that this Feller semigroup is not conservative, as its minimal
extension takes the constant 1 to the indicator function of the interval
(−1/

√
2t, 1/

√
2t). (It is instructive to see where the criterion of conservativity

from Theorem 2.40 breaks down in this example.)
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Exercise 2.5 Let Xt be a deterministic process in R solving the ODE
ẋ = −x3. Show that (i) the solution to this equation with initial condition
X (0) = x is

Xx (t) = sgn(x)

(
1

2t + 1/x2

)1/2

,

(ii) the corresponding semigroup is conservative and C-Feller but not Feller,
as it does not preserve the space C∞(Rd).

Exercise 2.6 Let Xt be a deterministic process in R+ solving the ODE ẋ =
−1 and “killed” at the boundary {x = 0}, i.e. it vanishes at the boundary at
the moment it reaches it. Show that the corresponding semigroup on C∞(R+)
(which is the space of continuous functions on R+ tending to zero both for
x → ∞ and x → 0) is given by (2.19) with

pt (x, dy) =
{

δ(x − t − y), x > t,
0, x ≤ t,

(2.38)

and is Feller but not conservative, as its minimal extension to C(R+) (which
stands for killing at the boundary) takes the constant 1 to the indicator
1[t,∞). However, if, instead of a killed process, one defines a corresponding
stopped process that remains at the boundary {x = 0} once it reaches it, the
corresponding semigroup is given on C∞(R̄+) by (2.19) with

pt (x, dy) =
{

δ(x − t − y), x > t,
δ(y), x ≤ t.

(2.39)

This is a conservative Feller semigroup on C∞(R̄+) that constitutes an exten-
sion (but not a minimal one) of the previously constructed semigroup for the
killed process.

Exercise 2.7 This exercise is designed to show that the stopped process from
the previous exercise does not give a unique extension of a Feller semigroup on
C∞(R+) to C∞(R̄+). Namely, consider a mixed “stopped and killed” process
in which a particle moves according to the equation ẋ = −1 until it reaches the
boundary, where it remains for a θ -exponential random time and then vanishes.
Show that such a process specifies a non-conservative Feller semigroup on
C∞(R̄+) given by

�t f (x) =
{

f (x − t), x > t,
f (0)e−θ(t−x), x ≤ t.

(2.40)
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Probabilistic constructions

We develop here the theory of stochastic differential equations (SDEs) driven
by nonlinear Lévy noise, aiming at applications to Markov processes. To make
the basic ideas clearer, we start with symmetric square-integrable Lévy pro-
cesses and then extend the theory to more general cases. One tool we use is
the coupling of Lévy processes. To avoid interruptions to the exposition, the
relevant results on coupling are collected in Section 3.6.

3.1 Stochastic integrals and SDEs driven by nonlinear
Lévy noise

Suppose that Ys(η) is a family of symmetric square-integrable Lévy processes
in Rd with càdlàg paths, depending on a parameter η ∈ Rn and specified by
their generators Lη, where

Lη f (x) = 1
2 (G(η)∇,∇) f (x) +

∫
[ f (x + y) − f (x) − (y,∇) f (x)]ν(η, dy)

(3.1)
and

ν(η)({0}) = 0, sup
η

(
tr G(η) +

∫
|y|2ν(η, dy)

)
= κ1 < ∞. (3.2)

Our first objective is to define the stochastic integral
∫ t

0 αsdYs(ξs) for random
processes α and ξ . We start with piecewise-constant α and ξ . To simplify the
notation we assume that they are constant on intervals with binary rational
bounds. More precisely, suppose that (�,F, P) is a filtered probability space
with a filtration Ft that satisfies the usual conditions of completeness and right
continuity. Let τk = 2−k . Processes of the form
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αt =
[t/τk ]∑
j=0

α j 1( jτk ,( j+1)τk ], ξt =
[t/τk ]∑
j=0

ξ j 1( jτk ,( j+1)τk ], (3.3)

where α j and ξ j are F jτk -measurable Rd - and Rn-valued random variables,
will be called simple. Our stochastic integral for such α, ξ is defined as

∫ t

0
αsdYs(ξs) =

[t/τk ]∑
j=0

α j (Ymin(t,( j+1)τk) − Y jτk )(ξ
j ). (3.4)

However, for this formula to make sense for random ξt some measure-theoretic
reasoning is required, since a natural question arises: on which probability
space is this process defined? Everything would be fine if all Lévy processes
Ys(x) were defined on a single probability space and depended measurably on
x . Can this be done? Of course each Ys(η) exists on, say, D(R+,Rd). But if
one uses the normal Kolmogorov construction and defines Ys(x) on the infi-
nite product space

∏
x∈Rn D(R+,Rd) then what is the mechanism that ensures

measurability with respect to x?
To move ahead, we apply the following randomization and conditional inde-

pendence and randomization lemmas (see Lemma 3.22 and Proposition 6.13
respectively in Kallenberg [114]):

Lemma 3.1 Let μ(x, dz) be a probability kernel from a measurable space X
to a Borel space Z. Then there exists a measurable function f : X×[0, 1] → Z
such that if θ is uniformly distributed on [0, 1] then f (X, θ) has distribution
μ(x, .) for every x ∈ X.

Lemma 3.2 Let ξ, η, ζ be random variables with values in measurable
spaces Z , X,U respectively, where Z is Borel. Then ξ is η-conditionally inde-
pendent on ζ if and only if ξ = f (η, θ) a.s. for some measurable function
f : X × [0, 1] → Z and some random variable θ , uniformly distributed on
[0, 1], that is independent of η and ζ .

In order to apply these results we need to compare the Lévy measures. To
this end, we introduce an extension of the Wasserstein–Kantorovich distance to
unbounded measures. Namely, let Mp(Rd) denote the class of Borel measures
μ on Rd \ {0}, not necessarily finite but with finite pth moment (i.e. such that∫ |y|pμ(dy) < ∞). For a pair of measures ν1, ν2 in Mp(Rd) we define the
distance Wp(ν1, ν2) using (A.2):

Wp(ν1, ν2) =
(

inf
ν

∫
|y1 − y2|pν(dy1dy2)

)1/p

,
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where inf is now taken over all ν ∈ Mp(R2d) such that condition (A.1),∫
S×S

[
φ1(x) + φ2(y)

]
ν(dxdy) = (φ1, ν1) + (φ2, ν2),

holds for all φ1, φ2 satisfying φi (.)/|.|p ∈ C(Rd). It is easy to see that for finite
measures this definition coincides with the usual definition.

Remark 3.3 Although the measures ν1 and ν2 are infinite, the distance
Wp(ν1, ν2) is finite. In fact, let a decreasing sequence of positive numbers ε1

n
be defined by writing ν1 = ∑∞

n=1 ν
n
1 , where the probability measures νn

1 have
their support in the closed shells {x ∈ Rd : ε1

n ≤ |x | ≤ ε1
n−1} (with ε1

0 = ∞).
The quantities εn

2 and νn
2 are defined similarly. Then the sum

∑∞
n=1 ν

n
1 ⊗ νn

2 is
a coupling of ν1 and ν2 having a finite value of

∫ |y1 − y2|pν1(dy1)ν2(dy2).

Moreover, by the same argument as for finite measures (see [201], [246] or
Proposition A.13), we can show that whenever the distance Wp(ν1, ν2) is finite
the infimum in (A.2) is achieved, i.e. there exists a measure ν ∈ Mp(R2d) such
that

Wp(μ1, μ2) =
(∫

|y1 − y2|pν(dy1dy2)

)1/p

. (3.5)

We now make the following crucial assumption about the family Ys(x):{
tr
[√

G(x1) −√
G(x2)

]2
}1/2

+ W2(ν(x1, .), ν(x2, .)) ≤ κ2‖x1 − x2‖ (3.6)

for some constant κ2 and any x1, x2 ∈ Rd . By Proposition 3.19 below the
mapping from x ∈ Rn to the law of the Lévy process Ys(x) is then continuous
and hence measurable. Consequently, by Lemma 3.1 (with Z the complete
metric space D(R+,Rd), a Borel space) one can define the processes Ys(x) as
measurable functions of x living on the standard probability space [0, 1] with
Lebesgue measure. This makes expression (3.4) well defined. However, this is
still not quite satisfactory for our purposes as this construction does not take
into account the dependence of the natural filtration of Ys(x) on x . To settle this
issue, let f k

s (x, ω) ∈ D([0, τk],Rd), x ∈ Rd , ω ∈ [0, 1], s ∈ [0, τk], be the
function from Lemma 3.1 constructed for the parts of the Lévy processes Ys(x)
lying on an interval of length τk . In particular, for each x ∈ Rd the random
process f k

s (x, .), defined on the standard probability space ([0, 1],B([0, 1]))
with Lebesgue measure, is a Lévy process on the time interval s ∈ [0, τk].
As the basic probability space for the construction of the integral in (3.5) we
choose the space � × [0, 1]∞ with product σ -algebra and product measure
(each interval [0, 1] being equipped with Lebesgue measure).
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Let us now define the process (3.4) as the random process on the probabil-
ity space � × [0, 1]∞ (with points denoted by (ω, δ1, δ2, . . .)) given by the
formula∫ t

0
αsdYs(ξs)(ω, {δ j }∞1 ) =

[t/τk ]∑
j=0

α j (ω) f k
min(τk ,t− jτk )

(ξ j (ω), δ j ), (3.7)

and let Fα,ξ
t be the filtration on � × [0, 1]∞ that is generated by ξτ , ατ ,∫ τ

0 αsdYs(ξs), τ ≤ t . The following statement summarizes the basic properties
of the simple integral in (3.7).

Theorem 3.4 Let (3.2), (3.6) hold for the family of Lévy generators given
by (3.1), let α, ξ be simple processes of the form (3.3) and let α be bounded
by a constant A. Then (3.7) defines a càdlàg process on the probability space
� × [0, 1]∞ having the following properties.

(i) It is adapted to the filtration Fα,ξ
t .

(ii) The random process f k
. (ξ

j (ω), δ j ) conditioned either on ξ j or on the

σ -algebra Fα,ξ
jτk

is distributed in the same way as the Lévy process Y.(ξ
j ).

(iii) The process given in (3.7) is a square-integrable Fα,ξ
t -martingale (note

that it is not assumed to be a martingale with respect to its own natural
filtration), and

E
(∫ t

0
αsdYs(ξs)

)2

≤ A2tκ1. (3.8)

(iv) Definition (3.7) is unambiguous with respect to the choice of partition
length τk . Namely, if one writes the processes (3.3) as

αt =
[t/τk ]∑
j=0

α j (1(2 jτk+1,(2 j+1)τk+1] + 1((2 j+1)τk+1,2( j+1)τk+1]),

ξt =
[t/τk ]∑
j=0

ξ j (1(2 jτk+1,(2 j+1)τk+1] + 1((2 j+1)τk+1,2( j+1)τk+1],

(3.9)

then the integral (3.7) has the same distribution as a similar integral for the
processes (3.9) defined with respect to partitions of length τk+1.

(v) Let α̃, ξ̃ be another pair of simple processes with the same bound A as
for α̃t . Then

W 2
2,t,un

(∫ t

0
αsdYs(ξs),

∫ t

0
α̃sdYs(ξ̃s)

)
≤ 4A2κ2

2 W 2
2,t,un(ξ, ξ̃ ) + 4κ1W 2

2,t,un(α, α̃),

(3.10)
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where the distance W2,t,un is defined in (A.4), and where distances in Rd are
Euclidean.

Proof (i) This is obvious.
(ii) On the one hand, f k

. (ξ
j (ω), δ j ) conditioned on ξ j is distributed in the

same way as the Lévy process Y.(ξ
j ) by construction but, on the other hand,

f k
. (ξ

j (ω), δ j ) is ξ j -conditionally independent of α j and of
∫ jτk

0 αsdYs(ξs) by
Lemma 3.2, implying that the distributions of f k

. (ξ
j (ω), δ j ) conditioned on

either ξ j or Fα,ξ
jτk

are the same.
(iii) To prove the martingale property it is enough to show that

E
(∫ t

0
αsdYs(ξs)

∣∣∣∣Fα,ξ
τ

)
=
∫ τ

0
αsdYs(ξs), τ < t,

and it is sufficient to show this for jτk ≤ τ < t ≤ ( j + 1)τk , for any j . But the
latter follows from (ii), because all these Lévy processes have zero expectation.
Next, by conditioning and statement (ii) one has

E
(∫ t

0
αsdYs(ξs)

)2

=
[t/τk ]∑
j=0

E
(
α j , f k

min(τk ,t− jτk )
(ξ j , .)

)2
,

implying (3.8) by assumption (3.2) and also by statement (ii).
(iv) By conditioning with respect to the collection of the random variables
α j , ξ j the statement reduces to the i.i.d. property of increments of Lévy
processes.
(v) By (iv) we can define both processes using partitions of the same length,
say τk . Suppose first that the curves αt , ξt are not random. Then the terms in the
sum (3.7) are independent. Doob’s maximum inequality allows us to estimate
the l.h.s. of (3.10) as follows:

2
[t/τk ]∑
j=0

inf E
(
α j f k

min(τk ,t− jτk )
(ξ j , .) − α̃ j f k

min(τk ,t− jτk )
(ξ̃ j , .)

)2

≤ 4
[t/τk ]∑
j=0

(
α j − α̃ j , E[ f k

min(τk ,t− jτk )
(ξ j , .)]

)2

+ 4A2
[t/τk ]∑
j=0

inf E[ f k
min(τk ,t− jτk )

(ξ j , .) − f k
min(τk ,t− jτk )

(ξ̃ j , .)]2,

where the infimum is taken over all couplings of f k
s (ξ

j , .) and f k
s (ξ̃

j , .) that
yield a Lévy process in R2d (and hence a martingale), so that Doob’s maximum
inequality is applicable. This implies that
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W 2
2,t,un

(∫ t

0
αsdYs(ξs),

∫ t

0
α̃sdYs(ξ̃s)

)

≤ 4A2κ2
2

∫ t

0
(ξs − ξ̃s)

2 ds + 4κ1

∫ t

0
(αs − α̃s)

2 ds

≤ 4A2κ2
2 t sup

s≤t
(ξs − ξ̃s)

2 + 4κ1t sup
s≤t

(αs − α̃s)
2

by assumption (3.6) and estimate (3.8). This in turn implies the general esti-
mate (3.10) by conditioning with respect to the collection of the random
variables α j , ξ j .

Recall now that any left-continuous square-integrable adapted process can
be approximated in L2 (on each bounded interval [0, t]) by simple left-
continuous processes. We can now define the stochastic integral driven by
nonlinear Lévy noise,

∫ t
0 αsdYs(ξs), for any left-continuous adapted (more

generally, predictable) square-integrable processes α, ξ with bounded α: it is
the limit, in the sense of distribution on the Skorohod space of càdlàg paths,
of the corresponding integral over the simple approximations of α and ξ . We
summarize below the basic properties of this integral.

Theorem 3.5 (Stochastic integral driven by nonlinear Lévy noise) Let
(3.2), (3.6) hold for the family Ys defined by (3.1) and (3.2). Then the above
limit exists and does not depend on the approximation sequence, there exists
a filtered probability space on which the processes ξt , αt ,

∫ t
0 αsdYs(ξs) are

defined as adapted processes, the integral
∫ t

0 αsdYs(ξs) is a square-integrable
martingale with càdlàg paths such that estimate (3.8) holds and, for any
s, the increments

∫ t
s ατdYτ (ξτ ) and

∫ s
0 ατdYτ (ξτ ) are σ {ξτ , ατ , τ ≤ s}-

conditionally independent. Finally, for any other pair of processes α̃, ξ̃ with
the same bound A for α̃t , estimate (3.10) holds.

Proof (i) The existence of the limit and its independence of the approx-
imation follows from Theorem 3.4 and estimates (3.8), (3.10). Notice that
the weak convergence deduced from convergence with respect to the met-
ric W2 is stronger than Skorohod convergence. As the required σ -algebras
Ft , one then can choose the σ -algebras generated by the limiting processes
ξτ , ατ ,

∫ τ

0 αsdYs(ξs) for τ ≤ t .

Remark 3.6 For the purpose of constructing Markov processes, assuming
the existence of a finite second moment of the relevant Lévy measure is satis-
factory because, using perturbation theory, we can always reduce any given
generator to a generator whose Lévy measure has compact support. It is
natural, however, to ask whether the above theory extends to general Lévy
measures. In fact it does. The main idea is to substitute the metric W2 by an
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appropriate equivalent metric on Rd . The natural choice for Lévy measures
is either of the metrics ρβ or ρ̃β , to be introduced in Section 3.6. Alterna-
tively, one can treat the part of a Lévy process having a finite Lévy measure
separately, since it is defined as a Lebesgue integral, in the usual way.

Let us now consider an SDE driven by nonlinear Lévy noise and having the
form

Xt = x +
∫ t

0
a(Xs−)dYs(g(Xs−)) +

∫ t

0
b(Xs−) ds. (3.11)

Theorem 3.7 (SDE driven by nonlinear Lévy noise) Let (3.2), (3.6) hold
for the family (3.1). Let b, g, a be bounded Lipschitz-continuous functions, the
first two of which are from Rn to Rn and the third of which is from Rn to n × d
matrices, with a common Lipschitz constant κ . Let x be a random variable that
is independent of the Ys(z). Then the solution to (3.11) exists in the sense of
distribution1 and is unique.

Proof This is based on the contraction principle in the complete metric
space M2(t) of the distributions on the Skorohod space of càdlàg paths ξ ∈
D([0, t],Rd) with finite second moment W2,t,un(ξ, 0) < ∞ and with metric
W2,t,un. For any ξ ∈ M2(t), let

�(ξ)t = x +
∫ t

0
a(ξs−) dYs(g(ξs−)) +

∫ t

0
b(ξs−) ds.

By Theorem 3.5, for an arbitrary coupling of the pair of processes ξ1, ξ2, we
have

W 2
2,t,un(�(ξ1),�(ξ2))

≤ E
∫ t

0

{
8A2κ2

2 [g(ξ1
s ) − g(ξ1

s )]2

+ 8κ1[a(ξ1
s ) − a(ξ2

s )]2 + 2[b(ξ1
s ) − b(ξ2

s )]2
}

ds

≤ κt (8A2κ2
2 + 8κ1 + 2)E sup

s≤t
(ξ1

s − ξ2
s )

2,

implying that

W 2
2,t,un(�(ξ1),�(ξ2)) ≤ κt (8A2κ2

2 + 8κ1 + 2)W 2
2 (ξ

1, ξ2).

Thus the mapping ξ �→ �(ξ) is a contraction in M2(t) for tκ(8A2κ2
2 + 8κ1 +

2) < 1. This implies the existence and uniqueness of a fixed point and hence
of a solution to (3.11) for this t . For large t this construction can be extended
by iteration.

1 Thus the equation implies the coincidence of the distributions.



80 Probabilistic constructions

Our main motivation for analyzing equation (3.11) lies in the fact that the
solution to the particular case

Xt = x +
∫ t

0
dYs(Xs−) +

∫ t

0
b(Xs−) ds (3.12)

specifies a Markov process with generator given by

L f (x) = 1
2 (G(x)∇,∇) f (x) + (b(x),∇ f (x))

+
∫

[ f (x + y) − f (x) − (y,∇) f (x)]ν(x, dy), (3.13)

yielding not only the existence but also a construction of such a process. This
is not difficult to see. We shall prove it in the next section as a by-product of a
constructive approach (using Euler-type approximations) to the analysis of the
SDE (3.11).

To conclude this section, let us consider some basic examples for which the
assumptions of the above theorems hold.

To begin with, we observe that the assumption on the Lévy kernel ν

in (3.6) is satisfied if we can decompose the Lévy measures ν(x; .) into
countable sums ν(x; .) = ∑∞

n=1 νn(x; .) of probability measures such that
W2(νi (x; .), νi (z; .)) ≤ ai |x − z| and the series

∑
a2

i converges. It is well
known that the optimal coupling of probability measures (the Kantorovich
problem) cannot always be realized using mass transportation (i.e. a solu-
tion to the Monge problem), since this could lead to examples for which
the construction of the process via standard stochastic calculus would not
work. However, non-degeneracy is not built into such examples and this leads
to serious difficulties when one tries to apply analytical techniques in these
circumstances.

Another particularly important situation occurs when all members of a fam-
ily of measures ν(x; .) have the same star shape, i.e. they can be represented as

ν(x, dy) = ν(x, s, dr) ω(ds), (3.14)

y ∈ Rd , r = |y| ∈ R+, s = y/r ∈ Sd−1,

with a certain measure ω on Sd−1 and a family of measures ν(x, s, dr) on R+.
This allows us to reduce the general coupling problem to a much more eas-
ily handled one-dimensional problem, because evidently if νx,y,s(dr1dr2) is a
coupling of ν(x, s, dr) and ν(y, s, dr) then νx,y,s(dr1dr2)ω(ds) is a coupling
of ν(x, .) and ν(y, .). If one-dimensional measures have no atoms then their
coupling can be naturally organized by “pushing” along a certain mapping.
Namely, the measure νF is the pushing forward of a measure ν on R+ by a
mapping F : R+ �→ R+ whenever
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f (F(r))ν(dr) =

∫
f (u)νF (du),

for a sufficiently rich class of test functions f , say, for the indicators of
intervals. Suppose that we are looking for a family of monotone continu-
ous bijections Fx,s : R+ �→ R+ such that νFx,s = ν(x, s, .). Choosing
f = 1[F(z),∞) as a test function in the above definition of pushing forward
yields

G(x, s, Fx,s(z)) = ν([z,∞)) (3.15)

for G(x, s, z) = ν(x, s, [z,∞)) = ∫∞
z ν(x, s, dy). Clearly if the ν(x, s, .)

and ν, although technically unbounded, are in fact bounded on any interval
separated from the origin and if they have no atoms and do not vanish on
any open interval then this equation defines a unique continuous monotone
bijection Fx,s : R+ �→ R+ with an inverse that is also continuous. Hence we
arrive at the following criterion.

Proposition 3.8 Suppose that the Lévy kernel ν(x, .) can be represented in
the form (3.14) and that ν is a Lévy measure on R+ such that all ν(x, s, .)
and ν are unbounded, have no atoms and do not vanish on any open interval.
Then the family ν(x, .) depends Lipshitz continuously on x in W2 whenever the
unique continuous solution Fx,s(z) to (3.15) is Lipschitz continuous in x with
a constant κF (z, s) for which the condition∫

R+

∫
Sd−1

κ2
F (r, s)ω(ds)ν(dr) < ∞ (3.16)

holds.

Proof By the above discussion, the solution F specifies the coupling
νx,y(dr1 dr2 ds1 ds2) of ν(x, .) and ν(y, .) via∫

f (r1, r2, s1, s2)νx,y(dr1 dr2 ds1 ds2)

=
∫

f (Fx,s(r), Fy,s(r), s, s)ω(ds)ν(dr),

so that for Lipschitz continuity of the family ν(x, .) it is sufficient to have∫
R+

∫
Sd−1

[
Fx,s(r) − Fy,s(r)

]2
ω(ds)ν(dr) ≤ c(x − y)2,

which is clearly satisfied whenever (3.16) holds.

It is worth mentioning that a coupling for the sum of Lévy measures can
be organized separately for each term, allowing the use of the above statement
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for the star shape components and, say, some discrete methods for the discrete
components.

If ν has a density, a more explicit criterion can be given; see Stroock [227].
The following simple example is worth mentioning.

Corollary 3.9 Let

ν(x; dy) = a(x, s)r−(1+α(x,s)) dr ω(ds), (3.17)

y ∈ Rd , r = |y| ∈ R+, s = y/r ∈ Sd−1,

where a, α are C1(Rd) functions of the variable x, depend continuously on s
and take values in [a1, a2] and [α1, α2] respectively for 0 < a1 ≤ a2, 0 <

α1 ≤ α2 < 2. Then the family of measures 1BK (y)ν(x, dy) depends Lipschitz
continuously on x in W2.

Proof Choose ν((z, K ]) = 1/z − 1/K . Since then

G(x, s, z) =
∫ K

z
a(x, s)r−(1+α(x,s)) dr = a(x, s)

α(x, s)
(z−α(x,s) − K −α(x,s)),

it follows that the solution to (3.15) is given by

Fx,s(z) =
[

K −α + α

a

(
1

z
− 1

K

)]−1/α

(x, s)

implying that F(1) = 1, Fx,s(z) is of order (az/α)1/α for small z and |∇x F |
is bounded by O(1)z1/α log z. Hence condition (3.16) can be rewritten as a
condition for the integrability around the origin of the function

z2(α−1
2 −1) log2 z,

and clearly it holds true.

Processes whose generators have Lévy measures of the form (3.17) are often
called stable-like.

3.2 Nonlinear version of Ito’s approach to SDEs

We shall develop now a constructive approach to the proof of Theorem 3.7. It
bypasses the results on the stochastic integral in the previous section, yields a
process satisfying the equation strongly (i.e. not only in the sense of the coinci-
dence of distributions) and makes explicit the underlying Markovian structure,
which is of major importance for our purposes.
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Our approach is a nonlinear version of Ito’s method (as detailed in Stroock
[227]) and can be regarded as a stochastic version of the Euler approximation
scheme for solving differential equations.

We shall deal again with equation (3.11), restricting our attention for sim-
plicity to the case g(x) = x and a(x) = 1. On the one hand this case is
sufficient for the application we have in mind and on the other hand it captures
the main difficulties, so that the extension to a general version of (3.11) is more
or less straightforward (though much heavier in notation). For notational con-
venience, we shall include now the drift in the noise term. Thus we will deal
with the equation

Xt = x +
∫ t

0
dYs(Xs−), (3.18)

in which Ys(η) is a family of Lévy processes with generators given by

Lη f (x) = 1
2 (G(η)∇,∇) f (x) + (b(η),∇ f (x))

+
∫

[ f (x + y) − f (x) − (y,∇) f (x)]ν(η, dy), (3.19)

where

ν(η, {0}) = 0, sup
η

(
tr G(η) + |b(η)| +

∫
|y|2ν(η, dy)

)
= κ1 < ∞

(3.20)
and{

tr
[√

G(x1) −√
G(x2)

]2
}1/2

+ |b(x1) − b(x2)| + W2(ν(x1, .), ν(x2, .))

≤ κ2‖x1 − x2‖. (3.21)

As mentioned above the solutions will be constructed from an Euler-type
approximation scheme. Namely, let Y l

τ (x) be the collection (depending on
l = 0, 1, 2, . . .) of independent families of the Lévy processes Yτ (x), depend-
ing measurably on x , that were constructed in Lemma 3.1. We define the
approximations Xμ,τ by

Xμ,τ
t = Xμ,τ

lτ + Y l
t−lτ (Xμ,τ

lτ ), L(X τ
μ(0)) = μ, (3.22)

for lτ < t ≤ (l + 1)τ , where L(X) means the law of X . Clearly these approx-
imation processes are càdlàg. If x ∈ Rd then for brevity we shall write X x,τ

t

for X δx ,τ
t .

Remark 3.10 Clearly, if the limit of Xμ,τk
t as k → ∞ exists in the metric

W2,t,un then it solves equation (3.18) in the sense of the previous section.
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To avoid any appeal to the previous theory, we can simply define the weak
solution to (3.11) as the weak limit of Xμ,τk

t , τk = 2−k , k → ∞, in the sense
of the distributions on the Skorohod space of càdlàg paths (this definition is of
course implied by the convergence in distribution of the distance W2,t,un). This
definition, as a limit of approximations, is constructive and sufficient for the
applications we have in mind. It is not, however, very attractive aesthetically.
Alternatively, we can define a solution to (3.11) in terms of martingales, i.e.
as a process Xμ

t for which the processes (3.26) are martingales for smooth
functions f .

Theorem 3.11 (SDEs driven by nonlinear Lévy noise revisited) Suppose
that the assumptions of Theorem 3.7 hold, i.e. that (3.2), (3.6) hold for ν and
G and that b is a bounded Lipschitz-continuous function Rn → Rn. Then:

(i) for any μ ∈ P(Rd) ∩ M2(Rd) there exists a limit process Xμ
t for the

approximations Xμ,τ
t such that

sup
μ

sup
s∈[0,t]

W 2
2

(
Xμ,τk

[s/τk ]τk
, Xμ

t

)
≤ c(t)τk, (3.23)

and, more strongly,

sup
μ

W 2
2,t,un

(
Xμ,τk , Xμ

) ≤ c(t)τk; (3.24)

(ii) the distributions μt = L(Xμ
t ) depend 1/2-Hölder continuously on t in

the metric W2 and Lipschitz continuously on the initial condition:

W 2
2 (Xμ

t , Xη
t ) ≤ c(T )W 2

2 (μ, η); (3.25)

(iii) the processes

M(t) = f (Xμ
t ) − f (x) −

∫ t

0
L f (Xμ

s ) ds (3.26)

are martingales for any f ∈ C2(Rd), where

L f (x) = 1
2 (G(x)∇,∇) f (x) + (b(x),∇ f (x))

+
∫

[ f (x + y) − f (x) − (y,∇) f (x)]ν(x, dy),

in other words, the process Xμ
t solves the corresponding martingale problem;

(iv) the operators given by Tt f (x) = E f (X x
t ) form a conservative Feller

semigroup preserving the space of Lipschitz-continuous functions and having
the domain of the generator containing C2∞(Rd).
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Proof Step 1 (Continuity of approximations with respect to the initial data)
By the definition of the distance one has

W 2
2 (x1 + Yτ (x1), x2 + Yτ (x2)) ≤ E(ξ1 − ξ2)

2

for any random variables (ξ1, ξ2) with the projections ξi = xi + Yτ (xi ), i =
1, 2. Choosing the coupling given in Proposition 3.19 below yields

E(ξ1 − ξ2)
2 ≤ (1 + cτ)(x1 − x2)

2.

Hence, taking the infimum over all couplings yields

W 2
2 (x1 + Yτ (x1), x2 + Yτ (x2)) ≤ (1 + cτ)W 2

2 (L(x1),L(x2)). (3.27)

Applying this inequality inductively, we obtain

W 2
2 (Xμ,τ

kτ , Xη,τ
kτ ) ≤ e1+2ckτ W 2

2 (μ, η). (3.28)

Step 2 (Subdivision) We want to estimate the W2-distance between the
random variables

ξ1 = x + Yτ (x) = x ′ + (Yτ − Yτ/2)(x), ξ2 = z′ + (Yτ − Yτ/2)(z
′),

where

x ′ = x + Yτ/2(x), z′ = z + Yτ/2(z)

and in (3.28) μ = L(x), η = L(z), η′ = L(z′). We shall couple ξ1 and ξ2

using Proposition 3.19 twice. By (3.60), see Section 3.6, we have

W 2
2 (ξ1, ξ2) ≤ E(x ′ − z′)2 + cτ [E(x ′ − z′)2 + E(x − z′)2].

Hence, by (3.27) and (A.3), W 2
2 (ξ1, ξ2) does not exceed

W 2
2 (x, z)(1 + 2cτ)(1 + cτ) + cτE(x − z′)2

or, consequently,

W 2
2 (x, z)(1 + cτ) + cτE(Yτ/2(z))

2

(with another constant c). Hence

W 2
2 (ξ1, ξ2) ≤ W 2

2 (x, z)(1 + cτ) + cτ 2

(with yet another c). We arrive at

W 2
2 (Xμ,τ

kτ , Xμ,τ/2
kτ ) ≤ cτ 2 + (1 + cτ)W 2

2

(
Xμ,τ

(k−1)τ , Xμ,τ/2
(k−1)τ

)
. (3.29)
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Step 3 (Existence of the limits of marginal distributions) By induction one
estimates the l.h.s. of the previous inequality using the relation

τ 2[1 + (1 + cτ) + (1 + cτ)2 + · · · + (1 + cτ)(k−1)] ≤ c−1τ(1 + cτ)k

≤ c(t)τ.

Repeating this subdivision and using the triangle inequality for distances yields

W 2
2 (Xμ,τ

kτ , Xμ,τ/2m

kτ ) ≤ c(t)τ.

This implies the existence of the limit X τk
x ([t/τk]τk), as k → ∞, in the sense

of (3.23).
Step 4 (Improving convergence) For f ∈ C2(Rd) the processes

Mτ (t) = f (Xμ,τ
t ) − f (x) −

∫ t

0
L
[

Xμ,τ
[s/τ ]τ

]
f (Xμ,τ

s ) ds, μ = L(x),
(3.30)

are martingales, by Dynkin’s formula applied to the Lévy processes Yτ (z). Our
aim is to pass to the limit τk → 0 to obtain a martingale characterization of the
limiting process. But first we have to strengthen our convergence result.

Observe that the step-by-step inductive coupling of the trajectories Xμ,τ and
Xη,τ used above to prove (3.28) actually defines the coupling between the dis-
tributions of these random trajectories in the Skorohod space D([0, T ],Rd),
i.e. it defines a random trajectory (Xμ,τ , Xη,τ ) in D([0, T ],R2d). We can
construct the Dynkin martingales for this coupled process in the same way
as for Xμ,τ . Namely, for a function f of two variables with bounded second
derivatives, the process

Mτ (t) = f (Xμ,τ
t , Xη,τ

t ) −
∫ t

0
L̃s f (Xμ,τ

s , Xη,τ
s ) ds,

μ = L(xμ), η = L(xη),

is a martingale; here L̃ t is the coupling operator (see (3.58) below) constructed
from the Lévy processes Y with parameters Xμ,τ

[t/τ ]τ and Xη,τ
[t/τ ]τ . These mar-

tingales are very useful for comparing different approximations. For instance,
choosing f (x, y) = (x − y)2 leads to a martingale of the form

(Xμ,τ
t − Xη,τ

t )2 +
∫ t

0
O(1)(Xμ,τ

s − Xη,τ
s )2 ds.

Applying the martingale property in conjunction with Gronwall’s lemma yields

sup
s≤t

E(X τ,μ
s − X τ,η

s )2 ≤ c(t)E(xμ − xη)
2,
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giving another proof of (3.28). Moreover, applying Doob’s maximal inequal-
ity (with p = 2) to the martingale M̃τ constructed from f (x, y) = x − y
implies that

E sup
s≤t

|M̃τ (s)|2 ≤ 4 E(xμ − xη)
2

and, consequently,

E sup
s≤t

(
Xμ,τ

s − Xη,τ
s +

∫ s

0
O(1)|Xμ,τ

v − Xη,τ
v | dv

)
≤ 6 E(xμ − xη)

2.

Applying Gronwall’s lemma yields

E sup
s≤t

(Xμ,τ
s − Xη,τ

s )2 ≤ c(t)E(xμ − xη)
2,

which allows us to improve (3.28) to the estimate of the distance between
paths:

W 2
2,t,un(Xμ,τ , Xη,τ ) ≤ c(t)W 2

2 (μ, η). (3.31)

Similarly, we can strengthen the estimates for subdivisions leading to (3.24).
Using the Skorohod representation theorem for the weak converging

sequence of random trajectories Xμ,τk (let us stress again that convergence
with respect to the distance W2,t,un implies the weak convergence of the distri-
butions in the sense of the Skorohod topology), we can put the processes Xμ,τk

on a single probability space, forcing them to converge to Xμ almost surely in
the sense of the Skorohod topology.

Step 5 (Solving the martingale problem and obtaining the Markov prop-
erty) Passing to the limit τ = τk → 0 in (3.30) and using the continuity and
boundedness of f and L f and the dominated convergence theorem allows us
to conclude that these martingales converge, a.s. and in L1, to the martingale

M(t) = f (Xμ
t ) − f (x) −

∫ t

0
(L f )(Xμ

s ) ds, (3.32)

in other words that the process Xμ
t solves the corresponding martingale

problem.
Passing to the limit τk → 0 in the Markov property for the approximations,

i.e. in

E
(

f (Xμ,τk
t )

∣∣σ(Xμ,τk
u )

∣∣
u≤ jτk

)
= E

(
f (Xμ,τk

t )
∣∣Xμ,τk

jτk

)
,

yields the Markov property for the limit Xμ
t .

Step 6 (Completion) Observe now that (3.28) implies (3.25). Moreover,
the mapping Tt f (x) = E f (X x

t ) preserves the set of Lipschitz-continuous
functions. In fact, if f is Lipschitz with constant h then
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(

X x,τ
[t/τ ]τ

)
− E f

(
X z,τ

[t/τ ]τ
)∣∣∣ ≤ h E

∥∥∥X x,τ
[t/τ ]τ − X z,τ

[t/τ ]τ
∥∥∥

≤ h

(
E
∥∥∥X x,τ

[t/τ ]τ − X z,τ
[t/τ ]τ

∥∥∥2
)1/2

.

Taking the infimum yields∣∣∣E f
(

X x,τ
[t/τ ]τ

)
− E f

(
X z,τ

[t/τ ]τ
)∣∣∣ ≤ hc(t0)W2(x, z).

Similarly, one may show (first for Lipschitz-continuous f and then for all f ∈
C(Rd) using the standard approximation) that

sup
t∈[0,t0]

sup
x

∣∣∣E f
(

X x,τk[t/τk ]τk

)
− E f (X x

t )

∣∣∣ → 0, k → ∞, (3.33)

for all f ∈ C(Rd). From this convergence one deduces that Tt , given by
Tt f (x) = E f (X x

t ), is a positivity-preserving family of contractions in C(Rd)

that also preserves constants. Moreover, as the dynamics of averages of the
approximation process clearly preserves the space C∞(Rd), the same holds for
the limiting mappings Tt . Consequently, the operators Tt form a conservative
Feller semigroup.

From the inequality

W 2
2

(
Xμ,τ

lτ , Xμ,τ

(l−1)τ

)
≤ E

[
Yτ

(
Xμ,τ

(l−1)τ

)]2 ≤ cτ

it follows that the curve μt depends 1/2-Hölder continuously on t in W2.
Finally, it follows from the martingale property of (3.32) and the continuity

of L f (Xμ
s ) that, for f ∈ C2(Rd),

1

t
(Tt f − f ) = L f + ot→0(1),

implying that f belongs to the generator of L .

It is worth noting that, in the simpler case of generators of order at most one,
the continuity of Lévy measures with respect to a more easily handled metric
W1 is sufficient, as the following result shows. We omit the proof because it is
just a simplified version of the proof of Theorem 3.11.

Theorem 3.12 For the operator L given by

L f (x) = (b(x),∇ f (x)) +
∫

[ f (x + z) − f (x)]ν(x, μ; dz),

ν(x, .) ∈ M1(Rd),

(3.34)

where

‖b(x) − b(z)‖ + W1(ν(x, .), ν(z, .)) ≤ κ‖x − z‖ (3.35)
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holds true for a constant κ , there exists a unique Feller process Xμ
t solving

(3.18) such that

sup
μ

W1,t,int
(
X τk
μ , Xμ

) ≤ c(t)τk; (3.36)

the distributions μt = L(X (t)) depend 1/2-Hölder continuously on t and
Lipschitz continuously on the initial condition in the metric W1.

3.3 Homogeneous driving noise

The usual stochastic calculus based on Wiener noise and Poisson random mea-
sures yields a construction of Markov processes such that the Lévy measures
of the generator ν(x, dy) are connected by a family of sufficiently regular
transformations, i.e.

ν(x, dy) = νFx (dy) ⇐⇒
∫

f (y)ν(x, dy) =
∫

f (Fx (y))ν(dy)

for some given Lévy measure ν and a family of measurable mappings Fx .
As we noted above, such transformations yield a natural coupling of Lévy
measures via∫

f (y1, y2)νx1,x2(dy1 dy2) =
∫

f (Fx1(y), Fx2(y))ν(dy).

Writing down the conditions of Theorems 3.11 or 3.7 in terms of this coupling
yields the standard conditions on F , allowing one to solve the corresponding
SDE. An Ito-type construction for this case is presented in detail in [227]. Let
us discuss this matter briefly.

Let Y be a Lévy process with generator given by

L f (x) = 1
2 (G∇,∇) f (x) +

∫
[ f (x + y) − f (x) − (y,∇) f (x)]ν(dy),

with
∫ |y|2ν(dy) < ∞, and let Ñ (ds dx) be the corresponding compensated

Poisson measure of jumps. We are interested now in a stochastic equation, of
standard form

Xt = x +
∫ t

0
σ(Xs−) d BG

s +
∫ t

0
b(Xs−) ds +

∫ t

0

∫
F(Xs−, z)Ñ (ds dz),

(3.37)

where F is a measurable mapping from Rn × Rd to Rn and σ maps Rn to
n × d matrices. The analysis of the previous section suggests the Ito–Euler
approximation scheme (3.22) for the solutions of (3.37), with
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Yt (z) = σ(z)BG
t + b(z)t +

∫ t

0

∫
F(z, y)Ñ (ds dy). (3.38)

Clearly Yt (z) is a Lévy process with generator given by

Lz f (x) = 1
2 (σ (z)σ

T (z)∇, ∇) f (x) + (b(z),∇ f (x))

+
∫ [

f (x + F(z, y)) − f (x) − (F(z, y),∇ f (x))
]
ν(dy).

Proposition 3.13 Let Yt be a Lévy process as introduced above. Let

|b(y1) − b(y2)|2 + ‖σ(y1) − σ(y2)‖2 +
∫

|F(y1, w) − F(y2, w)|2ν(dw)

≤ κ|y1 − y2|2 (3.39)

and

sup
y

(
|b(y)| + ‖σ(y)‖ +

∫
|F(y, z)|2ν(dz)

)
< ∞.

Then the approximations Xμ,τk
t converge to the solution of (3.37) in the norm

(E sups≤t |Ys |2)1/2. The limiting process is Feller with generator L acting on
C2(Rd) as follows:

L f (x) = 1
2 (σ (x)Gσ T (x)∇,∇) f (x) + (b(x),∇ f (x))

+
∫ [

f (x + F(x, y)) − f (x) − (F(x, y),∇ f (x))
]
ν(dy). (3.40)

Proof This is a consequence of Theorem 3.7. It is worth noting that the
present case enjoys an important simplification, both technical and ideologi-
cal, compared with Theorem 3.7. Namely, now all Lévy processes are directly
defined on the same probability space. This allows us to avoid technical com-
plications and to construct a solution strongly on the same probability space,
for which convergence holds in the usual L2-sense (without reference to
Wasserstein–Kantorovich metrics).

Remark 3.14 It is not difficult to allow for linear growth of the coefficients.
One can also include a compound Poisson component; see Stroock [227].

3.4 An alternative approximation scheme

Let us discuss briefly an alternative approximation scheme for constructing
Markov processes based on nonlinear random integrals.
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For a process Xt and a measurable function f , let a nonlinear random
integral based on the noise d Xt be defined as a limit in probability:∫ t

0
f (d Xs) = lim

maxi (si+1−si )→0

n∑
i=1

f (Xsi+1 − Xsi ) (3.41)

(the limit is taken over finite partitions 0 = s0 < s1 < · · · < sn = t of the
interval [0, t]) when it exists. In particular,

∫ t
0 (dYs)

2 is the quadratic variation
of Y .

Proposition 3.15 Let Y be a compound Poisson process and N (dsdz) be the
corresponding Poisson random measure with intensity λ dsdz, so that

Yt = Z(1) + · · · + Z(Nt ) =
∫ t

0

∫
zN (ds dz)

with i.i.d. Z(i) and Poisson process Nt . Let Ỹ , Ñ denote the corresponding
compensated processes.

(i) If the integral (3.41) is defined (as a finite or infinite limit) for X = Y (in
particular, this is the case for either bounded or positive f ) then∫ t

0
f (dYs) =

∫ t

0

∫
f (z)N (ds dz) = f (Z(1)) + · · · + f (Z(Nt )); (3.42)

as a special case, note that the quadratic variation of a compound Poisson
process equals the sum of the squares of its jumps;

(ii) If f ∈ C1(Rd) then∫ t

0
f (dỸs) =

∫ t

0

∫
f (z)N (dt dz) − tλ(∇ f (0),EZ(1))

=
∫ t

0

∫
f (z)Ñ (dt dz) + tλ[E f (Z(1)) − (∇ f (0),EZ(1))].

(3.43)

Proof Statement (i) is obvious. For (ii) observe that, since the number of
jumps of Y (t) is a.s. finite on each finite time interval, for partitions with
small enough maxi (si+1 − si ) any interval si+1 − si contains not more than
one jump, implying that

∫ t
0 f (dỸ ) equals

∫ t
0 f (dY ) plus the limit of the sums∑n

i=1 f (−λEZ(1)(si+1) − (si )).

An alternative approximation scheme for constructing a Markov process
with generator equation (3.40) can be obtained by considering stochastic
equations with nonlinear increments:

X = x +
∫ t

0
σ(Xs−) d BG

s +
∫ t

0
b(Xs−) ds +

∫
g(Xs, dY red

s ),
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where g is a measurable function and the reduced Lévy process Y red is gener-
ated by the integral part of the full generator of Y . A natural approximation is,
of course,

Xμ,τ
t = Xμ,τ

lτ + σ(Xμ,τ
lτ )(BG

t − BG
lτ )

+ b(Xμ,τ
lτ )(t − lτ) + g(Xμ,τ

lτ , Yt − Ylτ ) (3.44)

for lτ < t ≤ (l + 1)τ .

Proposition 3.16 Let g satisfy the same conditions as F in Proposition 3.13
and additionally let it have a bounded second derivative with respect to the
second variable. Then the scheme (3.44) converges to a Feller process with
generator given by

L f (x) = 1
2 (σ (x)Gσ T (x)∇, ∇) f (x)

+
(

b(x) +
∫

B1

[
g(x, z) −

(
z,

∂g

∂z
(x, 0)

)]
ν(dz), ∇ f (x)

)

+
∫ [

f (x + g(x, y)) − f (x) − (g(x, y),∇ f (x))
]
ν(dy). (3.45)

Proof This follows from Propositions 3.13 and 3.15.

3.5 Regularity of solutions

We shall discuss the regularity of the solutions to SDEs, focusing our attention
on equation (3.37). Regularity for the more general equation (3.18) is discussed
in [137].

Recall that we denote by Ck
Lip (resp. Ck∞) the subspace of functions from

Ck(Rd) with a Lipschitz-continuous derivative of order k (resp. with all
derivatives up to order k vanishing at infinity).

Theorem 3.17 Assume that the conditions of Proposition 3.13 hold and put
G = 1 for simplicity.

(i) Let b, σ ∈ C1
Lip(R

d) and let

sup
z

∫ ∥∥∥∥ ∂

∂z
F(z, w)

∥∥∥∥
β

ν(dw) < ∞ (3.46)

hold for β = 2.
Then the approximations X x,τ

t to (3.37) are a.s. differentiable with respect
to x and, for β = 2,

E

∥∥∥∥∂X x,τ
τ l

∂x

∥∥∥∥
β

≤ (1 + cτ)l . (3.47)
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(ii) Assume further that b, σ ∈ C2
Lip(R

d),

sup
z

∫ ∥∥∥∥ ∂2

∂z2
F(z, w)

∥∥∥∥
2

ν(dw) < ∞, (3.48)

and (3.46) holds for β = 4. Then (3.47) holds for β = 4, the approximations
X x,τ

t to (3.37) are a.s. twice differentiable with respect to x and

E

∥∥∥∥∥∂
2 X x,τ

τ l

∂x2

∥∥∥∥∥
2

≤ c(t), lτ ≤ t. (3.49)

Moreover, the solutions X x
t of (3.37) are a.s. differentiable with respect to x

and the spaces C1
Lip and C1

Lip ∩ C1∞ are invariant under the semigroup Tt .

(iii) Assume further that b, σ ∈ C3
Lip(R

d),

sup
z

∫ ∥∥∥∥ ∂3

∂z3
F(z, w)

∥∥∥∥
2

ν(dw) < ∞ (3.50)

and (3.46) holds for β = 6. Then (3.47) holds for β = 6, the approximations
X x,τ

t to (3.37) are a.s. three times differentiable with respect to x and

E

∥∥∥∥∥∂
3 X x,τ

τ l

∂x3

∥∥∥∥∥
2

≤ c(t), lτ ≤ t. (3.51)

Moreover, the solutions X x
t of (3.37) are a.s. twice differentiable with respect

to x,

sup
s≤t

E

∥∥∥∥∂2 X x
s

∂x2

∥∥∥∥
2

≤ c(t), (3.52)

the spaces C2
Lip and C2

Lip ∩ C2∞ are invariant under the Markov semigroup Tt

and the latter space represents an invariant core for Tt . Moreover, in this case
Tt and the corresponding process are uniquely defined by the generator L.

Proof (i) Differentiating (3.38) yields

∂

∂z
Yt (z) = ∂

∂z
σ(z)Bt + ∂

∂z
b(z)t +

∫ t

0

∫
∂

∂z
F(z, y)Ñ (ds dy). (3.53)

Under our assumptions this expression is well defined and specifies a Lévy
process for any z. Consequently the approximations X x,τ

t are differentiable
with respect to x a.s. and, by the chain rule,

∂X x,τ
τ l

∂x
=
{

1 + ∂

∂z
[Yτ l(z) − Y(l−1)τ (z)]

} ∣∣∣∣
z=X x,τ

τ (l−1)

∂X xτ
τ(l−1)

∂x
.

Consequently, by Exercise 3.1 below,
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E

∥∥∥∥∂X x,τ
τ l

∂x

∥∥∥∥
2

≤ (1 + cτ)E

∥∥∥∥∥
∂X x,τ

τ (l−1)

∂x

∥∥∥∥∥
2

,

implying (3.47) for β = 2 by induction.
(ii) Similarly, assumption (3.46) for any even β (we need β = 4 or β = 6)
implies the corresponding estimate (3.47). Next,

∂2 X x,τ
lτ

∂x2
=
{

1 + ∂

∂z
[Yτ l(z) − Y(l−1)τ (z)]

} ∣∣∣∣
z=X x,τ

τ (l−1)

∂2 X xτ
τ(l−1)

∂x2

+
({

∂2

∂z2
[Yτ l(z) − Y(l−1)τ (z)]

} ∣∣∣∣
z=X x,τ

τ (l−1)

∂X xτ
τ(l−1)

∂x
,
∂X xτ

τ(l−1)

∂x

)
,

so that this derivative exists and is continuous in x a.s. for all l, and

E

∥∥∥∥∂2 X τ
x (τ l)

∂x2

∥∥∥∥
2

≤ (1 + cτ)E

∥∥∥∥∂X τ
x (τ (l − 1))

∂x

∥∥∥∥
2

+ cτ(1 + cτ)l−1,

where we have used (3.47) with β = 4 and the estimate

E
(

1 + ∂Yt (z)

∂z

)
∂2Yt (z)

∂z2
= O(t)

that follows from the well-known formula

E
(∫ t

0

∫
{|x |≤1}

f (x)Ñ (ds dx)
∫ t

0

∫
{|x |≤1}

g(x)Ñ (ds dx)

)

= t
∫

{|x |≤1}
f (x)g(x)ν(dx) (3.54)

for stochastic integrals over random Poisson measures.
By induction, one then obtains the estimate

E

∥∥∥∥∂2 X τ
x (τ l)

∂x2

∥∥∥∥
2

≤ lcτ(1 + cτ)l−1 ≤ c(t)

for lτ ≤ t .
Consequently the family of first derivatives of the approximations is Lips-

chitz continuous uniformly in finite time, so that we can choose a converging
subsequence as τk → 0, the limit being of course ∂X x

t /∂x , that satisfies the
same estimate (3.47) as the approximations. Furthermore, if f ∈ C1

Lip then
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E f (X x,τ

s ) − ∂

∂x
E f (X z,τ

s )

∣∣∣∣ ≤ E

∣∣∣∣
(
∂ f

∂x
(X x,τ

s ) − ∂ f

∂x
(X z,τ

s )

)
∂X x,τ

s

∂x

∣∣∣∣
+ E

∣∣∣∣∂ f

∂x
(X z,τ

s )

(
∂X x,τ

s

∂x
− ∂X z,τ

s

∂z

)∣∣∣∣
≤ c(t)‖x − z‖.

Hence, from the sequence of the uniformly Lipschitz-continuous functions
(∂/∂x)E f (X x,τk

s ), k = 1, 2, . . ., we can choose a convergence subsequence,
whose limit is clearly (∂/∂x)E f (X x

t ), showing that E f (X x
t ) ∈ C1

Lip. From the

uniform convergence it also follows that E f (X x
t ) ∈ C1

Lip ∩ C1∞ whenever the
same holds for f .
(iii) Similarly,

∂3 X x,τ
lτ

∂x3

=
{

1 + ∂

∂z
[Yτ l(z) − Y(l−1)τ (z)]

} ∣∣∣∣
z=X x,τ

τ (l−1)

∂3 X xτ
τ(l−1)

∂x3

+ 3

({
∂2

∂z2
[Yτ l(z) − Y(l−1)τ (z)]

} ∣∣∣∣
z=X x,τ

τ (l−1)

∂2 X xτ
τ(l−1)

∂x2
,
∂X xτ

τ(l−1)

∂x

)

+
{

∂3

∂z3
[Yτ l(z) − Y(l−1)τ (z)]

} ∣∣∣∣
z=X x,τ

τ (l−1)

∂X xτ
τ(l−1)

∂x

∂X xτ
τ(l−1)

∂x

∂X xτ
τ(l−1)

∂x
,

leading to (3.51) and to the invariance of the space C2
Lip ∩ C2∞.

Finally, regularity implies uniqueness by Theorem 2.10.

Consider now an example describing a possibly degenerate diffusion com-
bined with a possibly degenerate stable-like process. Namely, let

L f (x) = 1
2 tr

[
σ(x)σ T (x)∇2 f (x)

]
+ (b(x),∇ f (x)) +

∫ [
f (x + y) − f (x)

]
ν(x, dy)

+
∫

P
(dp)

∫ K

0
d|y|

∫
Sd−1

ap(x, s)
f (x + y) − f (x) − (y,∇ f (x))

|y|αp(x,s)+1

× d|y|ωp(ds), (3.55)

where s = y/|y|, K > 0, (P, dp) is a Borel space with a finite measure dp
and the ωp are certain finite Borel measures on Sd−1.

Proposition 3.18 (i) Let σ, b be Lipschitz continuous, and let ap, αp

be C1(Rd) functions of the variable x (uniformly in s, p) that depend
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continuously on s, p and take values in compact subintervals of (0,∞) and
(0, 2) respectively. Finally, let ν be a uniformly bounded measure depending
weakly continuously on x and such that

∫
|y−x |≤A ν(x, dy) → 0 as x → ∞ for

any A. Then a generator L of the form (3.55) generates a Feller process for
which the domain of the generator of the corresponding Feller semigroup Tt

contains C2
c (R

d).
(ii) Suppose additionally that for some k > 2 one has σ, b ∈ Ck

Lip(R
d), that

a, α are of the class Ck(Rd) as functions of x uniformly in s and that the kernel
ν is k times differentiable in x, with

∫
Ba

k∑
l=1

∣∣∣∣∂ lν

∂xl

∣∣∣∣ (x, dy) → 0

as x → ∞ for any a. Then, for l = 2, . . . , k − 1, the space Cl
Lip ∩ Cl∞ is

an invariant domain for the Feller semigroup and this semigroup is uniquely
defined.

Proof Perturbation theory reduces the problem to the case of vanishing ν,
when the result follows from Theorem 3.17 taking into account Corollary 3.9.

3.6 Coupling of Lévy processes

We describe here the natural coupling of Lévy processes, and this leads in par-
ticular to the analysis of their weak derivatives with respect to a parameter.
Recall that by Ck

Lip we denote the subspace of functions from Ck(Rd) with a
Lipschitz-continuous derivative of order k.

Proposition 3.19 Let Y i
s , i = 1, 2, be two Lévy processes in Rd specified by

their generators Li , which are given by

Li f (x) = 1
2 (Gi∇,∇) f (x) + (bi ,∇ f (x))

+
∫ [

f (x + y) − f (x) − (∇ f (x), y)
]
νi (dy), (3.56)

with νi ∈ M2(Rd). Let ν ∈ M2(R2d) be a coupling of ν1, ν2, i.e. let∫ ∫
[φ1(y1) + φ2(y2)]ν(dy1dy2) = (φ1, ν1) + (φ2, ν2) (3.57)

hold for all φ1, φ2 satisfying φi (.)/|.|2 ∈ C(Rd). Then the operator
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L f (x1, x2)

=
[

1
2 (G1∇1,∇1) + 1

2 (G2∇2,∇2) +
(√

G2

√
G1∇1,∇2

)]
f (x1, x2)

+ (b1,∇1 f (x1, x2)) + (b2,∇2 f (x1, x2))

+
∫

{ f (x1 + y1, x2 + y2) − f (x1, x2)

− [(y1,∇1) + (y2,∇2)] f (x1, x2)} ν(dy1dy2) (3.58)

(where ∇i means the gradient with respect to xi ) specifies a Lévy process Ys in
R2d , with characteristic exponent

ηx1,x2(p1, p2) = − 1
2

[√
G(x1)p1 +√

G(x2)p2

]2 + ib(x1)p1 + ib(x2)p2

+
∫ [

eiy1 p1+iy2 p2 − 1 − i(y1 p1 + y2 p2)
]
ν(dy1dy2),

that is a coupling of Y 1
s , Y 2

s in the sense that the components of Ys have the
distributions of Y 1

s and Y 2
s respectively. Moreover, if f (x1, x2) = h(x1 − x2)

for a function h ∈ C2(Rd) then

L f (x1, x2) = 1
2 ((

√
G1 −√

G2)
2∇,∇)h(x1 − x2)+ (b1 − b2,∇h)(x1 − x2)

+
∫ [

h(x1 − x2 + y1 − y2) − h(x1 − x2)

− (y1 − y2,∇h(x1 − x2)
]
ν(dy1dy2). (3.59)

Finally,

E(ξ + Y 1
t − Y 2

t )
2

= [ξ + t (b1 − b2)]2 + t

[
tr
(√

G1 −√
G2

)2 +
∫∫

(y1 − y2)
2ν(dy1dy2)

]
.

(3.60)

Proof This is straightforward. The second moment (3.60) is found by twice
differentiating the characteristic function.

One can extend this result to Lévy measures without a finite second moment,
using the equivalent metric on Rd with varying order for large and small dis-
tances. We shall demonstrate this possibility for the case of Lévy measures
with a finite “outer moment” of at least first order. Let ρ be any continuous
increasing concave function R+ �→ R+ such that ρ(0) = 0. As one may eas-
ily see that the function ρ(|x − y|) specifies a metric in any Rd , the triangle
inequality in particular holds:
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ρ(|x + y|) ≤ ρ(|x |) + ρ(|y|).
This metric is equivalent to (i.e. specifies the same topology as) the Euclidean
metric (Exercise: check this!). The natural choice for dealing with Lévy
processes is the function

ρβ(r) = min(r, rβ/2), β ∈ [0, 2].
However, the fact that ρβ is not smooth is technically inconvenient. Thus in
intermediate calculations we shall often use a smooth approximation to it,
ρ̃, defined as a smooth (at least twice continuously differentiable) increas-
ing concave function R+ �→ R+ such that ρ̃β(r) ≥ ρβ(r) everywhere and
ρ̃β(r) = ρβ(r) for r ≤ 1 and r ≥ 2.

Proposition 3.20 Let β ∈ [1, 2] and let Y i
s , i = 1, 2, be two Lévy processes

in Rd specified by their generators (3.56) with∫
ρ2
β(|y|)νi (dy) =

∫
min(|y|β, |y|2)νi (dy) < ∞.

Let a Lévy measure ν on R2d have a finite “mixed moment”∫
ρ2
β(|(y1, y2)|)ν(dy1dy2) =

∫
min(|(y1, y2)|β, |(y1, y2)|2)ν(dy1dy2) < ∞

and let it be a coupling of ν1, ν2, i.e. (A.1) holds for positive φ1, φ2. Then the
operator equation (3.58) specifies a Lévy process Ys in R2d that is a coupling
of Y 1

s , Y 2
s such that

Eρ2
β(|Y 1

t − Y 2
t |) = E min(|Y 1

t − Y 2
t |β, |Y 1

t − Y 2
t |2)

≤ tc(t)

[
‖√G1 −√

G2‖2 + |b1 − b2|2

+
∫∫

min(|y1 − y2|β, |y1 − y2|2)ν(dy1dy2)

]
(3.61)

and moreover

Eρ̃2
β(|x + Y 1

t − Y 2
t |) ≤ ρ̃2

β(|x |) + tc(t)

[
‖√G1 −√

G2‖2 + |b1 − b2|2

+
∫∫

ρ2
β(|y1 − y2|)ν(dy1dy2)

]
,

(3.62)

with a constant c(t) that is bounded for finite t .
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Proof Clearly (3.61) follows from (3.62). To prove the latter formula
observe that by Dynkin’s formula

Eρ̃2
β(|x + Y 1

t − Y 2
t |) = ρ̃2

β(|x |) + E
∫ t

0
L f (Y 1

s , Y 2
s ) ds,

where f (x, y) = ρ̃2
β(|x − y|). If β = 1 then the first and second derivatives of

ρ2
β are uniformly bounded. Consequently, by (3.59) one has

Eρ̃2
1(|x + Y 1

t − Y 2
t |)

≤ ρ̃2
1(|x |) + ct‖√G1 −√

G2‖2 + ct |b1 − b2|
∣∣∇ρ̃2

1(|x + Y 1
t − Y 2

t |)∣∣
+ ct

∫
{|y1−y2|≤1}

(y1 − y2)
2ν(dy1dy2)+ct

∫
{|y1−y2|>1}

|y1 − y2|ν(dy1dy2),

implying (3.62) by Gronwall’s lemma, and also the estimate

|b1 − b2|
∣∣∣∇ρ̃2

1(|x + Y 1
t − Y 2

t |)
∣∣∣ ≤ 2|b1 − b2|2 + 2

∣∣∣∇ρ̃2
1(|x + Y 1

t − Y 2
t |)
∣∣∣2

≤ 2|b1 − b2|2 + cρ̃2
1(|x + Y 1

t − Y 2
t |).

If β > 1, only the second derivative is bounded and we have

Eρ̃2
β(|x + Y 1

t − Y 2
t |)

≤ ρ̃2
β(|x |) + ct

∥∥∥√G1 −√
G2

∥∥∥2 + ct |b1 − b2|
∣∣∣∇ρ̃2

1(|x + Y 1
t − Y 2

t |)
∣∣∣

+ ct
∫

{|y1−y2|≤1}
(y1 − y2)

2ν(dy1dy2) + cE
∫ t

0
ds

∫
{|y1−y2|>1}

ν(dy1dy2)

×
[
ρ̃2
β(|x + Y 1

s − Y 2
s + y1 − y2|) − ρ̃2

β(|x + Y 1
s − Y 2

s |)
−
(

y1 − y2,∇ρ2
β(|x + Y 1

s − Y 2
s |
)]

.

Taking into account that∫
{|y1−y2|>1}

ν(dy1dy2) ≤
∫

{min(|y1|,|y2|)>1/2}
ν(dy1dy2) < ∞,

ρ̃2
β(|x + Y 1

s − Y 2
s + y1 − y2|) ≤ 2ρ̃2

β(x + Y 1
s − Y 2

s ) + 2ρ2
β(y1 − y2)

and (owing to the Hölder inequality)

∣∣∣(y1 − y2,∇ρ̃2
β(|x + Y 1

s − Y 2
s |
)∣∣∣ ≤ 1

β
|y1 − y2|β + β − 1

β

∣∣∣∇ρ̃2
β(|x + Y1 − Y2|)β/(β−1)

∣∣∣
≤ 1

β
|y1 − y2|β + c

β − 1

β
ρ̃2
β(|x + Y1 − Y2|)
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we can conclude that

Eρ̃2
β(|x + Y 1

t − Y 2
t |) ≤ ρ̃2

β(|x |) + ct (‖√G1 −√
G2‖2 + |b1 − b2|2)

+ ct
∫

min(|y1 − y2|β, |y1 − y2|2)ν(dy1dy2)

+ cE
∫ t

0
ρ̃2
β(|x + Y 1

s − Y 2
s |) ds,

implying (3.62) by Gronwall’s lemma.

Similarly one obtains

Proposition 3.21 Let Y i
s , i = 1, 2, be two Lévy processes in Rd specified by

their generators Li , which are given by

Li f (x) = (bi ,∇ f (x)) +
∫

[ f (x + y) − f (x)]νi (dy) (3.63)

with νi ∈ M1(Rd). Let ν ∈ M1(R2d) be a coupling of ν1, ν2, i.e. let (A.1)
hold for all φ1, φ2 satisfying φi (.)/|.| ∈ C(Rd). Then the operator L given by

L f (x1, x2) = (b1,∇1 f (x1, x2)) + (b2,∇2 f (x1, x2))

+
∫

[ f (x1 + y1, x2 + y2) − f (x1, x2)]ν(dy1dy2) (3.64)

specifies a Lévy process Ys in R2d that is a coupling of Y 1
s , Y 2

s such that, for
all t ,

E‖ξ + Y 1
t − Y 2

t ‖ ≤ ‖ξ‖ + t

(
‖b1 − b2‖ +

∫ ∫
‖y1 − y2‖ν(dy1dy2)

)
.

(3.65)

Proof One approximates |y| by a smooth function, applies Dynkin’s
formula and then passes to the limit.

We add here a couple of simple exercises on estimates of Lévy processes.

Exercise 3.1 Let Yt be a Lévy process with generator L given by

L f (x) = 1
2 (G∇,∇) f (x) + (b,∇ f (x))

+
∫

[ f (x + y) − f (x) − (∇ f (x), y)]ν(dy). (3.66)

(i) Show that

E(ξ + Yt )
2 = (ξ + tb)2 + t

(
tr G +

∫
y2ν(dy)

)
(3.67)

for any ξ ∈ Rd . Hint: use characteristic functions.
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(ii) Show that if
∫
|y|>1 |y|kν(dy) < ∞ then E|Yt |k = O(t) for any integer

k > 1 and small t .
(iii) Show that

Eρ2
β(|Yt |) ≤ tc(t)

(
‖G‖ +

∫
ρ2
β(|y|)ν(dy)

)
.

Hint: Proceed as in the proof of Proposition 3.20.

Exercise 3.2 Let Ys be a Lévy process with generator L given by

L f (x) =
∫

[ f (x + y) − f (x) − (y,∇ f (x))]ν(dy).

Then

E|Yt | ≤ 2t
∫

|y|ν(dy).

Hint: Use Dynkin’s formula.



4

Analytical constructions

Chapter 3 was devoted to the construction of Markov processes by means of
SDEs. Here we shall discuss analytical constructions. In Section 4.1 we sketch
the content of the chapter, making, in passing, a comparison between these two
approaches.

4.1 Comparing analytical and probabilistic tools

Sections 4.2 and 4.3 deal with the integral generators corresponding proba-
bilistically to pure jump Markov processes. The basic series expansion (4.3),
(4.4) is easily obtained analytically via the du Hamel principle, and probabilis-
tically it can be obtained as the expansion of averages of terms corresponding
to a fixed number of jumps; see Theorem 2.35. Thus for bounded generators
both methods lead to the same, easily handled, explicit formula for such pro-
cesses. In the less trivial situation of unbounded rates the analytical treatment
given below rapidly yields the general existence result and eventually, subject
to the existence of a second bound, uniqueness and non-explosion. However,
if the process does explode in finite time, leading to non-uniqueness, speci-
fying the various processes that arise (i.e. solutions to the evolution equation)
requires us to fix “boundary conditions at infinity”, and this is most naturally
done probabilistically by specifying the behavior of a process after it reaches
infinity (i.e. after explosion). We shall not develop the theory in this direction;
see, however, Exercise 2.7.

In Section 4.4 we analyze generators of “order at most one”, which can
be described in this way because they are defined on first-order differen-
tiable functions. We have chosen to give a straightforward analytical treatment
in detail, though a probabilistic analysis based on SDEs driven by nonlin-
ear Lévy noise (Theorem 3.12) would lead to the same results. Having a
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domain containing C1∞(Rd) (and not just C2∞(Rd), as in the general case, or
C∞(Rd), as in the case of integral generators), the class of operators of “order
at most one” is naturally singled out as an intermediate link between the inte-
gral and general Lévy–Khintchine generators. Its nonlinear counterpart, which
we consider later, contains distinctive models including Vlasov evolution, the
mollified Boltzmann equation and interacting stable-like processes with index
α < 1. Because an operator of “order at most one” is defined on C1∞(Rd),
in sufficiently regular situations the corresponding evolution can be proved to
have C1∞(Rd) as an invariant core. In this case the dual evolution on measures
can be lifted to the dual Banach space (C1∞(Rd))�. Consequently we might
expect that the continuity properties of this evolution, which are crucial for
nonlinear extensions, can be expressed in terms of the topology of the space
(C1∞(Rd))�. This is indeed the case. To visualize this space, we supply in Sec-
tion 4.6 a natural representation of its elements in terms of the usual measures.

Methods and results for the construction of Markov processes are numer-
ous and their full exposition is beyond the scope of this book. In Section 4.7
we sketch briefly various analytical techniques used for dealing with general
Lévy–Khintchine-type generators with variable coefficients. First we discuss
basic results for the martingale problem, which lies at the crossroads of ana-
lytical and probabilistic techniques (these are linked by Dynkin’s formula); it
also plays a crucial role in the extensions to unbounded coefficients discussed
later. Then we give some results on decomposable generators as well as on
heat kernel estimates for stable-like processes.

Comparing in general terms the analytical and probabilistic approaches to
Lévy–Khintchine-type generators, we observe that in the analytical approaches
some non-degeneracy should be assumed (either for the diffusion coefficients
or for the Lévy measure), whereas probabilistic constructions often require
more regularity.

To illustrate this point in part, let us assess the analytical meaning of the
SDE-based construction of Feller semigroups given in Section 3.2. Lifting
the one-step approximation x �→ x + Yτ (x) to the averages yields the
transformation

�τ f (x) = E f (x + Yτ (x)),

so that the semigroup is constructed as the limit of the approximations

T n
t = �t/n · · ·�t/n (n times)

as n → ∞. Such a limit is often the T -product or chronological product of
the infinitesimal transformations �τ (see [173] and also Section 6.2, (6.7)).
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Analytically the approximations �τ can be written as

(�τ f )(x) =
(

et Lx f
)
(x),

where Lx denotes the generator L of the limiting semigroup Tt with coef-
ficients fixed at point x , i.e. L is the generator of the Lévy process Yτ (x).
Thus from the analytic point of view the choice of the approximations �τ

corresponds to a version of the method of frozen coefficients, which is well
established in the theory of partial differential equations. The lack of a non-
degeneracy assumption makes it difficult to prove the convergence of this
T -product analytically, but a probabilistic analysis does the job by means of
the coupling method. However, the conditions of Theorem 4.23, formulated
below, contain some non-degeneracy assumptions on the corresponding Lévy
measure. This allows us to prove convergence by utilizing T -products in a
purely analytical manner.

4.2 Integral generators: one-barrier case

This section starts with an analytical study of positive evolutions with
unbounded integral generators. Under the general assumption that (X,F) is a
measurable space, consider the problem

u̇t (x) = At ut (x) =
∫

ut (z)νt (x; dz)−at (x)ut (x),

ur (x) = φ(x), t ≥ r ≥ 0,
(4.1)

defining the operator At . Here at (x) is a measurable non-negative function
of two variables that is locally bounded in t for any x such that the integral
ξt (x) = ∫ t

0 as(x)ds is well defined and is continuous in t ; νt (x, ·) is a transition
kernel from R+ × X to X (i.e. a family of finite measures on X depending
measurably on t ≥ 0, x ∈ X ); and φ is a given measurable function.

By the du Hamel principle (see e.g. Theorem 2.9), equation (4.1) is formally
equivalent to the integral equation

ut (x) = I r
φ(u)t = e−[ξt (x)−ξr (x)]φ(x) +

∫ t

r
e−[ξt (x)−ξs (x)]Lsus(x) ds, (4.2)

where Ltv(x) = ∫
v(z)νt (x, dz).
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An easy observation about (4.2) is the following. The iterations of the
mapping I r

φ from (4.2) are connected with the partial sums

St,r
m φ = e−(ξt −ξr )φ +

m∑
l=1

∫
r≤sl≤···≤s1≤t

e−(ξt −ξs1 )Ls1 · · · e−(ξsl−1 −ξsl )Lsl

× e−(ξsl −ξr )φ ds1 · · · dsl (4.3)

(where e−ξt designates the operator for multiplication by e−ξt (x)) of the
perturbation series solution

St,r = lim
m→∞ St,r

m (4.4)

to (4.2) by the equations

(I r
φ)

m(u)t = St,r
m−1φ +

∫
r≤sm≤···≤s1≤t

e−(ξt −ξs1 )Ls1 · · · e−(ξsm−1 −ξsm )Lsm

× u ds1 · · · dsm (4.5)

and

I r
φ(S

.,r
m φ) = S.,r

m+1φ

(see again Theorem 2.9).
For a measurable positive function f on X we denote by B f (X) (resp.

B f,∞(X)) the space of measurable functions g on X such that g/ f ∈ B(X)

(resp. g/ f is bounded and tends to zero as f goes to infinity) with norm
‖g‖B f = ‖g/ f ‖. In the case when S is a Borel space, the corresponding
subspaces of continuous functions are denoted by C f (X) and C f,∞(X). By
M f (X) we denote the set of (positive, but not necessarily finite) measures μ

on (X,F) such that ( f, μ) < ∞. The corresponding space of signed measures
ξ is a Banach space if it is equipped with the norm ( f, |ξ |).
Theorem 4.1 Suppose that νt (x, .) ∈ Mψ(X) and

Atψ(x) ≤ cψ(x), t ∈ [0, T ], (4.6)

for a strictly positive measurable function ψ on X and a constant c = c(T ).
Then the following statements hold.

(i) For all 0 ≤ r ≤ t ≤ T ,

(I r
ψ)

m(ψ)t ≤
(

1 + c(t − r) + · · · + 1

m!cm(t − r)m
)
ψ, (4.7)
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and consequently St,rψ(x) is well defined as a convergent series for each t, x;
furthermore

St,rψ(x) ≤ ec(t−r)ψ(x). (4.8)

(ii) For an arbitrary φ ∈ Bψ(X) the perturbation series St,rφ =
limm→∞ St,r

m φ is absolutely convergent for all t, x and the function St,rφ

solves (4.2) and represents its minimal solution, i.e. St,rφ ≤ u pointwise for
any other solution u to (4.2).

(iii) The family St,r forms a propagator in Bψ(X), with norm

‖St,r‖Bψ(X) ≤ ec(t−r) (4.9)

depending continuously on t in the following sense:

sup
‖φ‖Bψ (X)≤1

‖(St,r − Sτ,r )φ1Mk ‖Bψ(X) → 0, t → τ, (4.10)

for any k, where

Mk =
{

x : sup
s∈[0,T ]

as(x) ≤ k
}
.

(iv) For any φ ∈ Bψ(X) the function St,rφ(x) is differentiable in t for each
x and satisfies equation (4.1) pointwise, i.e. for any x.

Proof (i) This is given by induction on m. Suppose that (4.7) holds for a
particular m. Since (4.6) implies that

Ltψ(x) ≤ [c + at (x)]ψ(x) = [
c + ξ̇t (x)

]
ψ(x),

it follows that

(I r
ψ)

m+1(ψ)t ≤ e−[ξt (x)−ξr (x)]ψ(x)

+
∫ t

r
e−(ξt (x)−ξs (x))(c + ξ̇s(x))

×
(

1 + c(s − r) + · · · + 1

m!cm(s − r)m
)
ψ(x) ds.

Consequently, as∫ t

r
e−(ξt −ξs )ξ̇s

1

l! (s − r)l ds = 1

l! (t − r)l − 1

(l − 1)!
∫ t

r
e−(ξt −ξs )(s − r)l−1 ds

for l > 0, it remains to show that
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m∑
l=1

cl
(

1

l! (t − r)l − 1

(l − 1)!
∫ t

r
e−(ξt −ξs )(s − r)l−1ds

)

+
m∑

l=0

cl+1 1

l!
∫ t

r
e−(ξt −ξs )(s − r)lds

≤ c(t − r) + · · · + 1

(m + 1)!cm+1(t − r)m+1.

But this inequality holds because the l.h.s. equals
m∑

l=1

cl

l! (t − r)l + cm+1

m!
∫ t

r
e−(ξt −ξs )(s − r)m ds.

(ii) Applying statement (i) separately to the positive and negative parts of φ

one obtains the convergence of the series St,rφ and the estimate (4.9). From
the definitions it follows that

I r
φ(S

.,r
m φ)t = St,r

m+1φ,

implying that St,rφ satisfies (4.2) and is minimal, since any solution u of this
equation satisfies the equation ut = (I r

φ)
m(u)t and hence (owing to (4.5)) also

the inequality ut ≥ St,r
m−1φ.

(iii) Once the convergence of the series St,r is proved, the propagator (or
Chapman–Kolmogorov) equation follows from the standard manipulations of
integrals given in the proof of Theorem 2.7.

The continuity of St,r in t follows from the formula

St,rφ − Sτ,rφ = (e−(ξt −ξτ ) − 1)e−(ξτ−ξr )φ

+
∫ τ

r
(e−(ξt −ξτ ) − 1)e−(ξτ−ξs )Ls Ss,rφ ds

+
∫ t

τ

e−(ξt −ξs )Ls Ss,rφ ds (4.11)

for r ≤ τ ≤ t . By the propagator property, it is enough to show (4.10) for
r = τ . But, as follows from (4.11),

|(St,rφ−φ)| ≤ (1−e−(ξt −ξr ))ψ+ec(t−r)
∫ t

r
e−(ξt −ξs )(cψ+asψ) ds. (4.12)

Consequently,

|(St,rφ − φ)1Mk | ≤ ec(t−r)(2k + c)(t − r)ψ, (4.13)

implying (4.10) for r = τ .
(iv) The differentiability of St,rφ(x) for each x follows from (4.11).
Differentiating equation (4.2), one sees directly that St,rφ satisfies (4.1) and
that all the required formulas hold pointwise.
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The propagator St,r is called the minimal propagator associated with the
family At . It can be used to define the so-called minimal jump sub-Markov pro-
cess specified by the generator At . However, for this and other applications to
time-nonhomogeneous stochastic processes one usually needs equation (4.1)
in inverse time, i.e. the problem

u̇t (x) = −At ut (x) = −
∫

ut (z)νt (x; dz) + at (x)ut (x),

ur (x) = φ(x), 0 ≤ t ≤ r, (4.14)

for which the corresponding integral equation takes the form

ut (x) = I r
φ(u)t = eξt (x)−ξr (x)φ(x) +

∫ r

t
eξt (x)−ξs (x)Lsus(x) ds. (4.15)

The statements of Theorem 4.1 (and their proofs) obviously hold for the per-
turbation series St,r constructed from (4.15), with the same estimate (4.9), but
which now of course form a backward propagator, called the minimal back-
ward propagator associated with At . Let us denote by V t,r = (Sr,t )� the
dual propagator on the space Mψ(X). By the above explicit construction and
Fubbini’s theorem, the inverse propagator Sr,t consists of integral operators
specified by a family of transition kernels, implying that the operators V t,r

actually act on measures (and not just on the dual space to Bψ(X)). In partic-
ular, if ψ = 1 and c = 0 in Theorem 4.1, the minimal backward propagator
Sr,t is sub-Markov and specifies a sub-Markov process on X . Remarkably, the
following holds in full generality.

Proposition 4.2 Under the assumptions of Theorem 4.1 let Sr,t denote the
corresponding minimal backward propagator. Then the dual propagator V t,r

is strongly continuous in the norm topology of Mψ(X).

Proof Since V t,r is a propagator, it is sufficient to show that V t,rμ − μ

tends to zero as t → r , t ≥ r , in the norm topology of Mψ(X). Let 0 ≤ f ≤
ψ . One has

( f, V t,rμ − μ) = (Sr,t f − f, μ).

For any ε > 0 there exists a k such that
∫

M̄k
ψ(x)μ(dx) < ε, where M̄k =

X \ Mk . Consequently, by (4.12) and (4.13),

sup
0≤ f ≤ψ

|( f, V t,rμ − μ)| ≤ ec(t−r)[(2ε + (2k + c)(t − r)(ψ,μ)],

which can be made arbitrary small for small enough t − r .

Remark 4.3 Strong continuity of the dual propagator is a strong property.
The operator et� on P(Rd) does not possess this property.
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Corollary 4.4 Under the assumptions of Proposition 4.2, μt = V t,rμ

represents the minimal solution of the equation

μt = e−(ξt −ξr )μ +
∫ t

r
e−(ξt −ξs )L ′

sμs ds, (4.16)

where L ′
sμ(.) = ∫

μ(dx)νs(x, .).

Proof The series expansion for μt solving (4.16) is dual to the series
defining the backward propagator Sr,t .

Equation (4.16) is sometimes called the mild form of the equation

d

dt
μt = −atμt + L ′

tμt , (4.17)

which is dual to (4.14). It is of course natural to ask when equation (4.17)
itself is satisfied. The condition to be introduced below is reminiscent of
the property of infinity of not being an entrance boundary point to the pro-
cess corresponding to (4.17) (see [130]), as it ensures that the unbounded
part of the kernel νs(y, dz) is directed towards infinity and not within the
domains Mk .

Proposition 4.5 Under the assumptions of Proposition 4.2, assume addition-
ally that for any k

sup
t∈[0,T ]

‖νt (., Mk)‖Bψ(X) < ∞. (4.18)

Then the minimal solutions μt to (4.16) satisfy equation (4.17) in the sense of
“convergence in Mk”, i.e. for any k we have

d

dt
1Mkμt = 1Mk (−atμt + L ′

tμt ), (4.19)

where the derivative on the l.h.s. is defined in the sense of the Banach topology
of Mψ(X).

Proof Let us show (4.19) for r = t = 0, which is sufficient by the propaga-
tor property of μt . To this end one observes that, for any f ∈ Bψ(X), equation
(4.16) implies that

( f 1Mk , μt − μ) = ((e−ξt − 1) f 1Mk , μ)

+
∫

y∈Mk

∫
X
μ(dz)

∫ t

0
e−(ξt −ξs )(y)ν(z, dy) f (y) ds

+
∫

y∈Mk

∫
X

∫ t

0
e−(ξt −ξs )(y)ν(z, dy)(μs − μ)(dz) f (y) ds,
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yielding (4.19) for t = 0, since the last term is of order o(t) as t → 0 by the
norm continuity of μt and assumption (4.18).

In the time-nonhomogeneous case we can now fully describe the analytic
properties of the corresponding semigroup on measures.

Proposition 4.6 Under the assumptions of Proposition 4.5 assume addi-
tionally that neither νt nor at depends explicitly on t. Then the domain DA′
of the generator A′ of the semigroup V t,0 (which is strongly continuous in
Mψ(X)) consists precisely of those μ ∈ Mψ(X) for which the measure
A′μ = −aμ + L ′μ (which is σ -finite for any μ ∈ Mψ(X), as it is finite
on each Mk by (4.18)) belongs to Mψ(X). In particular, for any μ ∈ DA′ the
whole curve μt = V t,0μ belongs to DA′ and constitutes the unique solution in
DA′ of equation (4.17) (the derivative being defined with respect to the Banach
topology of Mψ(X)).

Proof The first statement is easily deduced from (4.19) and the definition
of the generator. It implies the second statement by duality (see Theorem 2.10,
applied to V rather than U ).

Finally let us give a criterion for the minimal propagator to preserve the set
of continuous functions.

Proposition 4.7 Under the assumptions of Theorem 4.1 assume that X is a
metric space equipped with its Borel sigma algebra, at (x) is a continuous func-
tion of two variables and that νt (x, .) depends continuously on x in the norm
topology of Mψ(X). Then the propagator St,r from Theorem 4.1 preserves
the set of continuous functions. In particular, if ψ = 1, c = 0 and all objects
involved are time independent then the propagator St,r specifies a C-Feller
semigroup.

Proof If ut (x) = St,rφ(x) then

ut (x) − ut (y) = e−[ξt (x)−ξr (x)]φ(x) − e−[ξt (y)−ξr (y)]φ(y)

+
∫ t

r

∫
X

(
e−[ξt (x)−ξs (x)]νs(x, dz)

− e−[ξt (y)−ξs (y)]νs(y, dz)
)

us(z) ds. (4.20)

Exercise 4.1 Suppose that Atψ ≤ cψ + φ for positive functions φ and ψ

and all t ∈ [0, T ], where At is from (4.1). Then

St,rψ ≤ ec(t−r)
(
ψ +

∫ t

r
St,τ dτφ

)
.
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Hint: using (4.7) yields

I r
ψ(ψ)t ≤ [1 + c(t − r)]ψ +

∫ t

r
e−(ξt −ξs )φ ds,

(I r
ψ)

2(ψ)t ≤
(

1 + c(t − r) + c2

2
(t − r)2

)
ψ +

∫ t

r
e−(ξt −ξs ) [1 + c(s − r)]φ ds

+
∫ t

r
e−(ξt −ξs )Ls

∫ s

r
e−(ξs−ξτ )φ dτ ds,

etc. and hence

(I r
ψ)

m(ψ)t ≤ ec(t−r)
(
ψ +

∫ t

r
e−(ξt −ξs )φ ds

+
∫ t

r
e−(ξt −ξs )Ls

∫ s

r
e−(ξs−ξτ )φ dτ ds + · · ·

)

= ec(t−r)
[
ψ +

∫ t

r
dτ

(
e−(ξt −ξτ ) +

∫ t

τ

e−(ξt −ξs )Lse−(ξs−ξτ ) ds + · · ·
)
φ

]
,

and the proof is completed by noting that

St,rψ = lim
m→∞ St,r

m−1ψ ≤ lim
m→∞(I r

ψ)
m(ψ)t .

4.3 Integral generators: two-barrier case

We shall develop the ideas of this section further in the general discussion of
unbounded coefficients given in Chapter 5.

To obtain the strong continuity of the backward propagator St,r itself (not
just of its dual, as in Proposition 4.2 above), the existence of a second bound
for At (see (4.1)) can be helpful.

Theorem 4.8 Suppose that two functions ψ1, ψ2 on X are given, both satis-
fying (4.6) and such that 0 < ψ1 ≤ ψ2, ψ1 ∈ Bψ2,∞(X) and at is bounded on
any set where ψ2 is bounded. Then St,r , t ≤ r (constructed above from (4.14),
(4.15)) is a strongly continuous backward propagator in Bψ2,∞(X).

Proof By Theorem 4.1, the St,r are bounded in Bψ2(X). Moreover, as
St,rφ tends to φ as t → r uniformly on the sets where ψ2 is bounded, it
follows that

‖St,rφ − φ‖Bψ2 (X) → 0, t → r,

for any φ ∈ Bψ1(X), and hence also for any φ ∈ Bψ2,∞(X) since Bψ1(X) is
dense in Bψ2,∞(X).
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As the convergence of the above perturbation series for St,r is point-wise,
it does not provide a mechanism for preserving continuity. An exercise at
the end of this section settles this matter under strong continuity assumptions
on ν.

From now on we will assume that X is a locally compact metric space
equipped with its Borel sigma algebra. We shall discuss the conservativity,
uniqueness and smoothness of the propagators constructed.

Theorem 4.9 Under the assumptions of Theorem 4.8, assume that X is a
locally compact metric space equipped with its Borel sigma algebra, the func-
tions ψ1, ψ2 are continuous and such that ψ2 and ψ2/ψ1 tend to infinity as
x goes to infinity, at is a continuous mapping from t to Cψ2/ψ1,∞ and Lt is a
continuous mapping from t to bounded operators that take Cψ1 to Cψ2,∞.

Then Bψ1 is an invariant core for the propagator St,r in the sense of the
definition given before Theorem 2.9, i.e.

Arφ = lim
t→r,t≤r

St,rφ − φ

r − t
= lim

s→r,s≥r

Sr,sφ − φ

s − r
,

d

ds
St,sφ = St,s Asφ,

d

ds
Ss,rφ = −As Ss,rφ, t < s < r,

(4.21)

for all φ ∈ Bψ1(X); all these limits exist in the Banach topology of Bψ2,∞(X).
Moreover Bψ1 and Bψ2,∞ are invariant under St,r , so that Cψ1 is an invari-
ant core of the strongly continuous propagator St,r in Cψ2,∞. In particular, if
at , Lt do not depend on t then A generates a strongly continuous semigroup
on Cψ2,∞ for which Cψ1 is an invariant core. Finally, if ψ1 = 1, Aψ1 = 0 then
the propagator St,r preserves constants and specifies a Markov process on X.

Proof By Theorem 4.1, St,rφ satisfies equations (4.14) pointwise. To show
that these equations hold in the topology of Bψ2,∞ one needs to show that the
operators At (φ) are continuous as functions from t to Bψ2,∞ for each φ ∈ Bψ1 .
But this follows directly from our continuity assumptions on at and Lt . To
show that the space Cψ1 is invariant (and this implies the remaining state-
ments), we shall approximate St,r by evolutions with bounded intensities. Let
χn be a measurable function X → [0, 1] such that χn(x) = 1 for ψ2(x) ≤ n
and χn(x) = 0 for ψ2(x) > n + 1. Write νn

t (x, dz) = χn(x)νt (x, dz) and
an

t = χnat , and let St,r
n and An

t denote the propagators constructed as above,
but with νn

t and an
t instead of νt and at . Then the propagators St,r

n converge
strongly in the Banach space Bψ2,∞ to the propagator St,r . In fact, as St,r

and St,r
n are uniformly bounded, it is enough to show the convergence for the

elements φ of the invariant core Bψ1 . For such a φ one has
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(St,r − St,r
n )(φ) =

∫ r

t

d

ds
St,s Ss,r

n φ ds =
∫ r

t
St,s(As − An

s )S
s,r
n φ ds. (4.22)

By invariance Ss,r
n φ ∈ Bψ1 , implying that (As − An

s )S
s,r
n φ ∈ Bψ2 and tends to

zero in the norm of Bψ2 as n → ∞; hence the r.h.s. of (4.22) tends to zero in
Bψ2 as n → ∞.

To complete the proof it remains to observe that, as the generators of
St,r

n are bounded, the corresponding semigroups preserve continuity (since
they can be constructed as a convergent exponential series). Hence St,r pre-
serves continuity as well, since St,rφ is a (uniform) limit of continuous
functions.

If A1 = 0, the constant functions solve equation (4.14). By uniqueness
(which can be deduced from either Theorem 2.10 or Theorem 2.37), it follows
that St,r 1 = 1.

We can also encounter situations when the at have a higher growth rate
than ψ2. To get uniqueness in this case, one has to introduce the martingale
problem. For simplicity, we shall discuss this extension for locally compact X
and time-homogeneous kernels only.

Theorem 4.10 Under the assumptions of Theorem 4.8, let X be locally com-
pact, ψ1 = 1, Aψ1 = 0, at and Lt be independent of t and ψ2(x) → ∞
as x → ∞. Then the martingale problem for the operator A is well posed in
Cc(X) and its solution defines a (pure jump) Markov process in X such that

P
(

sup
0≤s≤t

ψ2(X x
s ) > r

)
≤ c(t, ψ2(x))

r
. (4.23)

Proof The proof is the same as that for the more general case, given in
Theorem 5.2 below (it uses ψ2 instead of fL and the approximation An(x) =
χq(a(x)/n)A(x)) and hence is omitted.

Finally, we shall discuss additional regularity for the dual to the evolution on
measures (4.14). To this end we shall introduce the notion of the dual transition
kernel. Recall that by a transition kernel in X one usually means the family
ν(x, .) of measures from M(X), depending weakly measurably on x ∈ X ,
such that

∫
f (y)ν(x, dy) is measurable for any bounded measurable f . Let X

be Rd or an open subset of Rd . A transition kernel ν′(x, dy) will be called dual
to ν if the measures dx ν(x, dy) and ν′(y, dx) dy coincide as Borel measures
in X × X . Clearly, if a dual exists then it is uniquely defined up to a natural
equivalence. Though in the usual examples (such as the Boltzmann equation)
with which we shall deal the dual kernels are given explicitly, let us state for
completeness the basic existence result.
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Proposition 4.11 For a transition kernel ν(x, .) in X (where X is Rd or
its open subset) a dual exists if and only if the projection of the measure
dx ν(x, dy) ∈ M(X × X) onto the second variable is absolutely continuous
with respect to Lebesgue measure.

Proof This is a direct consequence of the well-known measure-theoretic
result on the disintegration of measures (see e.g. [86]), stating that if ν is a
probability measure on X × X with a projection onto (i.e. a marginal of) the
first variable μ, then there exists a measurable mapping x �→ ν(x, .) from X
to P(X) uniquely determined μ-a.s. such that∫

X×X
f (x, y)ν(dxdy) =

∫
X

(∫
X

f (x, y)ν(x, dy)

)
μ(dx), f ∈ C(X ×X).

In the next proposition the continuity of the transitional kernel implies weak
continuity in Mψ2(X), i.e. that

∫
f (y)ν(x, dy) is continuous (though it may be

unbounded) for any f ∈ Cψ2(X).

Proposition 4.12 Under the assumptions of Theorem 4.9 assume that X is
either Rd or an open subset of Rd and that there exists a dual continuous tran-
sition kernel ν′

t (x, .) to νt (x, .) satisfying the same conditions as ν. Then the
(forward) propagator V t,s on measures which is dual to the backward evolu-
tion specified by (4.14) preserves the space of absolutely continuous measures.
When reduced to densities it is bounded both in Cψ1(X) and Cψ2(X) and, for
any g ∈ Cψ1 , yields the unique solution gs = V s,t g in Cψ1 to the Cauchy
problem

d

ds
gs = A′

s gs, gt = g, (4.24)

for s ≥ t . Here

A′
t g(x) =

∫
g(y)ν′

t (x, dy) − at (x)g(x),

and the derivative in s in (4.24) is defined pointwise and uniformly for x from
any subset where ψ2 is bounded.

Proof This follows directly from Theorems 4.9 and 2.10.

4.4 Generators of order at most one: well-posedness

This section is devoted to a purely analytical construction of processes gener-
ated by integro-differential (or pseudo-differential) operators of order at most
one, i.e. the operators given by
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L f (x) = (b(x),∇ f (x)) +
∫

Rd\{0}
[

f (x + y) − f (x)
]
ν(x, dy) (4.25)

with Lévy measures ν(x, .) having finite first moment
∫

B1
|y|ν(x, dy).

Theorem 4.13 Assume that b ∈ C1(Rd) and that ∇ν(x, dy), the gradient
with respect to x, exists in the weak sense as a signed measure and depends
weakly continuously on x. Moreover, assume that

sup
x

∫
min(1, |y|)ν(x, dy) < ∞, sup

x

∫
min(1, |y|)|∇ν(x, dy)| < ∞

(4.26)
and that for any ε > 0 there exists a K > 0 such that

sup
x

∫
Rd\BK

ν(x, dy) < ε, sup
x

∫
Rd\BK

|∇ν(x, dy)| < ε, (4.27)

sup
x

∫
B1/K

|y|ν(x, dy) < ε. (4.28)

Then L generates a conservative Feller semigroup Tt in C∞(Rd) with invari-
ant core C1∞(Rd). Moreover, Tt reduced to C1∞(Rd) is also a strongly
continuous semigroup in the Banach space C1∞(Rd).

Proof Notice first that (4.26) implies that, for any ε > 0,

sup
x

∫
Rd\Bε

ν(x, dy) < ∞, sup
x

∫
Rd\Bε

|∇ν(x, dy)| < ∞. (4.29)

Next, since the operator given by∫
Rd\B1

[
f (x + y) − f (x)

]
ν(x, dy) (4.30)

is bounded in the Banach spaces C(Rd) and C1(Rd) (owing to (4.26)) and also
in the Banach spaces C∞(Rd) and C1∞(Rd) (owing to (4.27)), by the standard
perturbation argument (see e.g. Theorem 2.7) we can reduce the situation to
the case when all the ν(x, dy) have support in B1, which we shall assume
from now on.

Let us introduce the approximation

Lε f (x) = (b(x),∇ f (x)) +
∫

Rd\Bε

[
f (x + y) − f (x)

]
ν(x, dy). (4.31)

For any ε > 0 the operator Lε generates a conservative Feller semigroup T ε
t

in C∞(Rd), with invariant cores C1∞(Rd), because the first term in (4.31) does
this and the second term corresponds to a bounded operator in the Banach
spaces C∞(Rd) and C1∞(Rd) (owing to (4.29)), so that perturbation theory
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(Theorem 2.7) applies; conservativity also follows from the perturbation series
representation. Differentiating the equation ḟ (x) = Lε f (x) with respect to x
yields

d

dt
∇k f (x) = Lε∇k f (x) + (∇kb(x),∇ f (x))

+
∫

B1\Bε

[
f (x + y) − f (x)

]∇kν(x, dy). (4.32)

Considering (4.32) as an evolution equation for g = ∇ f in the Banach space
C∞(Rd × {1, . . . , d}) = C∞(Rd) × · · · × C∞(Rd), observe that the r.h.s. is
represented as the sum of a diagonal operator that generates a Feller semigroup
and of two bounded (uniformly in ε by (4.26)) operators. Hence this evolution
is well posed. To show that the derivative of f (x) is given by the semigroup
generated by (4.32), we would first approximate b, ν by a sequence of the
twice continuously differentiable objects bn , νn , for n → ∞. The correspond-
ing approximating generator of type (4.32) has an invariant core C1∞(Rd) and
hence the uniqueness of the solutions to the corresponding evolution equation
would hold (by Theorem 2.10), implying that this solution coincides with the
derivative of the corresponding (T ε

t )n f . Passing to the limit n → ∞ would
then complete the argument.

Hence ∇k T ε
t f is uniformly bounded for all ε ∈ (0, 1] and for t from any

compact interval, whenever f ∈ C1∞(Rd). Therefore, writing

(T ε1
t − T ε2

t ) f =
∫ t

0
T ε2

t−s(Lε1 − Lε2)T
ε1
s ds

for arbitrary ε1 > ε2 and making the estimate

|(Lε1 − Lε2)T
ε1

s f (x)| ≤
∫

Bε1 \Bε2

|(T ε1
s f )(x + y) − (T ε1

s f )(x)|ν(x, dy)

≤
∫

Bε1

‖∇T ε1
s f ‖|y|ν(x, dy) = o(1)‖ f ‖C1∞ , ε1 → 0,

from (4.28) yields

‖(T ε1
t − T ε2

t ) f ‖ = o(1)t‖ f ‖C1∞ , ε1 → 0. (4.33)

Therefore the family T ε
t f converges to a family Tt f as ε → 0. Clearly

the limiting family Tt specifies a strongly continuous semigroup in C∞(Rd).
Writing

Tt f − f

t
= Tt f − T ε

t f

t
+ T ε

t f − f

t
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and noting that by (4.33) the first term is o(1)‖ f ‖C1∞ as ε → 0 allows us to

conclude that C1∞(Rd) belongs to the domain of the generator of the semigroup
Tt in C∞(Rd) and that it is given on that domain by (4.25).

Applying to Tt the same procedure as was applied above to T ε
t (i.e. differ-

entiating the evolution equation with respect to x) shows that Tt also defines
a strongly continuous semigroup in C1∞(Rd), as its generator differs from the
diagonal operator with all entries on the diagonal equal to L only by a bounded
additive term.

The conditions of the above result were designed to obtain a Feller semi-
group and a Feller process. However, a Markov process with a C-Feller
semigroup can be constructed under weaker assumptions.

Theorem 4.14 Assume that the conditions of Theorem 4.13 hold apart from
(4.27) and (4.28). Then there exists a unique Markov process in Rd whose
Markov semigroup reduces to a conservative C-Feller semigroup Tt in C(Rd)

of the form

Tt f (x) =
∫

f (y)pt (x, dy),

with probability transition kernels pt , and such that

(i) Tt f (x) → f (x) as t → 0 uniformly on x from compact subsets,
(ii) the space C1(Rd) is invariant under Tt and

(iii) Ṫt f (x) = L f (x) for any f ∈ C1(Rd), t ≥ 0 and x ∈ Rd.

Proof The statement of the theorem clearly holds for approximating oper-
ators Lε given by (4.31); this follows from the explicit form of the perturbation
series representation for the corresponding semigroup (the integral part of Lε

is considered as a perturbation, all terms of the perturbation series are integral
operators and hence so is the limit T ε

t ). The existence of the Markov process
then follows from the standard construction of Markov processes. Passing to
the limit as in the previous theorem (with all uniform limits substituted by a
limit that is uniform on compact sets) yields the required properties for Tt .
Uniqueness follows by the same duality arguments as in Theorem 2.10.

4.5 Generators of order at most one: regularity

In Theorem 4.14 strong continuity, which is a very convenient property for
analysis, was lost. In such situations a natural space in which strong continuity
holds is the space BUC(X) of bounded uniformly continuous functions on X .
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Proposition 4.15 The space BUC(Rd) is a closed subspace in C(Rd), and
C∞(Rd) is dense in BUC(Rd).

Proof The first statement is obvious. For the second, approximate f ∈
BUC(Rd) by the usual convolution

fn(x) =
∫

f (y)φn(x − y)dy =
∫

f (x − y)φn(y)dy, n → ∞,

where φn(x) = nφ(nx) and φ is a non-negative infinitely differentiable func-
tion with a compact support and with

∫
φ(y)dy = 1; the uniform continuity of

f ensures that fn → f as n → ∞ in C(Rd).

It is clear that under the conditions of Theorem 4.14 the semigroup Tt is
strongly continuous in BUC(Rd), because the space C1(Rd) is invariant under
Tt and dense in BUC(Rd) and Tt is strongly continuous in C1(Rd) (in the
topology of BUC(Rd)). However, as L f need not belong to BUC(Rd) for
f ∈ C1(Rd), we cannot state that C1(Rd) is an invariant domain. Further
regularity is needed to obtain an easy-to-handle invariant domain. For instance,
the following holds.

Theorem 4.16 Assume that b ∈ C2(Rd), ν(x, dy) is twice weakly continu-
ously differentiable in x and

sup
x,i, j

∫
min(1, |y|)

(
ν(x, dy) +

∣∣∣∣ ∂

∂xi
ν(x, dy)

∣∣∣∣+
∣∣∣∣ ∂2

∂xi∂x j
ν(x, dy)

∣∣∣∣
)

< ∞.

(4.34)

Then L of the form (4.25) generates a strongly continuous semigroup in
BUC(Rd) with invariant core C2(Rd).

Proof The invariance of C2(Rd) is proved in the same way as the invari-
ance of C1(Rd) in Theorem 4.13. Moreover, L f ∈ C1(Rd) ⊂ BUC(Rd)

for any f ∈ C2(Rd). Finally, C2(Rd) is dense in BUC(Rd) by Proposi-
tion 4.15.

For applications to nonlinear semigroups a nonhomogeneous extension
of Theorems 4.13 or 4.14 is needed. As a proof can be obtained by a
straightforward extension of the above, it is omitted here.

Theorem 4.17 Assume that the family of operators Lt has the form given
by (4.25), b and ν depending continuously on time t (ν weakly) and satisfying
the conditions of the previous theorem as functions of x with all estimates
being uniform on compact time intervals. Then the corresponding family of
operators Lt generates a strongly continuous backward propagator U t,s of
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linear contractions in C∞(Rd) with invariant domain C1∞(Rd) (in the sense
of the definition given before Theorem 2.9, so that equations (2.3) are satisfied
by Lt instead of At ). Moreover U t,s is also a bounded strongly continuous
propagator in C1∞(Rd).

Suppose that the Levy measures ν in (4.25) have densities, i.e. ν(x, dy) =
ν(x, y)dy; then the operator dual (in the sense of the natural duality between
measures and functions) to the integral part of L is clearly given, on functions
g, by ∫ [

g(x − y)ν(x − y, y) − g(x)ν(x, y)
]

dy.

In particular, if

sup
x

∫ [
ν(x − y, y) − ν(x, y)

]
dy < ∞, (4.35)

the dual to L can be written in the form

L�g(x) = −(b(x),∇g(x)) +
∫

Rd

[
g(x − y) − g(x)

]
ν(x, y) dy

+
∫

g(x − y)
[
ν(x − y, y) − ν(x, y)

]
dy − ∇ · b(x)g(x).

(4.36)

We shall now obtain a regularity result for both the initial and the dual
problems.

Theorem 4.18 Let k ∈ N, k ≥ 2. Suppose that νt (x, dy) = νt (x, y) dy, that
bt (.) ∈ Ck(Rd) uniformly in t , that νt , bt depend continuously on t and that
νt (x, y) is k times continuously differentiable in x and satisfies∫

min(1, |y|) sup
t≤T,x∈Rd

(
νt (x, y) +

∣∣∣∣∂νt

∂x
(x, y)

∣∣∣∣+ · · ·

+
∣∣∣∣∂kνt

∂xk
(x, y)

∣∣∣∣
)

dy < ∞. (4.37)

Then the corresponding family of operators Lt generates a strongly continuous
backward propagator U t,s of linear contractions in C∞(Rd) with the following
properties.

(i) Each space Cl∞(Rd), l = 1, . . . , k, is invariant and U t,s is strongly
continuous in each of these Banach spaces.

(ii) Its dual propagator V s,t on M(X) preserves absolutely continuous
measures and, when reduced to densities, represents a strongly continuous
propagator both in L1(Rd) and C∞(Rd).
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(iii) The spaces Cl∞(Rd) and the Sobolev spaces W l
1(R

d) (up to lth order,
derivatives defined in the sense of distributions are integrable functions),
l = 0, . . . , k −1, are invariant under V s,t and the family V s,t forms a bounded
strongly continuous propagator in each Banach space W l

1(R
d). The dual prop-

agator V s,t extends to the �-weakly continuous propagator in (Cl∞(Rd))�,
l = 1, . . . , k, which for any l < k specifies the unique solution to the Cauchy
problem for the equation ṁut = L�μt understood weakly in (Cl+1∞ (Rd))�, i.e.
in the sense that

d

dt
(g, μt ) = (Lt , μt ) for all g ∈ Cl+1∞ (Rd).

Proof (i) First observe that (4.37) trivially implies (4.26)–(4.28). Differen-
tiating ḟ = Lt f shows that the evolution of the derivatives is governed by the
same generator as that given by (4.25), up to a bounded additive term, as long
as (4.37) holds.
(ii) and (iii) Notice that the assumption (4.37) ensures that L�, given by (4.36),
has the same form as L up to an additive term which is bounded in W 1

l (R
d),

l = 1, . . . , k−1. Hence we can apply Theorem 4.17 to L�. Results for Sobolev
spaces are obtained in the same way as for the spaces Cl∞(Rd) (this is possible
because the derivatives satisfy the same equation as the function itself up to an
additive bounded term). Note only that to get strong continuity in some integral
norm, say in L1(Rd), one observes first that such a norm is strongly continuous
when reduced to L1(Rd) ∩ C1∞(Rd) and then (by the density argument) in the
whole space L1(Rd).
(iv) One has

d

dt
(g, μt ) = d

dt
(U 0,t g, μ) = (U 0,t Lt g, μ) = (Lt g, μt ).

Uniqueness follows from Theorem 2.10 with B = Cl∞(Rd), D = Cl+1∞ (Rd).

Exercise 4.2 State and prove a version of Theorem 4.17 for propagators in
C(Rd) (i.e. a nonhomogeneous version of Theorem 4.14).

4.6 The spaces (Cl∞(Rd))�

Though this is not strictly necessary for our purposes, we would like to visual-
ize briefly the dual spaces (Cl∞(Rd))� that are playing an important role in our
analysis.
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Proposition 4.19 If ν ∈ (C1∞(Rd))� then there exist d + 1 finite signed Borel
measures ν0, ν1, . . . , νd on Rd such that

ν( f ) = ( f, ν) = ( f, ν0) +
d∑

i=1

(∇i f, νi ).

Conversely, any expression of this form specifies an element ν from
(C1∞(Rd))�.

Proof Let us define an embedding C1∞(Rd) to C∞(Rd) × · · · × C∞(Rd)

(d + 1 terms) by f �→ ( f,∇1 f, . . . ,∇d f ). It is evident that this mapping
is injective and continuous and that its image is closed. Hence by the Hahn–
Banach theorem any continuous linear functional on C1∞(Rd) can be extended
to a linear functional on the product space (C∞(Rd))d+1, yielding the required
representation.

Similar representations hold for other spaces (Cl∞(Rd))�. However, this
result does not give a full description of the space (C1∞(Rd))�, as the mea-
sures νi are not unique (integration by parts allows to transform ν0 to other νi

and vice versa). In particular, this makes unclear (unlike for the space C∞(Rd))
the natural extension of a measure ν ∈ (C1∞(Rd))� to a functional on C1(Rd),
because such an extension depends on the choice of the νi .

We shall use two natural topologies in (C1∞(Rd))�: the Banach topology,
given by the norm

‖ν‖(C1∞(Rd ))� = sup
‖g‖

C1∞(Rd )
≤1

(g, ν),

and the �-weak topology with the convergence ξn → ξ as n → ∞, meaning
the convergence (g, ξn) → (g, ξ) for any g ∈ C1∞(Rd).

4.7 Further techniques: martingale problem,
Sobolev spaces, heat kernels etc.

In this and previous chapters we have touched upon several methods of
constructing Markov (in particular Feller) semigroups from a given formal
(pre)generator. Our exposition has been far from exhaustive. Here we briefly
review other methods, only sketching the proofs and referring to the literature
for the full story.

Our main topic here is the martingale problem approach. Having in
mind the basic connection between this problem and Feller processes, see
Proposition 2.30, it is natural to suggest that solving a martingale problem
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could serve as a useful intermediate step for the construction of a Markov pro-
cess. As the following fact shows, we can obtain the existence of a solution to
a martingale problem under rather general assumptions.

Theorem 4.20 Assume that L is defined on C2
c (R

d) by the usual
Lévy–Khintchine form, i.e.

Lu(x) = tr

[
G(x)

∂2

∂x2

]
u(x) + (b(x),∇)u(x)

+
∫ [

u(x + y) − u(x) − 1B1(y)(y,∇)u(x)
]
ν(x, dy) (4.38)

(as usual G is a non-negative matrix and ν is a Lévy measure) and that the
symbol p(x, ξ) of this pseudo-differential operator, where

p(x, ξ) = −(G(x)ξ, ξ)+i(b(x), ξ)+
∫ [

eiξ y − 1− i1|y|≤1(y)(ξ, y)
]
ν(x, dy),

is continuous. Moreover, let

sup
x

( ‖G(x)‖
1 + |x |2 + |b(x)|

1 + |x | + 1

(1 + |x |)2

∫
B1

|y|2ν(x, dy)

+
∫

{|y|>1}
ν(x, dy)

)
< ∞. (4.39)

Then the martingale problem has a solution for any initial probability μ.

This theorem was proved in Kolokoltsov [130] and extended the previ-
ous result of Hoh [97], where this existence was obtained under a stronger
assumption of bounded coefficients, i.e. for

sup
x

(
‖G(x)‖ + |b(x)| +

∫
min(1, |y|2) ν(x, dy)

)
< ∞. (4.40)

Referring to these papers for a full proof, let us indicate its main idea. There
is a very general result (see Ethier and Kurtz [74]) implying the existence
of a solution to our martingale problem with sample paths in D(R+, Ṙd),
where Ṙd is a one-point compactification of Rd , so one needs only to
find an appropriate Lyapunov function to ensure that, under the assumption
of the theorem, the solution process cannot actually reach infinity in any
finite time.

An important input from the martingale problem approach is the follow-
ing localization procedure, allowing one to show the well-posedness of a
martingale problem if it is well posed in a neighborhood of any point.
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Let Xt be a process with sample paths in D([0,∞),Rd) and initial
distribution μ. For an open subset U ⊂ Rd , define the exit time from U as

τU = inf{t ≥ 0 : Xt /∈ U or X (t−) /∈ U }. (4.41)

We write τ x
U when stressing that the initial point is x . Let L be an operator

in C(Rd) with domain D. One says that Xt solves the stopped martingale
problem for L in U starting with μ if Xt = Xmin(t,τ ) a.s. and

f (Xt ) −
∫ min(t,τ )

0
L f (Xs) ds

is a martingale for any f ∈ D.

Theorem 4.21 Suppose that the martingale problem is well posed for (L , D).
Then for any initial μ there exists a unique solution to the stopped martingale
problem that does not depend on the definition of L f (x) for x /∈ Ū (provided
that for this extension the martingale problem is well posed).

We refer to Chapter 4, Section 6, of Ethier and Kurtz [74] for a complete
proof. Let us sketch, however, a simple argument that works in the most impor-
tant case, i.e. when D ⊂ C2(Rd) is a core of L and L generates a Feller
semigroup Tt . In this case we can approximate L on D by bounded Ln gener-
ating pure jump processes with semigroups T n

t converging to Tt as n → ∞.
In view of the probabilistic construction of T n (see Theorem 2.35) the corre-
sponding stopped processes do not depend on the definition of Ln f (x) for x
outside U . Hence the same is true for their limit.

Theorem 4.22 Suppose that L and Lk, k = 1, 2, . . ., are operators, of the
type (4.38), defined on D = C2

c (R
d) and that (Uk), k = 1, 2, . . ., is an open

covering of Rd such that Lk f (x) = L f (x) for x ∈ Uk, f ∈ D. Assume that
for any initial distribution μ the martingale problem for L has a solution and
that the martingale problems for all the Lk are well posed. Then the martingale
problem for L is also well posed.

We refer to Ethier and Kurtz [74] or Stroock and Varadhan [229] for a rig-
orous proof, whose idea is quite transparent: in any domain Uk a solution to a
martingale problem for L coincides with that for Lk (and is unique, by Theo-
rem 4.21). When leaving Uk the process finds itself in some other set Uk′ and
its behavior is uniquely specified by the solution to the martingale problem
for Lk′ , etc. This result is very useful since, by Proposition 2.30, uniqueness
for a Feller problem can be settled by obtaining the well-posedness of the
corresponding martingale problem.
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The construction and analysis of the martingale problem and the corre-
sponding Markov semigroups can be greatly facilitated by using advanced
functional analysis techniques, in particular Fourier analysis. As these meth-
ods work more effectively in Hilbert spaces and the original Feller semigroups
act in the Banach space C∞(Rd), one looks for auxiliary Hilbert spaces where
the existence of a semigroup can be shown as a preliminary step. For these
auxiliary spaces it is natural to use the Sobolev spaces Hs(Rd) defined as the
completions of the Schwartz space S(Rd) with respect to the Hilbert norm

‖ f ‖2
Hs =

∫
f (x)(1 + �)s f (x) dx .

In particular, H0 coincides with the usual L2. The celebrated Sobolev imbed-
ding lemma states that Hs is continuously imbedded in (C∞ ∩ Cl)(Rd)

whenever s > l + d/2. Consequently, if we can show the existence of a semi-
group in Hs , this lemma supplies automatically an invariant dense domain (and
hence a core) for its extension to C∞. For a detailed discussion of Fourier anal-
ysis and Sobolev spaces in the context of Markov processes we refer to Jacob
[103].

As an example of the application of the techniques mentioned above, we
shall discuss Markov semigroups with so-called decomposable generators. Let
ψn , n = 1, . . . , N , be a finite family of generators of Lévy processes in Rd ,
i.e. for each n

ψn f (x) = tr

[
Gn ∂2

∂x2

]
f (x) +

(
bn,

∂

∂x

)
f (x)

+
∫ [

f (x + y) − f (x) − (∇ f (x), y)1B1(y)
]
νn(dy),

where Gn = (Gn
i j ) is a non-negative symmetric d × d matrix and νn is a Lévy

measure. Recall that the function

pn(ξ) = −(Gnξ, ξ) + i(bn, ξ) +
∫ [

eiξ y − 1 − i(ξ, y)1B1(y)
]
νn(dy)

is called the symbol of the operator ψn . We denote by pν
n the corresponding

integral terms, so that

pν
n(ξ) =

∫ [
eiξ y − 1 − i(ξ, y)1B1(y)

]
μn(dy)

and by p̃ν
n the part corresponding to νn reduced to the unit ball:

p̃ν
n(ξ) =

∫
B1

[
eiξ y − 1 − i(ξ, y)

]
νn(dy).

We also write p0 = ∑N
n=1 pn .
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Let an be a family of positive continuous functions on Rd . By a decom-
posable generator we mean an operator of the form

∑N
n=1 an(x)ψn . These

operators are simpler to deal with analytically, and at the same time their prop-
erties capture the major qualitative features of the general case. Decomposable
generators appear in many applications, for example in connection with
interacting-particle systems (see e.g. Kolokoltsov [129]), where the corres-
ponding functions an are usually unbounded but smooth.

Theorem 4.23 Suppose that there exist constants c > 0 and αn > 0, βn <

αn, n = 1, . . . , N, such that for all n

|Im pν
n(ξ)| ≤ c|p0(ξ)|, |Re p̃ν

n(ξ)| ≥ c−1|prn(ξ)|αn ,

|∇ p̃ν
n(ξ)| ≤ c|prn(ξ)|βn , (4.42)

where prn is the orthogonal projection operator on the minimal subspace
containing the support of the measure 1B1ν

n. The an are positive s-times
continuously differentiable functions, with s > 2 + d/2, such that an(x) =
O(1 + |x |2) for those n where Gn 
= 0 or 1B1ν

n 
= 0, an(x) = O(|x |) for
those n where βn 
= 0 and an(x) is bounded whenever 1Rd\B1

νn 
= 0. Then

there exists a unique extension of the operator L = ∑N
n=1 an(x)ψn (with initial

domain C2
c (R

d)) that generates a Feller semigroup in C∞(Rd).

In practice, condition (4.42) is not very restrictive. It allows, in partic-
ular, any α-stable measures ν (whatever their degeneracy). Moreover, if∫ |ξ |1+βnνn(dξ) < ∞ then the last condition in (4.42) holds, because

∇ p̃ν
n(ξ) =

∫
iy(eiξ y − 1)νn(dy)

and |eixy − 1| ≤ c|xy|β for any β ≤ 1 and some c > 0. In particular, the last
condition in (4.42) always holds for βn = 1. As no restrictions on the differen-
tial part of pn are imposed, all (possibly degenerate) diffusion processes with
smooth symbols are covered by our assumptions.

We refer to Kolokoltsov [130] for a detailed, rather lengthy, proof, the idea
being as follows. By the localization theorem, Theorem 4.22, and the basic
existence theorem, Theorem 4.20, we can reduce the situation to the case when
an ∈ Cs(Rd) and |an(x)−an(x0)| are small compared with an(x0) for some x0.
And this case is dealt with using non-stationary perturbation theory in Sobolev
spaces for vanishing drifts, supplemented further by analysis in the “interaction
representation”. In Hoh [97] the same result is proved using the analysis of
resolvents in Sobolev spaces, under the additional assumption that the an are
bounded, the symbols pn are real and |p0(ξ)| ≥ c|ξ |α (thus excluding the usual
degenerate diffusions). In Jacob et al. [105] it was noted that the proof of Hoh
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[97] can be generalized to a slightly weaker condition, where the assumption of
the reality of the symbols pn is replaced by the assumption that their imaginary
parts are bounded by their real parts.

One should also mention an important aspect, that of proving the existence
and obtaining estimates of transition probability densities (also called heat ker-
nels) for Feller processes that specify Green functions for the Cauchy problems
of the corresponding evolution equations. Though heat-kernel estimates for
diffusion equations are well established, for Feller processes with jumps much
less is known. We shall formulate here a result on heat kernels for stable-like
processes, i.e. for the equation

∂u

∂t
= −a(x)| − i∇|α(x)u, x ∈ Rd , t ≥ 0, (4.43)

referring for the details to the original paper, Kolokoltsov [125]).
If a(x) and α(x) are constants, the Green function for (4.43) is given by the

stable density (see Section 2.4)

S(x0 − x;α, at) = (2π)−d
∫

Rd
exp

[−at |p|α + i p(x − x0)
]

dp. (4.44)

In the theory of pseudo-differential operators, equation (4.43) is written in
pseudo-differential form as

∂u

∂t
= �(x,−i∇)u(x) (4.45)

with symbol

�(x, p) = −a(x)|p|α(x). (4.46)

As follows from direct computations (see equation (E.1)), an equivalent
form of (4.43) is the following integro-differential form, of Lévy–Khintchine
type:

∂u

∂t
= −a(x)c(α)

∫ ∞

0

[
u(x + y) − u(x) − (y,∇u)

] d|y|
|y|1+α

(4.47)

with some constant c(α). We shall not need this form much, but it is important
to have in mind that the operator on the r.h.s. of (4.43) satisfies the PMP, which
is clear from the representation given in (4.47) but is not so obvious from
(4.43).

Naturally, one might expect that, for small times, the Green function of
equation (4.43) with varying coefficients can be approximated by the Green
function of the corresponding problem with constant coefficients, i.e. by the
function

G0(t, x, x0) = S(x − x0, α(x0), a(x0)t). (4.48)
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This is in fact true, as the following result shows (see Kolokoltsov [125] for
the proof and a discussion of the related literature).

Theorem 4.24 Let β ∈ (0, 1] be arbitrary and let α ∈ [αd , αu], a ∈ [ad , au]
be β-Hölder continuous functions on Rd with values in compact subsets of
(0, 2) and (0,∞) respectively. Then the Green function uG for equation (4.43)
exists in the sense that it is a function, continuous for t > 0, defining a solution
to equation (4.43) as a distribution. That is, for any f ∈ C(Rd) the function

ft (x) =
∫

uG(t, x, y) f (y) dy (4.49)

satisfies the equation

( ft , φ) = ( f, φ) +
∫ t

0
( fs, L ′φ) ds (4.50)

for any φ ∈ C2(Rd) with compact support, where L ′ is the operator dual to
the operator L on the r.h.s. of equation (4.43). Moreover, for t ≤ T , with any
given T ,

uG(t, x, x0) = S(x − x0, α(x0), a(x0)t)
[
1 + O(tβ/αu )(1 + | log t |)]

+ O(t) f d
αd
(x − x0) (4.51)

and the resolving operator f �→ ∫
uG(t, x, x0) f (x0) dx0 of the Cauchy prob-

lem for (4.43) specifies a conservative Feller semigroup. If the functions α, a
are of the class C2(R2) then uG(t, x, x0) solves (4.43) classically for t > 0
and the corresponding Feller semigroup preserves the space C2(R2) and is
bounded with respect to the Banach norm of this space.

Of course, real-life processes are often nonhomogeneous in time. However,
as we shall see, nonhomogeneous processes arise as natural tools in the anal-
ysis of nonlinear Markov evolutions. Having this in mind we present below a
time-nonhomogeneous version of the above results, also including drifts and
sources (see Kolokoltsov [134]).

Theorem 4.25 Suppose that α(x) ∈ [αd , αu] ⊂ (1, 2) and that at (x),
a−1

t (x), At , Bt (x), ft (x, z) are bounded and twice continuously differentiable
functions of t ∈ [0, T ], x, z ∈ Rd , such that at , ft are non-negative and
ft (x, z) ≤ B(1 + |z|β+d)−1 where β, B > 0 are constants. Then the following
hold.
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(i) The equation

d

dt
ut (x) = −at (x)|∇|α(x)ut (x) + (At (x),∇ut (x)) + Bt (x)ut (x)

+
∫

[ut (x + z) − ut (x)] ft (x, z) dz (4.52)

has a corresponding Green function uG(t, s, x, y), T ≥ t ≥ s ≥ 0, i.e. a
solution for the initial condition uG(s, s, x, y) = δ(x − y), such that

uG(t, s, x, y) = G0(t, s, x, y)
[
1 + O(1)min(1, |x − y|) + O(t1/α)

]
+ O(t)(1 + |x − y|d+min(α,β))−1. (4.53)

Here O(1) and O(t1/α) each depend only on T and C(T );

G0(t, s, x, y)

= (2π)−d
∫

exp

[
−
∫ t

s
ar (y) dr |p|α + i

(
p, x − y −

∫ t

s
Ar (y)dr

)]
dp

(4.54)

is a shifted stable density; and the last term in (4.53) can be omitted whenever
β ≥ α.

(ii) The Green function uG(t, s, x, y) is everywhere non-negative and sat-
isfies the Chapman–Kolmogorov equation; moreover, in the case Bt = 0 one
has

∫
uG(t, s, x, y)dy = 1 for all x and t > s.

(iii) If the coefficient functions are from the class C2(Rd) then uG(t, s, x, y)
is continuously differentiable in t, s and satisfies (4.52) classically; for any
us ∈ C∞(X) there exists a unique (classical) solution ut in C∞(X) to the
Cauchy problem (4.52) (i.e. a continuous mapping t → ut ∈ C∞(X) that
solves (4.52) for t > s and coincides with us at t = s); we have ut ∈ C1(X)

for all t > s with

‖ut‖C1(X) = O(t − s)−1/α‖us‖C(X);

and if at , At , Bt , ft ∈ Ck(X), k > 0, the mapping us �→ ut is a bounded
operator in Ck(X) uniformly for t ∈ [0, T ].

Remark 4.26 If the coefficients are not assumed to be differentiable but only
Hölder continuous, then statements (i) and (ii) of the theorem remain valid only
if one understands the solutions to (4.52) in the sense of operators defined on
distributions (as in Theorem 4.24).
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Corollary 4.27 Under the assumptions of Theorem 4.25 the mapping us �→
ut extends to the bounded linear mapping M(X) �→ M(X) that is also con-
tinuous in the vague topology and is such that its image always has a density
(with respect to Lebesgue measure) that solves equation (4.52) for t > s.

To conclude this lengthy yet rather sketchy section we mention some other
relevant methods whose exposition is beyond the scope of this book.

1. Dirichlet forms To a linear operator in a Banach space B there corre-
sponds a bilinear form (Ax, y), x ∈ B, y ∈ B� (the Banach dual to B), which
if B is a Hilbert space H (so that H and H� are naturally identified) can be
reduced to a bilinear form on H × H . The forms arising from the generators of
Markov processes are usually referred to as Dirichlet forms. We can character-
ize this class of forms rather explicitly (in the famous Beuring–Deny formula),
in a way that is similar to the Courrége characterization of the generators. In
some situations it turns out to be easier to analyze Markov semigroups using
their Dirichlet forms rather than their generators. We refer to the monographs
by Fukushima et al. [81] and Ma and Röckner [167] for the basic theory of
Dirichlet forms and their applications.

2. Resolvent and Hille–Yosida theorem There is a general result char-
acterizing the generators of bounded (in particular contraction) semigroups,
namely the Hille–Yosida theorem. Specifically for Feller semigroups, it states
that a linear operator A in C∞(Rd) defined on a dense domain D is closable
and its closure generates a Feller semigroup if and only if it satisfies the PMP
and the range λ − A is dense in C∞(Rd) for some λ > 0. This last condition
is of course the most difficult to check, but we can get nontrivial results on the
existence of Feller semigroups using this approach by Fourier analysis of the
resolvent (λ− A)−1 in Sobolev spaces; see Jacob [103] and references therein.

3. Subordination Changing the time scales of processes in a random way
yields a remarkable method of constructing new processes, not only Markovian
processes but also those with a memory that can be described by differential
equations that are fractional in time (see Evans and Jacob [75], Kolokoltsov,
Korolev and Uchaikin [138], Kolokoltsov [134] and Meerschaert and Scheffler
[184] and references therein).

4. Semiclassical asymptotics Scaling the derivatives of a differential or
pseudo-differential equation often yields an approximation in terms of the
solutions of certain ODE, called the characteristic equation for the initial
problem. The interpretation as a quasi-classical or semiclassical approxima-
tion arises naturally from the models of quantum mechanics. In the theory of
diffusion, a similar approximation is often called the small-diffusion approxi-
mation. This technique allows one to obtain effective two-sided estimates and
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small-time asymptotics for the transition probabilities of stochastic processes.
We refer to Kolokoltsov [124] for an extensive account and to Kolokoltsov
[126] for the semiclassical approach to nonlinear diffusions arising in the
theory of superprocesses.

5. Malliavin calculus This was originally developed by Paul Malliavin in
an attempt to obtain a probabilistic proof of the famous Hörmander result on
the characterization of degenerate diffusions having a smooth Green function
(or heat kernel). Later on it was developed into a very effective tool for ana-
lyzing the transition probabilities of Markov processes in both the linear and
nonlinear cases; see e.g. Nualart [196], Bichteler, Gravereaux and Jacod [36]
and Guérin, Méléard and Nualart [91].
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Unbounded coefficients

So far, apart from in Section 4.2, we have discussed Levy-type generators
(4.38) with bounded coefficients or, slightly more generally, under assumption
(4.39). However, unbounded coefficients arise naturally in many situations, in
particular when one is analyzing LLNs for interacting particles. This chapter
is devoted to a general approach to the analysis of unbounded coefficients that
is based on the so-called Lyapunov or barrier functions. It turns out that the
corresponding processes are often not Feller, and an appropriate extension of
this notion is needed.

5.1 A growth estimate for Feller processes

In this introductory section we aim at an auxiliary estimate of the growth and
continuity of a Feller process using the integral moments of the Lévy measures
entering its generator. This estimate plays a crucial role in the extension to
unbounded coefficients given later.

Theorem 5.1 Let an operator L, defined in C2
c (R

d) by the usual Lévy–
Khintchine form given in (4.38), i.e.

Lu(x) = tr

[
G(x)

∂2

∂x2

]
u(x) + (b(x),∇)u(x)

+
∫ [

u(x + y) − u(x) − 1B1(y)(y,∇)u(x)
]
ν(x, dy), (5.1)

satisfy the boundedness requirement (4.39):

sup
x

( ‖G(x)‖
1 + |x |2 + |b(x)|

1 + |x | + 1

(1 + |x |)2

∫
B1

|y|2ν(x, dy)

+
∫

{|y|>1}
ν(x, dy)

)
< ∞. (5.2)
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Suppose that the additional moment condition

sup
x
(1 + |x |)−p

∫
{|y|>1}

|y|pν(x, dy) < ∞ (5.3)

holds for p ∈ (0, 2]. Let Xt solve the martingale problem when L has domain
C2

c (R
d) (a solution exists by Theorem 4.20). Then

E min(|X x
t − x |2, |X x

t − x |p) ≤ (ect − 1)(1 + |x |2) (5.4)

for all t , where the constant c depends on the left-hand sides of (5.3) and (5.2).
Moreover, for any T > 0 and a compact set K ⊂ Rd ,

P
(

sup
s≤t

|X x
s − x | > r

)
≤ t

r p
C(T, K ) (5.5)

for all t ≤ T , x ∈ K and large enough r and for some constant C(T, K ).

Proof Notice first that, from the Cauchy inequality

∫
{|y|>1}

|y|qν(x, dy)

≤
(∫

{|y|>1}
|y|pν(x, dy)

)q/p (∫
{|y|>1}

ν(x, dy)

)(p−q)/p

,

it follows that (5.3) and (5.2) imply that

sup
x
(1 + |x |)−q

∫
{|y|>1}

|y|qν(x, dy) < ∞

for all q ∈ (0, p]. Now, let f p(r) be an increasing smooth function on R+ that
equals r2 in a neighborhood of the origin, equals r p for r > 1 and is not less
than r2 for r < 1. For instance we can take f (r) = r2 when p = 2. Also,
let χq(r) be a smooth non-increasing function [0,∞) �→ [0, 1] that equals 1
for r ∈ [0, 1] and r−q for r > 2. To obtain a bound for the average of the
function f x

p (y) = f p(‖y − x‖) we approximate it by the increasing sequence
of functions gn(y) = f x

p (y)χq(|y − x |/n), n = 1, 2, . . ., q > p. The main
observation is that

|Lgn(y)| ≤ c
[
gn(y) + x2 + 1

]
, (5.6)

with a constant c, uniformly for x, y and n. To see this we analyze separately
the action of all terms in the expression for L . For instance,
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[

G(y)
∂2

∂y2
gn(y)

]∣∣∣∣
≤ c(1 + |y|2)

[
min(1, |y − x |p−2)χq

( |y − x |
n

)

+ f p(|y − x |)χ ′′
q

( |y − x |
n

)
1

n2
+ f ′

p(|y − x |)χ ′
q

( |y − x |
n

)
1

n

]
.

Taking into account the obvious estimate

χ(k)
q (z) ≤ ck(1 + |z|k)−1χq(z)

(which holds for any k, though we need only k = 1, 2) and using |y|2 ≤
2(y − x)2 + 2x2 yields∣∣∣∣tr

(
G(y)

∂2

∂y2
gn(y)

)∣∣∣∣ ≤ c(|gn(y)| + x2 + 1),

as required. Also, as gn(x) = 0,∫
{|y|>1}

[
gn(x + y) − gn(x)

]
ν(x, dy) =

∫
{|y|>1}

f p(|y|)χq(|y|/n)ν(x, dy)

≤
∫

{|y|>1}
|y|pν(x, dy)

≤ c(1 + |x |)p) ≤ c(1 + |x |2)
and so on.

Next, as q > p the function gn(y) belongs to C∞(Rd) and we can establish,
by an obvious approximation, that the process

Mgn (t) = gn(X x
t ) −

∫ t

0
Lgn(X x

s ) ds

is a martingale. Recall that M f (t) is a martingale for any f ∈ C2
c (R

d), because
it is supposed that X x

t solves the martingale problem for L in C2
c (R

d). Now
using the dominated and monotone convergence theorems and passing to the
limit n → ∞ in the equation EMgn (t) = gn(x) = 0 (representing the
martingale property of Mgn ), yields the inequality

E f p(‖X x
t − x‖) ≤ c

∫ t

0
[E f p(‖X x

s − x‖) + x2 + 1] ds.

This implies that

E f p(|X x
t − x |) ≤ (ect − 1)(1 + |x |2)

by Gronwall’s lemma, and (5.4) follows.



134 Unbounded coefficients

Once the upper bound for E f p(|X x
t − x |) has been obtained it is straight-

forward to show, by the same approximation as above, that M f is a martingale
for f = f x

p . Moreover, passing to the limit in (5.6) we obtain

|L f x
p (y)| ≤ c

[
f x

p (y) + x2 + 1
]
. (5.7)

Applying Doob’s maximal inequality yields

P
(

sup
s≤t

∣∣∣∣ f x
p (X x

s ) −
∫ s

0
L f x

p (X x
τ ) dτ

∣∣∣∣ ≥ r

)
≤ 1

r
tc(T )(1 + |x |2)

≤ 1

r
tc(T, K )).

Hence, with a probability not less than 1 − tc(T, K )/r , we have

sup
s≤t

∣∣∣∣ f x
p (X x

s ) −
∫ s

0
L f x

p (X x
τ ) dτ

∣∣∣∣ ≤ r,

implying by Gronwall’s lemma and (5.7) that

sup
t≤T

f x
p (X x

t ) ≤ c(T )(r + x2 + 1) ≤ 2C(T )r

for x2 + 1 ≤ r , implying in turn (with a different constant C(T, K )) that

P
(

sup
s≤t

f p(|X x
s − x |) > r

)
≤ t

r
C(T, K ).

Since |X x
s − x | > r if and only if f p(|X x

s − x |) > r p, the estimate (5.5)
follows.

Exercise 5.1 Show that under the assumptions of Theorem 5.1 the process Xt

is conservative in the sense that the dynamics of averages preserves constants,
i.e. that limn→∞ Eχ(|X x

t |/n) = 1 for any χ ∈ C∞(R+) that equals 1 in a
neighborhood of the origin. Hint: clearly the limit exists and does not exceed
1. To show the claim use (5.5); choosing r and n large enough, Eχ(|X x

t |/n)
becomes arbitrarily close to 1.

Exercise 5.2 Show that if the coefficients of L are bounded, i.e. (4.40) holds,
then

E min(|X x
t − x |2, |X x

t − x |p) ≤ (ect − 1) (5.8)

uniformly for all x , and also that (5.5) holds for all x when C(T, K ) does not
depend on K .
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5.2 Extending Feller processes

To formulate our main result on unbounded coefficients, it is convenient to
work with weighted spaces of continuous functions. Recall that if f (x) is a
continuous positive function, on a locally compact space S, tending to infinity
as x → ∞ then we denote by C f (S) (resp. C f,∞(S)) the space of continuous
functions g on S such that g/ f ∈ C(S) (resp. g/ f ∈ C∞(S)) with norm
‖g‖C f = ‖g/ f ‖. Similarly, we define Ck

f (S) (resp. Ck
f,∞(S)) as the space of

k-times continuously differentiable functions such that g(l)/ f ∈ C(S) (resp.
g(l)/ f ∈ C∞(S)) for all l ≤ k.

Theorem 5.2, the main result of this section, allows us to construct Markov
processes and semigroups from Lévy-type operators with unbounded coeffi-
cients, subject to the possibility of localization (i.e. to the assumption that
localized problems are well posed) and to the existence of an appropriate
Lyapunov function. It is an abstract version of a result from [130] devoted
specifically to decomposable generators. The method based on the martingale
problem has become standard. However, of importance for us is the identifi-
cation of a space in which the limiting semigroup is strongly continuous. We
shall use the function χq defined in the proof of Theorem 5.1 above.

Theorem 5.2 Let an operator L be defined in C2
c (R

d) by (4.38) and let∫
{|y|≥1} |y|pν(x, dy) < ∞ for a p ≤ 2 and any x. Assume that a positive

function fL ∈ C2
1+|x |p is given (here the subscript L stands for the operator

L) such that fL(x) → ∞ as x → ∞ and

L fL ≤ c( fL + 1) (5.9)

for a constant c. Set

s p
L (x) = ‖G(x)‖ + |b(x)| +

∫
min(|y|2, |y|p)ν(x, dy).

Assume that for a given q > 1 the martingale problem for the “normalized”
operators Ln = χq(s

p
L (x)/n)L, n = 1, 2, . . ., with bounded coefficients is

well posed in C2
c (R

d) and that the corresponding process is a conservative
Feller process (for instance, that one of Theorems 4.13, 4.24, 3.11 or 4.23
applies). Then the martingale problem for L in C2

c (R
d) is also well posed,

the corresponding process Xt is strong Markov and its contraction semigroup
preserves C(Rd) and extends from C(Rd) to a strongly continuous semigroup
in C fL ,∞(Rd) whose domain contains C2

c (R
d). Moreover,

E fL(X x
t ) ≤ ect [ fL(x) + c

]
(5.10)
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and

sup
m

P
(

sup
0≤s≤t

fL(X x
s ) > r

)
≤ c(t, fL(x))

r
, (5.11)

implying in particular that this semigroup in C fL ,∞(Rd) is a contraction
whenever c = 0 in (5.9).

Proof Let Xt,m be the Feller processes corresponding to Lm . Approxi-
mating fL by fL(y)χp(y/n) as in the proof of Theorem 5.1 and using the
boundedness of moments (5.4) for processes Xt with bounded generators, it is
straightforward to conclude that the processes

Mm(t) = fL(X x
t,m) −

∫ t

0
Lm fL(X x

s,m) ds

are martingales for all m. Moreover, since χp ≤ 1 it follows from our assump-
tions that Lm fL ≤ c( fL + 1) for all m, implying again by Gronwall’s lemma
that

E fL(X x
t,m) ≤ ect [ fL(x) + c

]
. (5.12)

Since by (5.9) and (5.12) the expectation of the negative part of the martingale
Mm(t) is uniformly (for t ≤ T ) bounded by c(T )

[
fL(x) + 1

]
, we conclude

that the expectation of its magnitude is also bounded by c(T )
[

fL(x) + 1
]

(in
fact, for any martingale M(t) one has M(0) = EM(t) = EM+(t) − EM−(t),
where M±(t) are the positive and negative parts of M(t), implying that
EM+(t) = EM−(t)+ M(0)). Hence, by the same argument as in the proof of
(5.5), one deduces from Doob’s inequality for martingales that

sup
m

P
(

sup
0≤s≤t

fL(X x
s,m) > r

)
≤ c(t, fL(x))

r

uniformly for t ≤ T with arbitrary T . Since fL(x) → ∞ as x → ∞, this
implies the compact containment condition for Xt,m :

lim
r→∞ sup

m
P
(

sup
0≤s≤t

|X x
s,m | > r

)
= 0

uniformly for x from any compact set and t ≤ T with arbitrary T .
Let us estimate the difference between the Feller semigroups of Xs,n and

Xs,m . By the compact containment condition, for any ε > 0 there exists r > 0
such that, for f ∈ C(Rd),

|E f (X x
t,m) − E f (X x

t,n)| ≤ ∣∣E[ f (X x
s,m)1t<τm

r
] − E[ f (X x

s,n)1t<τ n
r
]∣∣

+ ε‖ f ‖,
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where τm
r is the exit of X x

t,m from the ball Br (i.e. it is given by (4.41) with
U = Br ). Note that for large enough n,m the generators of X x

t,m and X x
t,n

coincide in Br and hence, by Theorem 4.21, the first term on the r.h.s. of the
above inequality vanishes. Consequently

|E f (X x
t,m) − E f (X x

t,n)| → 0

as n,m → ∞ uniformly for x from any compact set. This fact clearly implies
that the limit

Tt f (x) = lim
n→∞ E f (X x

t,n)

exists and that Tt is a Markov semigroup preserving C(Rd) (i.e. it is a C-Feller
semigroup) and continuous in the topology of uniform convergence on com-
pact sets, i.e. it is such that Tt f (x) converges to f (x) as t → 0 uniformly for x
from any compact set. Clearly this compact containment implies the tightness
of the family of transition probabilities for the Markov processes X x

t,m . This
leads to the conclusion that the limiting semigroup Tt has the form (2.19) for
certain transitions pt and hence specifies a Markov process, which therefore
solves the required martingale problem. Uniqueness follows by localization,
i.e. by Theorem 4.22. It remains to observe that (5.12) implies (5.10), and this
in turn implies (5.11) by the same argument as for the approximations Xt,m

above. Consequently Tt extends by monotonicity to a semigroup on C f (Rd).
Since the space C(Rd) ⊂ C f (Rd) is invariant and Tt is continuous there, in
the topology of uniform convergence on compact sets it follows that Tt f con-
verges to f as t → 0 in the topology of C f (Rd) for any f ∈ C(Rd) and hence
(by a standard approximation argument) also for any f ∈ C f,∞(Rd), implying
the required strong continuity.

Let us consider an example of stable-like processes with unbounded coeffi-
cients.

Proposition 5.3 Let L have the form given by (3.55), where ωp, αp are
as in Proposition 3.18. Let σ, b, ap be continuously differentiable (ap as
a function of x), ap be positive, ν depend weakly continuously on x and∫ |y|ν(x, dy) < ∞. Then Theorem 5.2 applies, for fL(x) a twice differentiable
function coinciding with |x | for large x, whenever either

‖A(x)‖+
∫

P
dp sup

s
ap(x, s)+|x |

∫
|y|ν(x, dy)+ (b(x), x) ≤ c|x |2 (5.13)

with c > 0, or (b(x), x) is negative and

‖A(x)‖ +
∫

P
dp sup

s
ap(x, s) + |x |

∫
|y|ν(x, dy) ≤ R−1|(b(x), x)| (5.14)
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for large x with a large enough constant R.

Proof This is straightforward from Theorem 5.2 and Proposition 3.18.

5.3 Invariant domains

Theorem 5.2 has an important drawback. In the limit m → ∞ we lose all infor-
mation about the invariant domain of L . Let us describe a method to identify
such a domain.

Consider the stochastic equation (3.37):

Xt = x +
∫ t

0
σ(Xs−)d Bs +

∫ t

0
b(Xs−)ds +

∫ t

0

∫
F(Xs−, y)Ñ (ds dy)

(taking G = 1 for simplicity) under the assumptions of Theorem 3.17(ii) (and
with the corresponding generator given by (3.40)). Differentiating it twice with
respect to the initial conditions leads to the stochastic equations

Zt = 1 +
∫ t

0

(
∂σ

∂x
(Xs−)Zs−d Bs + ∂b

∂x
(Xs−)Zs− ds

+
∫

∂F

∂x
(Xs−, y)Zs− Ñ (ds dy)

)
, (5.15)

and

Wt =
∫ t

0

((
∂2σ

∂x2
(Xs−)Zs−, Zs−

)
+ ∂σ

∂x
(Xs−)Ws−

)
d Bs

+
∫ t

0

((
∂2b

∂x2
(Xs−)Zs−, Zs−

)
+ ∂b

∂x
(Xs−)Ws−

)
ds

+
∫ t

0

∫ ((
∂2 F

∂x2
(Xs−, y)Zs−, Zs−

)
+ ∂F

∂x
(Xs−, y)Ws−

)
Ñ (ds dy)

(5.16)

for

Z = ∂X

∂x
, W = ∂2 X

∂x2
.

From Proposition 3.13 it follows that the solutions are well defined and can
be obtained via the Ito–Euler approximation scheme. Moreover, one sees from
Proposition 3.13 that the solutions to equations (3.37) and (5.15) form a Feller
process whose generator is given by
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L X,∇ X f (x, z) = Ldif
X,∇ X f (x, z)

+
∫ [

f

(
x + F(x, y), z + ∂F

∂x
(x, y)z

)
− f (x, y)

−
(

F(x, y),
∂ f

∂x

)
− ∂F

∂x
(x, y)z

∂ f

∂z

]
ν(dy), (5.17)

where the diffusive part of the generator is given by

Ldif
X,∇ X f = 1

2
σilσ jl

∂2 f

∂xi∂x j
+ bi

∂ f

∂xi
+ ∂bi

∂xl
zl j

∂ f

∂zi j

+ σil
∂σpl

∂xm
zmq

∂2 f

∂xi∂z pq
+ 1

2

∂σil

∂xr
zr j

∂σpl

∂xm
zmq

∂2 f

∂zi j∂z pq

(summation over all indices is assumed). The solutions to equations (3.37) and
(5.15), (5.16) form a Feller process whose generator is given by

L X,∇ X,∇2 X f (x, z, w)

= Ldif
X,∇ X,∇2 X f (x, z, w)

+
∫ {

f

(
x + F(x, y), z+ ∂F

∂x
(x, y)z, w + ∂F

∂x
(x, y)w +

(
∂2 F

∂x2
(x, y)z, z

))

− f (x, z, w) −
(

F(x, y),
∂ f

∂x

)
−
(
∂F

∂x
(x, y)z,

∂ f

∂z

)

−
[
∂F

∂x
(x, y)w +

(
∂2 F

∂x2
(x, y)z, z

)]
∂ f

∂w

}
ν(dy), (5.18)

where

Ldif
X,∇ X,∇2 X f (x, z, w)

= Ldif
X,∇ X f (x, z) +

(
∂2bi

∂xm∂x p
zmq z pl + ∂bi

∂xm
wm

ql

)
∂ f

∂wi
ql

+ σ jk

(
∂2σik

∂xm∂x p
zmq z pl + ∂σik

∂xm
wm

ql

)
∂2 f

∂wi
ql∂x j

+ ∂σ jk

∂xn
znr

(
∂2σik

∂xm∂x p
zmq z pl + ∂σik

∂xm
wm

ql

)
∂2 f

∂wi
ql∂z jr

+ 1

2

(
∂2σik

∂xm1∂x p1

zm1q1 z p1l1 + ∂σik

∂xm1

w
m1
q1l1

)

×
(

∂2σ jk

∂xm2∂x p2

zm2q2 z p2l2 + ∂σ jk

∂xm2

w
m2
q2l2

)
∂2 f

∂wi
q1l1

∂w
j
q2l2

.
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The barrier functions for these processes have the useful form

f k
X (x) = |x |k, f k

Z (z) = |z|k, f k
W (w) = |w|k,

where, for the arrays z and w,

|z|2 =
∑
i, j

z2
i j , |w|2 =

∑
i, j,k

(wi
jk)

2.

For these functions the actions of the above generators can be given explic-
itly as

L X,∇ X,∇2 X f k
X (x)

= k|x |k−2

(
(b, x) + k − 2

2

∥∥∥∥σ T x

|x |
∥∥∥∥

2

+ 1

2
‖σ‖2

)

+
∫ [

‖x + F(x, y)‖k − ‖x‖k − k‖x‖k−2(x, F(x, y))
]
ν(dy),

L X,∇ X,∇2 X f k
Z (x, z)

= k|z|k−2

∣∣∣∣∣∣∣tr
(
∂b

∂x
zzT

)
+ 1

2
(k − 2)

∑
l

⎛
⎝∑

i,r, j

∂σil

∂xr

zr j

|z|

⎞
⎠

2

+ 1

2

∑
i,l, j

(∑
r

∂σil

∂xr
zr j

)2
∣∣∣∣∣∣∣

+
∫ [

‖z + F(x, y)z‖k − ‖z‖k − k‖z‖k−2
(

z,
∂F

∂x
(x, y)z

)]
ν(dy)

(where we have used indices explicitly to avoid possible ambiguity in the
vector notation for arrays) and

L X,∇ X,∇2 X f 2
W (x, z, w) =

(
∂2bi

∂xm∂x p
zmq z pl + ∂bi

∂xm
wm

ql

)
wi

ql

+
∑

i,n,l,q

[∑
m,p

(
∂σin

∂xm∂x p
zmq z pl + ∂σin

∂xm
wm

ql

)]2

+
∫ [

∂F

∂x
(x, y)w +

(
∂2 F

∂x2
(x, y)z, z

)]2

ν(dy).

As |z|4 is present here, the estimate for the second moment of the second
derivatives can be obtained only in conjunction with the estimate to the fourth
moment of the first derivative (as one might expect from Theorem 3.17).

Using the Hölder inequality yields the estimate
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L X,∇ X,∇2 X f 2
W (x, z, w) ≤

(
∂b

∂x
w,w

)
+ c sup

i, j,n

(∣∣∣∣ ∂2bi

∂xn∂x j

∣∣∣∣+
∣∣∣∣∂σi j

∂xn

∣∣∣∣
)

‖w‖2

+ c sup
i, j,n

∣∣∣∣∂σi j

∂xn

∣∣∣∣
2

‖z‖4 +
∫ ∥∥∥∥∂F

∂x
(x, y)

∥∥∥∥
2

ν(dy)‖w‖2

+
∫ (

∂2 F

∂x2
(x, y)z, z

)2

ν(dy). (5.19)

Theorem 5.4 (i) Suppose that the assumptions of Theorem 3.17(iii) hold
locally (i.e. for x from any compact domain), and let

L X,∇ X,∇2 X f k
X (x) < 0

for an even positive k and large enough x. Then the process with generator
(3.40), i.e.

L f (x) = 1
2

(
σ(x)Gσ T (x)∇, ∇

)
f (x) + (b(x),∇ f (x))

+
∫ [

f (x + F(x, y)) − f (x) − (F(x, y),∇ f (x))
]
ν(dy),

is well defined and its semigroup Tt is strongly continuous in the space
C|.|k ,∞(Rd). Furthermore, E|X x

t |k ≤ |x |k + ct holds true for all times t with a
constant c.

(ii) If additionally

L X,∇ X,∇2 X f 4
Z (x, z) < 0

for large x (this is essentially a positivity condition for a particular fourth-
order form in z with coefficients depending on x), then

E

∥∥∥∥∂X x
t

∂x

∥∥∥∥
4

≤ cect (5.20)

for any x, t and the space C1(Rd) is invariant under Tt .
(iii) If additionally

L X,∇ X,∇2 X ( f 4
Z + f 2

W )(x, z, w) < 0

for large x (owing to (5.19) this is essentially a positivity condition for a par-
ticular quadratic form in w and a fourth-order form in z with coefficients
depending on x), then

E

∥∥∥∥∂2 X x
t

∂x2

∥∥∥∥
2

≤ cect (5.21)

for any x, t and the space C2(Rd) is invariant under Tt .
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(iv) Finally, if additionally the coefficients of the operator L grow more
slowly than |x |k , i.e. they belong to C|.|k ,∞(Rd), then C2(Rd) is an invariant
domain and a hence core for the semigroup Tt in C|.|k ,∞(Rd).

Proof (i) This follows from Theorem 5.2.
(ii) Working as in Theorem 5.2 with process Xt , Zt with the generator L X,∇ X

we find that, since

L X,∇ X f 4
Z (x, z) < c

[
1 + f 4

Z (z)
]

for all x, z with a constant c, it follows that

E f 4
Z (X x

t , Z z
t ) ≤ cect f 4

Z (z),

implying (5.20) since ∂X x
t /∂x = 1 for t = 0. Consequently, for an f ∈

C1(Rd),

∣∣∣∣ ∂∂x
E f (X x

t )

∣∣∣∣ ≤ E

∥∥∥∥∂ f (X x
t )

∂x

∥∥∥∥ ≤ cE

∥∥∥∥∂X x
t

∂x

∥∥∥∥ ≤ c(t),

implying the invariance of the space C1(Rd).
(iii) Working as above with the process Xt , Zt , Wt and the generator
L X,∇ X,∇2 X we find that

E( f 4
Z + f 2

W )(X x
t , Z z

t , Wt )) ≤ cect (‖z‖4 + ‖w‖2),

implying (5.21). As in (ii), this implies the invariance of functions with
bounded second derivatives under the action of Tt .
(iv) Under the assumptions made, the space C2(Rd) belongs to the domain.
By (iii) it is invariant.

As an example, let us consider truncated stable-like generators.

Proposition 5.5 Let L have the form given by (3.55), where ωp, αp are as
in Proposition 3.18(ii), and let σ, b, a be thrice continuously differentiable.
Suppose that ν = 0, all coefficients belong to C|.|k ,∞ and, for large x and a
large enough constant R, the following estimates hold:
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(b, x) + 1
2 (k − 2)

∥∥∥∥σ T x

|x |
∥∥∥∥

2

+ 1
2‖σ‖2 + R sup

p,s,x
ap(x, s) < 0,

tr

(
∂b

∂x
zzT

)
+
∑

l

(∑
i,r, j

∂σil

∂xr

zr j

|z|
)2

+ 1
2

∑
i,l, j

(∑
r

∂σil

∂xr
zr j

)2

+ R sup
p,s,x

∣∣∣∣∂ap(x, s)

∂x

∣∣∣∣
2

< 0,

(
∂b

∂x
w,w

)
+ c sup

i, j,n

(∣∣∣∣ ∂2bi

∂xn∂x j

∣∣∣∣+
∣∣∣∣∂σi j

∂xn

∣∣∣∣
)

‖w‖2 + c sup
i, j,n

∣∣∣∣∂σi j

∂xn

∣∣∣∣
2

‖z‖4

+ R sup
p,s,x

( ∣∣∣∣∣∂
2ap(x, s)

∂x2

∣∣∣∣∣
2

+
∣∣∣∣∂ap(x, s)

∂x

∣∣∣∣
4 )

< 0

(the constant R can be calculated explicitly). Then the process is well defined
and its semigroup Tt is strongly continuous in C|.|k ,∞(Rd) and has C2(Rd) as
an invariant core.

Proof This follows from the previous theorem and the obvious estimates
for the derivatives of the mapping F from Corollary 3.9. Namely,

∂Fx,s(z)

∂x
=
[

K −α + α

a

(
1

z
− 1

K

)]−(1+1/α) (1

z
− 1

K

)
∇ α

a
(x),

so that, for example,∫ K

0

∥∥∥∥∂Fx,s(z)

∂x

∥∥∥∥
2 dz

z2

=
∥∥∥∇ α

a

∥∥∥2
∫ K

0

[
K −α + α

a

(
1

z
− 1

K

)]−(2+2/α) (1

z
− 1

K

)2 dz

z2

=
∥∥∥∇ α

a
(x)

∥∥∥2 ( a

α

)3
∫ ∞

0
(K −α + r)−(2+2/α)r2dr,

which is of order ‖∇a‖2 for a bounded below.





PART II

Nonlinear Markov processes and semigroups





6

Integral generators

This chapter opens the mathematical study of nonlinear Markov semigroups.
It is devoted to semigroups with integral generators. This case includes
the dynamics described by the spatially homogeneous Smoluchovski and
Boltzmann equations, as well as the replicator dynamics of spatially trivial evo-
lutionary games. We start with an introductory section giving a more detailed
description of the content of this chapter.

6.1 Overview

For nonlinear extensions of Markov semigroups, the formulation of their duals
is very useful. A Feller semigroup �t on C∞(X) clearly gives rise to a dual
positivity-preserving semigroup ��

t on the space M(X) of bounded Borel
measures on X through the duality identity (�t f, μ) = ( f,��

t μ), where
the pairing ( f, μ) is given by integration. If A is the generator of �t then
μt = ��

t μ can be characterized by a general equation that in its weak form
becomes

d

dt
(g, μt ) = (Ag, μt ) = (g, A�μt ), (6.1)

where A� is the dual to A. This equation holds for all g from the domain
of A.

In this book we are interested in the nonlinear analog of (6.1),

d

dt
(g, μt ) = �(μt )g, (6.2)

which holds for g from a certain dense domain D of C(Rd), where � is a
nonlinear transformation from a dense subset of M(X) to the space of linear
functionals on C(X) having a common domain containing D.
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As we observed in Chapter 1, when describing the LLN limit of a Markov
model of interaction, the r.h.s. of (6.2) takes the form (Aμt g, μt ), for a cer-
tain family of conditionally positive linear operators Aμ of Lévy–Khintchine
type with variable coefficients depending on μ as a parameter. In Section 1.1,
devoted to measures on a finite state space, we called this representation of �
stochastic, as it leads naturally to a stochastic interpretation of an evolution.

A natural question arises (it is posed explicitly in Stroock [227]): can such
a representation be deduced, as in the linear case, merely from the assump-
tion that the corresponding measure-valued evolution is positivity preserving?
This question was partially answered in [135], where a positive answer was
given under the additional assumption that �(μ) depends polynomially on μ

(this assumption can be extended to analytic functionals �(μ)). In order not to
interrupt our main theme, we shall discuss this topic in detail in Section 11.5
after developing a nonlinear analog of the notion of conditional positivity, and
only the simpler case, for integral operators, will be settled in Section 6.8.

Let us recall that in Chapter 4 we specified three groups of Lévy–
Khintchine-type operators � (which will appear in a stochastic representation
of the r.h.s. of (6.2): integral operators (without smoothness requirements for
the domain); operators of order at most one (this domain contains continuously
differentiable functions); and the full Lévy–Khintchine operators (this domain
contains twice-differentiable functions). These groups differ in the methods of
analysis used. In what follows, we shall develop each new step in our inves-
tigation separately for the three groups. Well-posedness will be discussed in
Chapters 6 and 7, smoothness with respect to initial data in Chapter 8, the
LLN for particle approximations in Chapter 9 and the CLT in Chapter 10. To
simplify the discussion of the third group (full Lévy–Khintchine operators)
we shall reduce our attention to the most natural example, that of possi-
bly degenerate stable-like generators combined with second-order differential
operators.

The exposition is given in a form that allows one to read the whole story for
each group of operators almost independently of the other groups. In particular,
readers who are interested only in pure jump models (including in particular
the homogeneous Boltzmann and Smoluchovskii models, as well as the repli-
cator dynamics of evolutionary games) can skip the discussion of the other
types of nonlinear stochastic evolution.

This chapter is devoted to the well-posedness of the evolution equa-
tions (6.2) for which the r.h.s. has an integral stochastic representation; we start
with the case of bounded generators and then discuss unbounded kernels with
additive bounds for rates given in terms of a conservation law. This includes
the basic spatially trivial models of coagulation and collision. Next we prove
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a couple of existence results, including unbounded kernels with multiplicative
bounds for the rates. Finally we give a characterization of bounded operators
generating positivity preserving semigroups, in terms of a nonlinear analog of
the notion of conditional positivity.

6.2 Bounded generators

As a warm-up we now consider bounded generators, giving several proofs of
the following simple but important result. The methods are instructive and can
be applied in various situations.

Theorem 6.1 Let X be a complete metric space and let

Aμ f (x) =
∫

X
f (y)ν(x, μ, dy) − a(x, μ) f (x), (6.3)

where ν(x, μ, .), x ∈ X, μ ∈ M(X), is a family of measures from M(X)

depending continuously on x, μ (μ, ν are considered in the weak topology)
and where a(x, μ) is a function continuous in both variables such that

‖ν(x, μ, .)‖ ≤ a(x, μ) ≤ κ(‖μ‖)
for a certain positive κ ∈ C1(R+). Finally, let a, ν be locally Lipschitz
continuous with respect to the second variable, i.e.

‖ν(x, ξ, .) − ν(x, η, .)‖ + |a(x, ξ) − a(x, η)| ≤ c(λ0)‖ξ − η‖,
ξ, η ∈ λ0P(X), (6.4)

for any λ0 > 0 and λ0P(X) = {λμ : λ ≤ λ0, μ ∈ P(X)}. Then there exists a
unique sub-Markov semigroup Tt of (nonlinear) contractions in M(S) solving
globally (for all t > 0) the weak nonlinear equation

d

dt
(g, μt ) = (Aμt g, μt ), μ0 = μ ∈ M(X), g ∈ C(X). (6.5)

This solution is in fact strong; that is, the derivative μ̇t exists in the norm
topology of M(S) and depends Lipschitz continuously on the initial state, i.e.

sup
s≤t

‖μ1
s − μ2

s ‖ ≤ c(t)‖μ1
0 − μ2

0‖.

Finally, if ‖ν(x, μ, .)‖ = a(x, μ) identically then this semigroup is Markov.

First proof By Theorem 2.33 (more precisely, its obvious time-non-
homogeneous extension), for any weakly continuous curve μt ∈ λ0P(X) there
exists a backward propagator U t,s in C(X) solving the equation ġt = Aμt g.
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Its dual propagator V s,t acts in λ0P(X). It is important to stress that, by
the integral representation of U t,r , the dual operators actually act in M(X)

and not just in the dual space (C(X))�. Owing to assumption (6.4), the exis-
tence and uniqueness of a weak solution follows from Theorem 2.12 with
B = D = C(X) and M = λ0P(X). Finally, the existence of the deriva-
tive Ṫt (μ) = μ̇t in the norm topology follows clearly from the fact that A�

μt
μt

is continuous (even Lipschitz continuous) in t in the norm topology.
Second proof By (6.4), A�

μt
μt is Lipschitz continuous in the norm pro-

vided that ‖μ‖ remains bounded. Hence, by a standard result for ordinary
differential equations in Banach spaces (see Appendix D), the solution μt =
Tt (μ) in the norm topology exists and is unique locally, i.e. as long as it
remains bounded, yet it may take values in the whole space of signed measures.
As a bound for ‖Tt (μ)‖ we can take the solution to the equation v̇t = 2κ(vt ),
v0 = ‖μ‖. Hence the solution Tt (μ) is well defined at least on the interval
t ∈ [0, t0], where t0 is defined by the equation vt0 = 2‖μ‖. However, (1, μt )

does not increase along the solution. Thus if we can show that the solution
remains positive then ‖μt‖ = (1, μt ) does not increase. Consequently, after
time t0 we can iterate the above procedure, producing a unique solution for
t ∈ [t0, 2t0] and so on, thus completing the proof. Finally, in order to obtain
positivity we can compare μt with the solution of the equation ξ̇t = −a(x)ξt

(i.e. μt is bounded below by ξt ), which has an obviously positive solution.
Third proof This approach (seemingly first applied in the context of the

Boltzmann equation) suggests that we should rewrite our equation as

d

dt
(g, μt ) = −K (g, μt ) + [A�

μt
μt + K (g, μt )]

and then represent it in integral form (the so-called mild or interaction
representation) using the du Hamel principle (see e.g. (2.35)):

μt = e−K tμ +
∫ t

0
e−K (t−s) (A�

μs
μs + Kμs

)
ds.

This equation is a fixed-point equation for a certain nonlinear operator � acting
in the metric space Cμ([0, r ],M(X)) of continuous functions on [0, r ] such
that μ0 = μ with values in the Banach space M(X), μ being equipped with the
sup norm ‖μ(.)‖ = sups∈[0,r ] ‖μs‖. Under the conditions of the theorem we
see that φ is a contraction for any K > 0 and small enough r and, consequently,
has (by the fixed-point principle) a unique fixed point that can be approximated
by iteration. The crucial observation is the following: if K > sup{a(x, μ) :
μ ∈ λ0P(X)} then � preserves positivity so that, starting the iterations from
the constant function μs = μ, one obtains necessarily the positive fixed point.
Then one can extend the solution to arbitrary times, as in the previous proof.



6.2 Bounded generators 151

Fourth proof Finally let us use the method of T -mappings or T -products
(time-ordered or chronological products). Let V s[μ] denote the semigroup of
contractions in λ0P(X) solving the Cauchy problem for the equation ν̇ = A�

μν

(which is, of course, dual to the semigroup solving ġ = Aμg). Define the
approximations μτ to the solution of (6.5) recursively as

μτ
t = V t−lτ [μτ

(l−1)τ ]μτ
(l−1)τ , lτ < t ≤ (l + 1)τ.

The limit of such approximations as τ → 0 is called the T -mapping based on
the family V s[μ]. When everything is uniformly bounded (as in our situation),
it is easy to see that one can choose a converging subsequence and that the
limit satisfies the equation (6.5). Obviously this approach yields positivity-
preserving solutions.

Let us stress again that locally (i.e. for small times) the well-posedness of
(6.4) is the consequence of a standard result for ODEs in Banach spaces, and
the use of positivity is needed to obtain the global solution.

In applications it is often useful to have the following straightforward
extension of the previous result.

Theorem 6.2 Let X, a, ν, A be as in Theorem 6.1 and let b ∈ C(X) with
‖b‖ ≤ c. Then the Cauchy problem

d

dt
(g, μt ) = (Aμt g, μt ) + (bg, μt ), μ0 = μ ∈ M(X), g ∈ C(X),

has a unique global solution �t (μ), which is strong. Thus �t forms a semi-
group of bounded nonlinear transformations of M(X) possessing the estimate
‖�t (μ)‖ ≤ ect‖μ‖.

One is often interested in the regularity of the solution semigroup Tt , in
particular when it can be defined on functions and not only on measures.

Theorem 6.3 Under the assumptions of Theorem 6.1 suppose that X is
Rd or its open subset and that for measures μ with densities, say, fμ with
respect to the Lebesgue measure, the continuous dual kernel ν′(x, μ, dy) exists
such that

ν(x, μ, dy) dx = ν′(y, μ, dx) dy

and, moreover, the ‖ν′(x, μ, .)‖ are uniformly bounded for bounded μ. Then
the semigroup Tt from Theorem 6.1 preserves measures with a density, i.e. it
acts in L1(X).

Proof This is straightforward. Referring to the proofs of Theorems 2.33 or
4.1 one observes that, for a continuous curve μt ∈ L1(X), the dual propagator
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V s,t would act in L1(X) owing to the existence of the dual kernel. Hence the
required fixed point would also be in L1(X).

As a direct application we will derive a simple well-posedness result for the
equations of Section 1.5 in the case of bounded coefficients.

Theorem 6.4 In equation (1.41) (which contains as particular cases the spa-
tially homogeneous Smoluchovski and Boltzmann equations), let all kernels P
be uniformly bounded and let the Pl be 1-subcritical for l > 1. Then for any
μ ∈ M(X) there exists a unique global solution Tt (μ) of (1.41) in M(X).
This solution is strong (i.e. Ṫt (μ) exists in the norm topology) and the resolv-
ing operators Tt form a semigroup. If the Pl are 1-subcritical (resp. 1-critical)
for all l, this semigroup is sub-Markov (resp. Markov).

Proof Note that equation (1.41) can be written equivalently as

d

dt

∫
X

g(z)μt (dz) =
k∑

l=1

1

l!
∫
X

∫
Xl

[
g⊕(y) − lg(z1)

]
Pl(z, dy)μ⊗l

t (dz),

(6.6)
which is of the form (6.5), (6.3) with

∫
g(y)ν(x, μ, dy) =

k∑
l=1

1

l!
∫
X

∫
Xl−1

g⊕(y)Pl(x, z1, . . . , zl−1, dy)

× μt (dz1) · · ·μt (dzl−1),

so that in the case of uniformly bounded kernels we have

‖ν(x, μ, .) − ν(x, η, .)‖ ≤ c‖μ − η‖
uniformly for bounded μ and η. If all Pl are 1-subcritical, the required result
follows directly from Theorem 6.1. Otherwise, if P1 is allowed not to be
subcritical, Theorem 6.2 applies.

In order to apply Theorem 6.3 one has to know the dual kernel. In the usual
models these dual kernels are given explicitly. Consider, for example, the clas-
sical Smoluchovski equation, i.e. equation (1.46) with X = R+, E(x) = x
and K (x1, x2, dy) = K (x1, x2)δ(x1 + x2 − y) for a certain specific symmetric
function K (x1, x2):

d

dt

∫
R+

g(z)μt (dz) = 1

2

∫
(R+)2

[g(x1 + x2) − g(x1) − g(x2)]K (x1, x2)

× μt (dx1)μt (dx2). (6.7)
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By the symmetry of the coagulation kernel K , this can be also written as

d

dt

∫
R+

g(z)μt (dz) = 1

2

∫
(R+)2

[g(x + z) − 2g(x)]K (x, z)μt (dx)μt (dz).

(6.8)
This has the form (6.5), (6.3) with

ν(x, μ, dy) =
∫

z∈R+
K (x, z)δ(y − x − z)μ(dz)

and the dual kernel is

ν′(y, μ, dx) =
∫ y

0
μ(dz)K (y − z, z)δ(x + z − y),

so that∫
f (x, y)ν(x, μ, dy)dx =

∫
f (x, y)ν′(y, μ, dx)dy

=
∫ ∞

0

∫ ∞

0
f (x, x + z)K (x, z)μ(dz)dx

for f ∈ C∞(R2+) (i.e. for continuous f vanishing at infinity and on the bound-
ary of (R+)2. Hence the strong form of equation (6.7) for the densities f of
the measures μ reads as follows:

d

dt
ft (x) =

∫ x

0
f (z)dzK (x − z, z) f (x + z)− ft (x)

∫
K (x, z) f (z)dz. (6.9)

Theorem 6.3 implies that, if K is continuous and bounded, this equation is well
posed and the solutions specify a semigroup in L1(R+).

Similarly, the classical spatially homogeneous Botzmann equation in the
weak form (1.52) clearly can be rewritten as

d

dt
(g, μt ) = 1

2

∫
Sd−1

∫∫
[g(w1) − g(v1)]B(|v1 − v2|, θ)dnμt (dv1)μt (dv2),

(6.10)
where we recall that B(|v|, θ) = B(|v|, π − θ),

w1 = v1 − n(v1 − v2, n), w2 = v2 + n(v1 − v2, n)

and θ is the angle between v2 − v1 and n. This equation has the form (6.5),
(6.3) with∫

ψ(y)ν(v1, μ, dy) =
∫∫

ψ(v1 − n(v1 − v2, n))B(|v1 − v2|, θ)dnμ(dv2).
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In order to find the dual kernel, observe that when μ has a density f one has∫
R2d

g(v1)ψ(y)ν(v1, f, dy)dv1

=
∫

Sd−1

∫
R2d

g(v1)ψ(w1)B(|v1 − v2|, θ)dn dv1 f (v2)dv2

=
∫

Sd−1

∫
R2d

g(w1)ψ(v1)B(|v1 − v2|, θ)dn f (w2)dv1dv2

=
∫

R2d
g(y)ψ(v1)ν

′(v1, f, dy)dv1 (6.11)

(here we have first relabeled (v1, v2) by (w1, w2) and then changed dw1dw2

to dv1dv2, noting that (i) the Jacobian of this (by (1.48)) orthogonal transfor-
mation is 1, (ii) |v1 − v2| = |w1 − w2| and (iii) the angle θ between v2 − v1

and w1 − v1 coincides with the angle between w2 − w1 and v1 − w1).
Equation (6.11) implies that the dual kernel exists and is given by∫
g(y)ν′(v1, f, dy) =

∫
g(v1 − n(v1 − v2, n))B(|v1 − v2|, θ)dn f (w2)dv2.

Hence the solution operator for the Boltzmann equation preserves the space
L1(Rd).

It is also useful to know whether the solutions to kinetic equations preserve
the space of bounded continuous functions. To answer this question for the
Boltzmann equation, we may use the Carleman representation. Namely, from
equation (H.1) it follows that for bounded B one has

ḟt (v) = O(1)
∫

ft (v)dv‖ ft‖,

where as usual ‖ f ‖ denotes the sup norm. Consequently, Gronwall’s inequality
yields the following result.

Proposition 6.5 If f0 ∈ C(Rd) then the solution ft to the Boltzmann equa-
tion (G.5) with initial condition f0 remains in C(Rd) for all times and the
semigroup �t : f0 �→ ft is bounded in C(Rd).

6.3 Additive bounds for rates: existence

Application of the fixed-point principle in the spirit of Theorem 2.12 is very
effective in solving nonlinear problems. It was used in the first proof of
Theorem 6.1 above and will be further demonstrated in the next chapter. How-
ever, in some situations the corresponding linear problem is not regular enough
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for this approach to be applicable, so that other methods must be used. This will
be the case for the problems considered from now on in this chapter.

In this section we will consider equation (1.73) for pure jump interactions,

d

dt
(g, μt ) =

k∑
l=1

1

l!
∫

Xl

{∫
X

[g⊕(y) − g⊕(z)]P(μt , z; dy)
}
μ⊗l

t (dz),

μ0 = μ, (6.12)

and its integral version

(g, μt ) − (g, μ) =
∫ t

0
ds

k∑
l=1

1

l!
∫

Xl

{∫
X
[
g⊕(y) − g⊕(z)

]
P(μs, z; dy)

}

× μ⊗l
s (dz), (6.13)

with unbounded P , where X is a locally compact metric space.
Let us start with some basic definitions concerning the properties of tran-

sition rates. Let E be a non-negative function on X . The number E(x)
will be called the size of a particle x (E could stand for the mass in
mass-exchange models, such as those for coagulation–fragmentation, and
for the kinetic energy when modeling Boltzmann-type collisions). We say
that the transition kernel P = P(x; dy) in (1.29) is E-subcritical (resp.
E-critical) if ∫ [

E⊕(y) − E⊕(x)
]

P(x; dy) ≤ 0 (6.14)

for all x (resp. if equality holds). We say that P(x; dy) is E-preserving
(resp. E-non-increasing) if the measure P(x; dy) is supported on the set
{y : E⊕(y) = E⊕(x)} (resp. {y : E⊕(y) ≤ E⊕(x)}). Clearly, if P(x; dy)
is E-preserving (resp. E-non-increasing) then it is also E-critical (resp.
E-subcritical). For instance, if E = 1 then E-preservation (subcriticality)
means that the number of particles remains constant (does not increase on
average) during the evolution of the process. As we shall see later, subcriti-
cality enters practically all natural assumptions ensuring the non-explosion of
interaction models.

We shall say that our transition kernel P is multiplicatively E-bounded
or E⊗-bounded (resp. additively E-bounded or E⊕-bounded) whenever
P(μ; x) ≤ cE⊗(x) (resp. P(μ; x) ≤ cE⊕(x)) for all μ and x and some
constant c > 0, where we have used the notation of (1.27), (1.28).
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We shall deal now (and in most further discussion) with additively bounded
kernels. However, some existence criteria for multiplicative bounds will be
given later.

Lemma 6.6 The following elementary inequalities hold for all positive a,
b, β:

(a + b)β − aβ − bβ ≤ 2β(abβ−1 + baβ−1), (6.15)

(a + b)β − aβ ≤ β max(1, 2β−1) b(bβ−1 + aβ−1). (6.16)

Proof For β ≤ 1, inequality (6.15) holds trivially, as the l.h.s. is always
non-positive. Hence, by homogeneity, in order to prove (6.15) it is enough to
show that

(1 + x)β − 1 ≤ 2βx, β ≥ 1, x ∈ (0, 1). (6.17)

Next, the mean value theorem implies that

(1 + x)β − 1 ≤ β2β−1x, β ≥ 1, x ∈ (0, 1),

yielding (6.17) for β ∈ [1, 2]. For β ≥ 2 the inequality g(x) = (1 + x)β −
1 − 2βx ≤ 0 holds, because g(0) = 0, g(1) = −1 and g′(x) is increasing. To
prove (6.16) observe that the mean value theorem implies that

(a + b)β − aβ ≤
{
β(a + b)β−1b, β ≥ 1,

βbaβ−1, β ∈ (0, 1).

Theorem 6.7 Suppose that the transition kernels P(μ, x, .) enjoy the follow-
ing properties.

(i) P(μ, x, .) is a continuous function taking M(X) × ∪k
l=1SXl to

M(∪k
l=1SXl) (i.e. not more than k particles can interact or be created simul-

taneously), where the measures M are considered in their weak topologies;
(ii) P(μ, x, .) is E-non-increasing and (1 + E)⊕-bounded for some

continuous non-negative function E on X such that E(x) → ∞ as
x → ∞;

(iii) the P(μ, x, .) are 1-subcritical for x ∈ Xl , l ≥ 2.
Suppose that

∫
(1+ Eβ)(x)μ(dx) < ∞ for the initial condition μ with some

β > 1. Then there exists a global non-negative solution μt of (6.13) that is E-
non-increasing, i.e. with (E, μt ) ≤ (E, μ), t ≥ 0, such that for an arbitrary T

sup
t∈[0,T ]

∫
(1 + Eβ)(x)μt (dx) ≤ C(T, β, μ), (6.18)

for some constant C(T, β, μ).
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Proof Let us first approximate the transition kernel P by cut-off kernels
Pn defined by the equation∫

g(y)Pn(μ, z, dy) =
∫

1{E⊕(z)≤n}(z)g(y)1{E⊕(y)≤n}(y)P(μ, z, dy),

(6.19)
for arbitrary g. It is easy to see that Pn possesses the same properties (i)–(iii)
as P , but at the same time it is bounded and hence solutions μn

t to the cor-
responding kinetic equations with initial condition μ exist by Theorem 6.1.
As the evolution defined by Pn clearly does not change measures outside the
compact region {y : E(y) ≤ n}, it follows that if

∫
(1 + Eβ)(x)μ(dx) < ∞

then the same holds for μt for all t . Our aim now is to obtain a bound for this
quantity which is independent of n.

Using (1.75), we can denote by Fg the linear functional on measures
Fg(μ) = (g, μ) and by �Fg(μt ) the r.h.s. of (6.12). Note first that, by
assumption (iii),

�F1(μ) ≤ ck F1+E (μ), (6.20)

which by Gronwall’s lemma implies (6.18) for β = 1.
Next, for any y = (y1, . . . , yl) in the support of P(μ, x, .), we have

(Eβ)⊕(y) ≤ [E⊕(y)]β ≤ [E⊕(x)]β

as P is E-non-increasing and the function z �→ zβ is convex. Consequently,

�FEβ (μ) =
k∑

l=1

1

l!
∫

Xl
[(Eβ)⊕(y) − (Eβ)⊕(x)]P(μ, x, dy)μ⊗l(dx)

≤
k∑

l=2

1

l!
∫ {

[E(x1) + · · · + E(xl)]
β − E(x1)

β − · · · − Eβ(xl)
}

× P(μ, x, dy)μ⊗l(dx).

Using the symmetry with respect to permutations of x1, . . . , xl and the
assumption that P is (1+ E)⊕-bounded, one deduces that this expression does
not exceed

k∑
l=2

1

(l − 1)!
∫ {

[E(x1) + · · · + E(xl)]
β − Eβ(x1) − · · · − Eβ(xl)

}

× [1 + E(x1)]
l∏

j=1

μ(dx j ).
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Using (6.15) with a = E(x1), b = E(x2) + · · · + E(xl) and induction on l
yields

[E(x1) + · · · + E(xl)]β − Eβ(x1) − · · · − Eβ(xl) ≤ c
∑
i 
= j

L(xi )L
β−1(x j ).

Using (6.15) yields{
[E(x1) + · · · + E(xl)]

β − Eβ(x1)
}

E(x1)

≤ c
∑
i 
=1

[E(x1)E(xi )
β + E(x1)

β E(xi )].

Again by symmetry, this implies that

�FEβ (μ) ≤ c
∫ k∑

l=2

[
Eβ(x1) + Eβ−1(x1)

]
E(x2)

l∏
j=1

μ(dx j ), (6.21)

which, using Eβ−1(x1)E(x2) ≤ Eβ(x1) + Eβ(x2) can be rewritten as

�FEβ (μ) ≤ c
∫ k∑

l=2

Eβ(x1) [1 + E(x2)]
l∏

j=1

μ(dx j ). (6.22)

By (6.20) it follows that

�F1+Eβ (μ) ≤ c
k∑

l=1

[
Eβ(x1) + 1

]
[E(x2) + 1]

l∏
j=1

μ(dx j )

and, consequently, since (E, μn
t ) ≤ (E, μ), using (6.18) for β = 1 the above

relation implies that

d

dt
(1 + Eβ, μn

t ) = �F1+Eβ (μn
t ) ≤ c(T, β, μ)(1 + Eβ, μn

t ).

Thus by Gronwall’s lemma obtain, for arbitrary T ,

F1+Eβ (μn
t ) < C(T, β, μ)

for some C(T, β, μ) and for all t ∈ [0, T ] and all n. This implies that the
family μn

t is weakly compact for any t and that any limiting point has the
estimate (6.18). As the real-valued function

∫
g(x)μn

t (dx) is absolutely con-
tinuous for any g ∈ Cc(X) (this follows directly from (6.13)), choosing a
countable dense sequence of such functions allows us to find a subsequence,
denoted μn

t also, which converges in the space of continuous functions from
[0, T ] to M(X), the latter being taken to have its weak topology. It remains
to show that the limit μt of this subsequence satisfies (6.13) by passing to the
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limit in the corresponding equations for μn
t . But this is obvious: all integrals

outside the domain {y : E(y) < K } can be made arbitrarily small by choosing
large enough K (because of (6.18)), and inside this domain the result follows
from weak convergence.

Remark 6.8 The assumption
∫
(1 + Eβ)(x)μ(dx) < ∞ with β > 1 is

actually not needed to prove existence; see the comments in Section 11.6.

Remark 6.9 A similar existence result holds for the integral version of the
equation

d

dt
(g, μt ) =

k∑
l=1

1

l!
∫
X

∫
Xl

[
g⊕(y) − g⊕(z)

]
Pl(z; dy)

(
μt

‖μt‖
)⊗l

(dz)‖μt‖.
(6.23)

To obtain existence, we have to show that local solutions cannot vanish at any
finite time. To this end, observe that any such solution is bounded from below
by a solution to the equation

d

dt
μt (dz)

= −
k∑

l=1

1

(l − 1)!
μt (dz)

‖μt‖l−1

∫
z1,...,zl−1

μt (dz1) · · ·μt (dzl−1)P(μ; z, z1, . . . , zl−1)

obtained from (6.23) by ignoring the positive part of the r.h.s. In their turn,
solutions to this equation are bounded from below by solutions to the equation

d

dt
μt (dz)

= −
k∑

l=1

1

(l − 1)! [1 + E(z)]μt (dz) −
k∑

l=2

1

(l − 2)!μt (dz1)

∫
(1 + E(u))μ(du)

‖μ‖ .

The solution to this equation can be found explicitly (see the exercise below)
and it never vanishes. Hence μT does not vanish, as required.

Exercise 6.1 Suppose that X is a locally compact metric space, E is a non-
negative continuous function on it and a, b are two positive constants. Then
the solution to the measure-valued ordinary differential equation

μ̇(dx) = −aE(x)μ(dx) − b

∫
E(u)μ(du)∫

μ(du)
μ(dx)

on (positive) measures μ on an X with initial condition μ0 equals
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μt (dx) = exp[−at E(x)]μ0(dx)

× exp

{
−b

∫ t

0

∫
E(u) exp[−as E(u)]μ0(du)∫

exp[−as E(u)]μ0(du)
ds

}

and in particular it does not vanish when μ0 
= 0. Hint: This is obtained by
simple calculus; the details can be found in [132].

Exercise 6.2 Show (following the proof above) that the estimate (6.18) can
be written in a more precise form,

sup
t∈[0,T ]

(Lβ, μt ) ≤ c(T, β, (1 + L , μ0))(L
β, μ0) (6.24)

for some constant c.

6.4 Additive bounds for rates: well-posedness

Let us first discuss the regularity of the solutions constructed above.

Theorem 6.10 Let μt be a solution to (6.13) satisfying (6.18) for some β >

1. Let the transition kernel P be (1 + Eα)⊕-bounded for some α ∈ [0, 1] and
E-non-increasing. Then:

(i) equation (6.13) holds for all g ∈ C1+Eβ−α (X);
(ii) μt is �-weakly continuous in M1+Eβ (X);
(iii) μt is �-weakly continuously differentiable in M1+Eβ−α (X);
(iv) μt is continuous in the norm topology of M1+Eβ−ε (X) for any ε > 0;
(v) if the kernel P satisfies the additional condition

‖P(μ; z; .) − P(ν; z; .)‖ ≤ C(1 + Eα)⊕(z)‖(1 + E)(μ − ν)‖, (6.25)

for all finite measures μ, ν and some constant C, then the function t �→ μt is
continuously differentiable in the sense of the total variation norm topology of
M(X), so that the kinetic equation (6.12) holds in the strong sense.

Proof (i) Approximating g ∈ C1+Eβ−α (X) by functions with a compact
support one passes to the limit on both sides of (6.13) using the dominated
convergence theorem and the estimate∫

g⊕(y)P(μs; z; dy)μ⊗̃
s (dz) ≤ c

∫
(Eβ−α)⊕(y)P(μs; z; dy)μ⊗̃

s (dz)

≤
∫

(Eβ−α)⊕(z)(1 + Eα)⊕(z)μ⊗̃
s (dz).

(ii) It follows directly from (6.13) that the function
∫

g(x)μt (dx) is absolutely
continuous for any g from (i). The required continuity for more general g ∈
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C1+Eβ ,∞(X) is obtained, again by approximating such a g by functions with
a compact support and using the observation that the integrals of g and its
approximations over the set {x : E(x) ≥ K } can be made uniformly arbitrarily
small for all μt , t ∈ [0, T ], by choosing K large enough.
(iii) One only needs to show that the r.h.s. of (6.12) is continuous whenever
g ∈ C

1+Eβ−α∞
(X). But this is true, since by (ii) the integral

∫
φ(z1, . . . , zl)

l∏
j=1

μt (dz j )

is a continuous function of t for any function φ ∈ C(1+Eβ)⊗l ,∞(Xl).
(iv) From the same estimates as in (i) it follows that μt is Lipschitz
continuous in the norm topology of M1+Eβ−α (X). The required continu-
ity in M1+Eβ−ε (X) then follows from the uniform boundedness of μt in
M1+Eβ (X).
(v) It is easy to see that if a measure-valued ODE μ̇t = νt holds weakly then,
in order to conclude that it holds strongly (in the sense of the norm topology),
one has to show that the function t �→ νt is norm continuous. Hence in our
case one has to show that

sup
|g|≤1

∫
Xl

∫
X
[
g⊕(y) − g⊕(z)

]
×
[

P(μt , z; dy)μ⊗l
t (dz) − P(μ0, z; dy)μ⊗l

0 (dz)
]

→ 0

as t → 0, and this amounts to showing that

‖P(μt , z; dy)μ⊗l
t (dz) − P(μ0, z; dy)μ⊗l

0 (dz)‖ → 0

as t → 0, which follows from (6.25) and the continuity of μt .

The regularity of the solution μt (i.e. the number of continuous derivatives)
increases with the growth of β in (6.18). As this estimate for μt follows from
the corresponding estimate for μ0, the regularity of μt depends on the rate
of decay of μ = μ0 at infinity. For example, the following result is easily
deduced.

Proposition 6.11 If f1+Eβ (μ0) is finite for all positive β and P does not
depend explicitly on μ (e.g. no additional mean field interaction is assumed),
then the solution μt of (6.12) obtained above is infinitely differentiable in t
(with respect to the norm topology in M(X)).



162 Integral generators

We can now prove the main result of this chapter. It relies on a measure-
theoretic result, Lemma 6.14 below, which is proved in detail in the next
section.

Theorem 6.12 Suppose that the assumptions of Theorem 6.7 hold, P is (1 +
Eα)⊕-bounded for some α ∈ [0, 1] such that β ≥ α + 1 and (6.25) holds.
Then there exists a unique non-negative solution μt to (6.12) satisfying (6.18)
and a given initial condition μ0 such that

∫
(1 + Eβ)(x)μ0(dx) < ∞. This μt

is a strong solution of the corresponding kinetic equation, i.e. the derivative
(d/dt)μt exists in the norm topology of M(X).

Moreover, the mapping μ0 �→ μt is Lipschitz continuous in the norm of
M1+E (X), i.e. for any two solutions μt and νt of (6.12) satisfying (6.18) with
initial conditions μ0 and ν0 one has

∫
(1 + E)|μt − νt | (dx) ≤ aeat

∫
(1 + E)|μ0 − ν0| (dx), (6.26)

for some constant a, uniformly for all t ∈ [0, T ].

Proof By the previous results we only need to prove (6.26). By Theo-
rem 6.10 (iv), μt and νt are strong (continuously differentiable) solutions of
(6.12), and Lemma 6.14 can be applied to the measure (1+E)(x)(μt −νt )(dx)
(see also Remark 6.17). Consequently, denoting by ft a version of the density
of μt − νt with respect to |μt − νt | taken from Lemma 6.14 yields

∫
(1 + E)(x)|μt − νt |(dx)

= ‖(1 + E)(μt − νt )‖
=
∫

(1 + E)(x)|μ0 − ν0|(dx) +
∫ t

0
ds
∫

X
fs(x)(1 + E)(x)(μ̇s − ν̇s)(dx).

By (6.12) the last integral equals

∫ t

0
ds

k∑
l=1

∫∫ {
[ fs(1 + E)]⊕(y) − [ fs(1 + E)]⊕(z)

}

×
(

P(μs; z; dy)
l∏

j=1

μs(dz j ) − P(νs; z; dy)
l∏

j=1

νs(dz j )

)
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=
∫ t

0
ds

k∑
l=1

∫∫ {
[ fs(1 + E)]⊕(y) − [ fs(1 + E)]⊕(z)

}

×
{

P(μs; z; dy)
l∑

j=1

j−1∏
i=1

νs(dzi )(μs − νs)(dz j )

l∏
i= j+1

μs(dzi )

+ [
P(μs; z; dy) − P(νs; z; dy)

] l∏
j=1

νs(dz j )

}
(6.27)

Let us choose arbitrary l ≤ k and j ≤ l and estimate the corresponding term
of the sum within the large braces of (6.27). We have∫∫ {

[ fs(1 + E)]⊕(y) − [ fs(1 + E)]⊕(z)
}

P(μs; z; dy)

× (μs − νs)(dz j )

j−1∏
i=1

νs(dzi )

l∏
i= j+1

μs(dzi )

=
∫∫ {

[ fs(1 + E)]⊕(y) − [ fs(1 + E)]⊕(z)
}

P(μs; z; dy)

× fs(z j )|μs − νs |(dz j )

j−1∏
i=1

νs(dzi )

l∏
i= j+1

μs(dzi ). (6.28)

As P(μ, z; dy) is E-non-increasing,{
[ fs(1 + E)]⊕(y) − [ fs(1 + E)]⊕(z)

}
fs(z j )

≤ (1 + E)⊕(y) − fs(z j )[ fs(1 + E)]⊕(z)

≤ 2k + E⊕(z) − E(z j ) −
∑
i 
= j

fs(z j ) fs(zi )E(zi ) ≤ 2k + 2
∑
i 
= j

E(zi ).

Hence (6.28) does not exceed

∫ (
2k + 2

∑
i 
= j

E(zi )

)(
1 + Eα(z j ) +

∑
i 
= j

Eα(zi )

)

× |μs − νs |(dz j )

j−1∏
i=1

νs(dzi )

l∏
i= j+1

μs(dzi ).

Consequently, as 1 + α ≤ β and (6.18) holds, and since the second term in the
large braces of (6.27) can be estimated by (6.25), it follows that the integral
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(6.27) does not exceed

c(T )

∫ t

0
ds
∫

(1 + E)(x)|μt − νt |(dx),

for some constant c(T ), which implies (6.26) by Gronwall’s lemma.

It can be useful, both for practical calculations and theoretical developments,
to know that the approximation μn

t solving the cutoff problem used in the proof
of Theorem 6.7 actually converges strongly to the solution μt . Namely, the
following holds.

Theorem 6.13 Under the assumptions of Theorem 6.12 the approximations
μn

t introduced in Theorem 6.7 converge to the solution μt in the norm topology
of M1+Eω(X) for any ω ∈ [1, β − α) and �-weakly in M1+Eβ (X).

Proof This utilizes the same trick as in the proof of previous theorem. To
shorten the formulas, we shall work through only the case ω = 1 and k = l = 2
in (6.12). Let σ n

t denote the sign of the measure μn
t − μt (i.e. the equivalence

class of the densities of μn
t − μt with respect to |μn

t − μt | that equals ±1
respectively in the positive and negative parts of the Hahn decomposition of
this measure), so that |μn

t − μt | = σ n
t (μ

n
t − μt ). By Lemma 6.14 below one

can choose a representative of the σ n
t (that we again denote by σ n

t ) in such a
way that

(1 + E, |μn
t − μt |) =

∫ t

0

(
σ n

s (1 + E),
d

ds
(μn

s − μs)

)
ds. (6.29)

By (6.12) with k = l = 2, this implies that

(1 + E, |μn
t − μt |)

= 1

2

∫ t

0
ds
∫ {[

σ n
s (1 + E)

]⊕
(y) − [

σ n
s (1 + E)

]
(x1) − [

σ n
s (1 + E)

]
(x2)

}
× [

Pn(x1, x2, dy)μn
s (dx1)μ

n
s (dx2) − P(x1, x2, dy)μs(dx1)μs(dx2)

]
.

(6.30)

The expression in the last bracket can be rewritten as

(Pn − P)(x1, x2, dy)μn
s (dx1)μ

n
s (dx2)

+ P(x1, x2, dy)
{[

μn
s (dx1) − μs(dx1)

]
μn

s (dx2)

+ μs(dx1)
[
μn

s (dx2) − μs(dx2)
]}

. (6.31)

As μn
s are uniformly bounded in M1+Eβ , and as

[1 + E(x1) + E(x2)]
∫

X
(Pn−P)(x1, x2, dy) ≤ Cn−ε [1 + E(x1) + E(x2)]

2+ε
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for 2 + ε ≤ β, the contribution of the first term in (6.31) to the r.h.s. of (6.30)
tends to zero as n → ∞. The second and third terms in (6.31) are similar, so
let us analyze the second term only. Its contribution to the r.h.s. of (6.30) can
be written as

1
2

∫ t

0
ds
∫ {[

σ n
s (1 + E)

]
(y) − [

σ n
s (1 + E)

]
(x1) − [

σ n
s (1 + E)

]
(x2)

}
× P(x1, x2, dy)σ n

s (x1)
∣∣μn

s (dx1) − μs(dx1)
∣∣μn

s (dx2),

which does not exceed

1
2

∫ t

0
ds
∫ [

(1 + E)(y) − (1 + E)(x1) + (1 + E)(x2)
]

× P(x1, x2, dy)
∣∣μn

s (dx1) − μs(dx1)
∣∣μn

s (dx2),

because [σ n
s (x1)]2 = 1 and |σ n

s (x j )| ≤ 1, j = 1, 2. Since P preserves E and
is (1 + E)⊕- bounded, the latter expression does not exceed

c
∫ t

0
ds
∫

[1 + E(x2)][1 + E(x1) + E(x2)]
∣∣μn

s (dx1) − μs(dx1)
∣∣μn

s (dx2)

≤ c
∫ t

0
ds(1 + E, |μn

s − μs |)‖μn
s ‖1+E2 .

Consequently, by Gronwall’s lemma one concludes that

‖μn
t − μt‖1+E = (1 + E, |μn

t − μt |) = O(1)n−ε exp
{

t sup
s∈[0,t]

‖μs‖1+E2

}
.

Finally, once convergence in the norm topology of any M1+Eγ with γ ≥ 0 is
established, �-weak convergence in M1+Eβ follows from the uniform (in n)
boundedness of μn in M1+Eβ .

Exercise 6.3 Fill in the details needed for the proof of the above theorem for
ω ∈ (1, β − α).

Exercise 6.4 Under the assumptions of Theorem 6.12, show that the mapping
μ0 �→ μt is Lipschitz continuous in the norm of M1+Eω(X) for any ω ∈
[1, β − α] (in the theorem the case ω = 1 was considered). Hint: for this
extension the estimates from the proof of Theorem 6.7 are needed.

6.5 A tool for proving uniqueness

The following lemma supplies the main tool for proving uniqueness for kinetic
equations with jump-type nonlinearities.
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Lemma 6.14 Let Y be a measurable space, and let the mapping t �→ μt from
[0, T ] to M(Y ) be continuously differentiable with respect to the topology
specified by the norm in M(Y ), with (continuous) derivative μ̇t = νt . Let σt

denote the density of μt with respect to its total variation |μt |, i.e. σt is in
the class of measurable functions taking three values −1, 0, 1 and such that
μt = σt |μt | and |μt | = σtμt a.s. with respect to |μt |. Then there exists a
measurable function ft (x) on [0, T ] × Y such that ft is a representative of
class σt for any t ∈ [0, T ] and

‖μt‖ = ‖μ0‖ +
∫ t

0
ds
∫

Y
fs(y)νs(dy). (6.32)

Proof Step 1. As μt is continuously differentiable, ‖μt − μs‖ = O(t − s)
uniformly for 0 ≤ s ≤ t ≤ T . Hence ‖μt‖ is an absolutely continuous real-
valued function. Consequently, this function has a derivative, say ωs , almost
everywhere on [0, T ] and an integral representation ‖μt‖ = ‖μ0‖ + ∫ t

0 ωs ds
valid for all t ∈ [0, T ]. It remains to calculate ωs . To simplify this calculation,
we observe that as the right and left derivatives of an absolutely continuous
function coincide almost everywhere (according to the Lebesgue theorem), it
is enough to calculate only the right derivative of ‖μt‖. Hence from now on
we shall consider only the limit t → s with t ≥ s.

Step 2. For an arbitrary measurable A ⊂ Y and an arbitrary representative
σt of the density, we have

O(t − s) =
∫

A
|μt |(dy) −

∫
A

|μs |(dy) =
∫

A
σtμt (dy) −

∫
A
σsμs(dy)

=
∫

A
(σt − σs)μs(dy) +

∫
A
σt (μt − μs)(dy).

As the second term here is also of order O(t − s), we conclude that the first
term must be of order O(t − s) uniformly for all A and s, t . Hence σt → σs

almost surely with respect to |μs | as t → s. As σt takes only three values,
0, 1,−1, it follows that σ̇s(x) exists and vanishes for almost all x with respect
to |μs |.
Remark 6.15 Now writing formally

d

dt
‖μt‖ = d

dt

∫
Y
σtμt (dy) =

∫
Y
σ̇tμt (dy) +

∫
Y
σt μ̇t (dy),

and noticing that the first term here vanishes by step 2 of the proof, yields
(6.32). However, this formal calculation cannot be justified for an arbitrary
choice of σt .
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Step 3. Let us choose now an appropriate σt . For this purpose we perform
the Lebesgue decomposition of νt into the sum νt = νs

t + νa
t of a singular and

an absolutely continuous measure with respect to |μt |. Let ηt be the density
of νs

t with respect to its total variation measure |νs
t |, i.e. ηt is in the class of

functions taking values 0, 1,−1 and such that νs
t = ηt |νs

t | almost surely with
respect to |νs

t |. Now let us pick an ft from the intersection σt ∩ ηt , i.e. f
is a representative of both density classes simultaneously. Such a choice is
possible, because μt and νs

t are mutually singular. From this definition of ft

and from step 2 it follows that ft → fs as t → s (and t ≥ s) a.s. with
respect to both μs and νs . In fact, let B be either the positive part of the Hahn
decomposition of νs

s or any measurable subset of the latter. Then fs = 1 on B.
Moreover,

μt (B) = (t − s)νs
s (B) + o(t − s), t − s → 0,

and is positive and hence ft = 1 on B for t close enough to s.
Step 4. By definition,

d

ds
‖μs‖ = lim

t→s

‖μt‖ − ‖μs‖
t − s

= lim
t→s

∫
ft − fs

t − s
μs(dy) + lim

t→s

∫
ft
μt − μs

t − s
(dy) (6.33)

(if both limits exist, of course). It is easy to see that the second limit here does
always exist and equals

∫
fsνs(dy). In fact,

∫
ft
μt − μs

t − s
(dy) =

∫
fs
μt − μs

t − s
(dy)

+
∫

( ft − fs)

(
μt − μs

t − s
− νs

)
(dy) +

∫
( ft − fs)νs(dy),

and the limit of the first integral equals
∫

fsνs(dy), the second integral is
o(t − s) by the definition of the derivative, and hence vanishes in the limit,
and the limit of the third integral is zero because (owing to our choice of ft in
Step 3) ft − fs → 0 as t → s (t ≥ s) a.s. with respect to νs . Consequently, to
complete the proof it remains to show that the first term on the r.h.s. of (6.33)
vanishes.

Remark 6.16 As we showed in step 2, the function ( ft − fs)/(t−s) under the
integral in this term tends to zero a.s. with respect to μs , but unfortunately this
is not enough to conclude that the limit of the integral vanishes; an additional
argument is required.
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Step 5. In order to show that the first term in (6.33) vanishes, it is enough
to show that the corresponding limits of the integrals over the sets A+ and A−
vanish, where Y = A+ ∪ A− ∪ A0 is the Hahn decomposition of Y with respect
to the measure μs . Let us consider only A+ (A− may be treated similarly). As
fs = 1 on A+ a.s., we need to show that

lim
t→s

∫
A

ft − 1

t − s
μs(dy) = 0, (6.34)

where A is a measurable subset of Y such that (μs)|A is a positive mea-
sure. Using now the Lebesgue decomposition of (νs)|A into the sum of a
singular and an absolutely continuous part with respect to μs , we can reduce
the discussion to the case when νs is absolutely continuous with respect to
μs on A.

Introducing the set At = {y ∈ A : ft (y) ≤ 0} one can clearly replace
A by At in (6.34). Consequently, to obtain (6.34) it is enough to show that
μs(At ) = o(t − s) as t → s. This will be done in the next and final step of the
proof.

Step 6. From the definition of At it follows that μt (B) ≤ 0 for any B ⊂ At

and hence

μs(B) + (t − s)νs(B) + o(t − s) ≤ 0, (6.35)

where o(t −s) is uniform, i.e. ‖o(t −s)‖/(t −s) → 0 as t → s. Notice first that
if At = B+

t ∪B−
t ∪B0

t is the Hahn decomposition of At on the positive, negative
and zero parts of the measure νs then μs(B+

t ∪ B0
t ) = o(t − s) uniformly (as

follows directly from (6.35)), and consequently we can reduce our discussion
to the case when νs is a negative measure on A. In this case (6.35) implies that

μs(At ) ≤ (t − s)(−νs)(At ) + o(t − s),

and it remains to show that νs(At ) = o(1)t→s . To see this we observe that, for
any s, Y has the representation Y = ∪∞

n=0Yn , where |μs |(Y0) = 0 and

Yn = {y ∈ Y : ft = fs for |t − s| ≤ 1/n}.
Clearly Yn ⊂ Yn+1 for any n 
= 0, and At ⊂ Y \ Yn whenever t − s ≤ 1/n.
Hence the At are subsets of a decreasing family of sets with intersection of μs-
measure zero. As νs is absolutely continuous with respect to μs the same holds
for νs ; hence νs(At ) = o(1)t→s , which completes the proof of the lemma.

Remark 6.17 Suppose that the assumptions of Lemma 6.14 hold and that
L(y) is a measurable, non-negative and everywhere finite function on Y such
that ‖Lμs‖ and ‖Lνs‖ are uniformly bounded for s ∈ [0, t]. Then (6.32) holds
for Lμt and Lνt instead of μt and νt respectively. In fact, though s �→ Lνs
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may be discontinuous with respect to the topology specified by the norm, one
can write the required identity first for the space Ym , instead of Y , where Ym =
{y : L(y) ≤ m}, and then pass to the limit as m → ∞.

The above proof of Lemma 6.14 is based on the original presentation in
Kolokoltsov [132]. An elegant and simpler proof, based on discrete approx-
imations, is now available in Bailleul [14]. However, this proof works under
rather less general assumptions and does not reveal the structure of σt as a
common representative of two Radon–Nikodyme derivatives.

6.6 Multiplicative bounds for rates

In many situations one can prove only the existence, not the uniquess, of a
global solution to a kinetic equation (possibly in some weak form). In the
next two sections we shall discuss two such cases. Here we will be deal-
ing with equation (1.73) for pure jump interactions under the assumption of
multiplicatively bounded rates (the definition of such kernels was given in
Section 6.3).

We shall work with equation (1.73) in weak integral form, assuming for
simplicity that there is no additional mean field dependence;

(g, μt − μ) =
∫ t

0
ds

k∑
l=1

1

l!
∫

Xl

{∫
X
[
g⊕(y) − g⊕(z)

]
P(z, dy)

}
μ⊗l

s (dz).

(6.36)
Assume that X is a locally compact space and E is a continuous function on X .

Theorem 6.18 Suppose that P is 1-non-increasing, E-non-increasing and
strongly (1 + E)⊗-bounded, meaning that

‖P(z, .)‖ = o(1)(1 + E)⊗(z), z → ∞. (6.37)

Then for any T > 0 and μ ∈ M1+E (X) there exists a continuous (in the
Banach topology of M(X)) curve t �→ μt ∈ M1+E (X), t ∈ [0, T ], such that
(6.36) holds for all g ∈ C(X) and indeed for all g ∈ B(X).

Proof As in the proof of Theorem 6.7, we shall use the approximations
Pn defined by equation (6.19). As the kernels Pn are bounded, for any μ ∈
M1+E (X) there exists a unique strong solution μn

t of the corresponding cut-
off equation (6.36) (with Pn instead of P) for an initial condition μ such that
(E, μn

t ) ≤ (E, μ) and (1, μn
t ) ≤ (1, μ) for all t , n, implying that the ‖μ̇n

t ‖ are
uniformly bounded. Hence the family of curves μn

t , t ∈ [0, T ], is uniformly
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bounded and uniformly Lipschitz continuous in M(X), implying the existence
of a converging subsequence that again we denote by μn

t .
Let us denote by K (μ) the operator under the integral on the r.h.s. of (6.36),

so that this equation can be written in the concise form

(g, μ̇t ) =
∫ t

0
(g, K (μs)) ds.

Let Kn denote the corresponding operators with cut-off kernels Pn instead of
P . To prove the theorem it remains to show that

‖Kn(μ
n
t ) − K (μt )‖ → 0, n → ∞,

uniformly in t ∈ [0, T ]. By (6.37),

‖Kn(μ) − K (μ)‖ → 0, n → ∞,

uniformly for μ with uniformly bounded (1 + E, μ). Hence one needs only to
show that

‖K (μn
t ) − K (μt )‖ → 0, n → ∞.

Decomposing the integral defining K into two parts over the set L⊕(z) ≥ M
and its complement one sees that the first and second integrals can be made
arbitrary small, the first by (6.37) again and the second by the convergence of
μn

t to μt in the Banach topology of M(X).

The uniqueness of solutions does not hold generally under the above
assumptions. Neither is (E, μt ) necessarily constant even if P preserves E .
The decrease in (E, μt ) for coagulation processes under the latter condition
is interpreted as gelation (the formation of a cluster of infinite size). This is a
very interesting effect, attentively studied in the literature (see the comments
in Section 11.6).

Exercise 6.5 Show that the statement of the above theorem still holds true
if, instead of assuming that P is 1-non-increasing, one assumes that it is E⊗-
bounded.

6.7 Another existence result

Here we apply the method of T -products to provide a rather general existence
result for the weak equation

d

dt
( f, μt ) = (Aμt f, μt ) =

(∫
X

[
f (y) − f (.)

]
ν(., μt , dy), μt

)
, (6.38)
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which is of the type (6.3), (6.5), where ν is a family of transition kernels in a
Borel space X depending on μ ∈ M(X). We assume only that the rate function
a(x, μ) = ‖ν(x, μ, .)‖ is locally bounded in the sense that

sup
‖μ‖≤M

a(x, μ) < ∞ (6.39)

for a given M > 0. Under this condition, the sets

Mk =
{

x : sup
‖μ‖≤M

a(x, μ) < k

}

exhaust the whole state space. The mild form (compare with (4.16)) of the
nonlinear equation (6.38) can be written as

μt (dx) =
[

exp

(
−
∫ t

0
a(x, μs) ds

)]
μ(dx)

+
[∫ t

0
exp

(
−
∫ t

s
a(x, μτ ) dτ

)]∫
y∈X

ν(y, μs, dx)μs(dy).

(6.40)

The following statement represents a nonlinear counterpart of the results of
Section 4.2, though unfortunately the uniqueness (either in terms of minimality
or in terms of the solutions to equation (4.17)) is lost.

Theorem 6.19 Assume that ν is a transition kernel in a Borel space X
satisfying (6.39) for an M > 0 and depending continuously on μ in the
norm topology, i.e. μn → μ in the Banach topology of M(X) implies that
ν(x, μn, .) → ν(x, μ, .) in the Banach topology of M(X). Then for any μ ∈
M(X) with ‖μ‖ ≤ M and T > 0 there exists a curve μt ∈ M(X), t ∈ [0, T ],
that is continuous in its norm topology, with norm that is non-increasing in t,
solving-equation (6.40).

Proof For a given μ ∈ M(X) with ‖μ‖ ≤ M , n ∈ N, τ = T/n, let us
define, for 0 ≤ s ≤ r ≤ t1 = τ , a minimal backward propagator U s,r

n on B(X)

and its dual forward propagator V r,s
n = (U s,r

n )� on M(X), associated with the
operator Aμ given by

Aμ f =
∫

X

[
f (y) − f (x)

]
ν(x, μ, dy);

this is in accordance with Theorem 4.1. Next, let us define, for t1 ≤ s ≤
r ≤ t2 = 2τ , the minimal backward propagator U s,r

n on B(X) and its dual
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forward propagator V r,s
n = (U s,r

n )� on M(X), associated with the operator
Aμn

τ
given by

Aμn
τ

f =
∫

X

[
f (y) − f (x)

]
ν(x, μn

τ , dy), μn
τ = V t1,0

n μ,

again in accordance with Theorem 4.1. Continuing in the same way and gluing
together the constructed propagators yields the complete backward propagator
U s,r

n on B(X) and its dual forward propagator V r,s
n = (U s,r

n )� on M(X),
0 ≤ s ≤ r ≤ T . These are associated according to Theorem 4.1 with the
time-nonhomogeneous family of operators given by

An
s f =

∫
X

[
f (y) − f (x)

]
ν(x, μn[s/τ ]τ , dy),

where

μn
kτ = V kτ,0

n μ = V kτ,(k−1)τ
n μn

(k−1)τ .

By Corollary 4.4 the curve μn
t = V t,0

n μ depends continuously on t in the
Banach topology of M(X), its norm is non-increasing and it satisfies the
equation

μn
t (dx) =

[
exp

(
−
∫ t

0
a(x, μn[s/τ ]τ ) ds

)]
μ(dx)

+
[∫ t

0
exp

(
−
∫ t

s
a(x, μn[s/τ ]τ ) dτ

)]∫
y∈X

ν(y, μn[s/τ ]τ , dx)μn
s (dy).

(6.41)

By Theorem 4.1 (or more precisely (4.13)), the family Ur,s
n is locally

equicontinuous in the sense that

sup
‖ f ‖≤1

‖(Ur,s1
n − Ur,s2

n ) f 1Mk ‖ ≤ 2k|s1 − s2|.

Hence, using the Arzela–Ascoli theorem and diagonalization, one can choose
a subsequence of backward propagators Ur,s

n (which we again denote by Un)
converging to a propagator Ur,s on B(X) in the sense that, for any k,

sup
‖ f ‖≤1, s≤r≤t

‖(Ur,s − Ur,s
n ) f 1Mk ‖ → 0, n → ∞.

By duality this implies that the sequence μn
t = V t,0

n μ converges strongly to a
strongly continuous curve μt . Passing to the limit in equation (6.41) and using
the continuous dependence of ν(x, μ, .) on μ yields (6.40).
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Corollary 6.20 Under the assumptions of Theorem 6.19, assume addition-
ally that, for any k,

sup
x∈X,‖μ‖≤M

νt (x, μ, Mk) < ∞. (6.42)

Then a continuous (in the Banach topology of M(X)) solution μt to (6.41)
solves equation (6.38) strongly on Mk, i.e. for any k we have

d

dt
1Mk (x)μt (dx) = −1Mk (x)at (x, μt )μt (dx)

+
∫

z∈X
μt (dz)1Mk (x)νt (z, μt , dx),

where the derivative exists in the Banach topology of M(X).

Exercise 6.6 Prove the statement in Corollary 6.20, using the argument from
Proposition 4.5.

6.8 Conditional positivity

In this section we shall show that bounded generators of measure-valued
positivity-preserving evolutions necessarily have the form given by (6.3); in
Section 1.1 this was called a stochastic representation, as it leads directly to a
probabilistic interpretation of the corresponding evolution. For a Borel space
X we shall say that a mapping � : M(X) → Msigned(X) is conditionally
positive if the negative part �−(μ) of the Hahn decomposition of the measure
�(μ) is absolutely continuous with respect to μ for all μ. This is a straightfor-
ward extension of the definition of conditional positivity given in Section 1.1,
and one easily deduces that continuous generators of positivity-preserving
evolutions should be conditionally positive in this sense.

Theorem 6.21 Let X be a Borel space and � : M(X) → Msigned(X) be
a conditionally positive mapping. Then there exists a non-negative function
a(x, μ) and a family of kernels ν(x, μ, ·) in X such that

�(μ) =
∫

X
μ(dz)ν(z, μ, ·) − a(·, μ)μ. (6.43)

If, moreover,
∫
�(μ)(dx) = 0 for all μ (the condition of conservativity) then

this representation can be chosen in such a way that a(x, μ) = ‖ν(x, μ, ·)‖,
in which case

(g,�(μ)) =
∫

X

[
g(y) − g(x)

]
ν(x, μ, dy).
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Proof One can take a(x, μ) to be the Radon–Nicodyme derivative of
�−(μ) with respect to μ, yielding

ν(x, μ, dy) =
(∫

�−(μ)(dz)

)−1

a(x, μ)�+(μ)(dy).

Remark 6.22 The choice of a(x, μ) made in the above proof is in some sense
canonical as it is minimal, i.e. it yields the minimum of all possible a(x, μ) for
which a representation of the type (6.43) can be given.
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Generators of Lévy–Khintchine type

In this chapter we discuss the well-posedness of nonlinear semigroups with
generators of Lévy–Khintchine type. Two approaches to this analysis will
be developed. One is given in the first two sections and is based on duality
and fixed-point arguments in conjunction with the regularity of the corre-
sponding time-nonhomogeneous linear problems. Another approach is a direct
SDE construction, which is a nonlinear counterpart of the theory developed in
Chapter 3.

7.1 Nonlinear Lévy processes and semigroups

As a warm-up, we will show how the first method mentioned above works in
the simplest situation, where the coefficients of the generator do not depend
explicitly on position but only on its distribution, i.e. the case of nonlinear
Lévy processes introduced in Section 1.4. Referring to Section 1.4 for the
analytic definition of a Lévy process, we start here with an obvious exten-
sion of this concept. Namely, we define a time-nonhomogeneous Lévy process
with continuous coefficients as a time-nonhomogeneous Markov process gen-
erated by the time-dependent family of operators Lt of Lévy–Khintchine form
given by

Lt f (x) = 1
2 (Gt∇,∇) f (x) + (bt ,∇ f )(x)

+
∫

[ f (x + y) − f (x) − (y,∇ f (x))1B1(y)]νt (dy), (7.1)

where Gt , bt , νt depend continuously on t and ν is taken in its weak topology,
i.e.

∫
f (y)νt (dy) depends continuously on t for any continuous f on Rd \ {0}

with | f | ≤ c min(|y|2, 1)). More precisely, by the Lévy process generated by
the family (7.1) we mean a process Xt for which
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E( f (Xt )|Xs = x) = (�s,t f )(x), f ∈ C(Rd),

where �s,t is the propagator of positive linear contractions in C∞(Rd) depend-
ing strongly continuously on s ≤ t and such that, for any f ∈ (C∞ ∩C2)(Rd),
the function fs = �s,t f is the unique solution in (C∞ ∩ C2)(Rd) of the
inverse-time Cauchy problem

ḟs = −Ls fs, s ≤ t, ft = f. (7.2)

From the theory of Markov processes, the existence of the family �s,t with the
required properties implies the existence and uniqueness of the corresponding
Markov process. Thus the question of the existence of the process for a given
family Lt is reduced to the question of the existence of a strongly continu-
ous family �s,t with the required properties. This is settled in the following
statement.

Proposition 7.1 For a given family Lt of the form (7.1) with coefficients
continuous in t , there exists a family �s,t of positive linear contractions
in C∞(Rd) depending strongly continuously on s ≤ t such that, for any
f ∈ C2∞(Rd), the function fs = �s,t f is the unique solution in C2∞(Rd)

of the Cauchy problem (7.2).

Proof Let f belong to the Schwartz space S(Rd). Then its Fourier
transform

g(p) = (F f )(p) = (2π)−d/2
∫

Rd
e−i px f (x) dx

also belongs to S(Rd). As the Fourier transform of equation (7.2) has the form

ġs(p) = −
[
− 1

2 (Gs p, p) + i(bs, p) +
∫

(eipy − 1 − i py1B1)νs(dy)

]
gs(p),

it has the obvious unique solution

gs(p) = exp

{∫ t

s

[
− 1

2 (Gτ p, p) + i(bτ , p)

+
∫

(eipy − 1 − i py1B1)ντ (dy)
]

dτ

}
g(p), (7.3)

which belongs to L1(Rd), so that fs = F−1gs = �s,t f belongs to C∞(Rd).
The simplest way to deduce the required property of this propagator is to
observe that, for any fixed s, t , the operator �s,t coincides with an opera-
tor from the semigroup of a certain homogeneous Lévy process, implying
that each �s,t is a positivity-preserving contraction in C∞(Rd) preserving the
spaces (C∞ ∩ C2)(Rd) and C2∞(Rd). Strong continuity then follows as in the
standard (homogeneous) case.
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Corollary 7.2 Under the assumptions of Proposition 7.1, the family of dual
operators on measures V t,s = (�s,t )′ depends weakly continuously on s, t and
Lipschitz continuously on the norm topology of the Banach dual (C2∞(Rd))′ to
C2∞(Rd). That is,

‖V t,s(μ) − μ‖(C2∞(Rd ))′ = sup
‖ f ‖

C2∞(Rd )
≤1

|( f, V t,s(μ) − μ)|

≤ (t − s) sup
τ∈[s,t]

(
‖Aτ‖ + ‖bτ‖ +

∫
min(1, |y|2)ντ (dy)

)
. (7.4)

Moreover, for any μ ∈ P(Rd), V t,s(μ) yields the unique solution of the weak
Cauchy problem

d

dt
( f, μt ) = (Lt f, μt ), s ≤ t, μs = μ, (7.5)

which holds for any f ∈ C2∞(Rd).

Proof The weak continuity of V t,s is straightforward from the strong
continuity of �s,t and duality. Next, again by duality,

sup
‖ f ‖C2(Rd )

≤1
|( f, V t,s(μ) − μ)| = sup

‖ f ‖C2(Rd )
≤1

|(�s,t f − f, μ)|

= sup
‖ f ‖C2(Rd )

≤1

∥∥∥∥
∫ t

s
Lτ�

τ,t f dτ

∥∥∥∥
C(Rd )

≤ (t − s) sup
τ∈[s,t]

sup
‖ f ‖C2(Rd )

≤1
‖Lτ f ‖C(Rd ),

because �s,t must also be a contraction in C2(Rd) since, as we have noted,
the derivatives of f satisfy the same equation as f itself. This implies (7.4).
Equation (7.5) is again a direct consequence of duality. Only uniqueness
is not obvious here, but it follows from a general duality argument; see
Theorem 2.10.

We now have all the tools we need to analyze nonlinear Lévy processes.
First let us recall their definition from Section 1.4. We defined a family of
Lévy–Khintchine generators by (see (1.23))

Aμ f (x) = 1
2 (G(μ)∇,∇) f (x) + (b(μ),∇ f )(x)

+
∫

[ f (x + y) − f (x) − (y,∇ f (x))1B1(y)]ν(μ, dy) (7.6)

for μ ∈ P(Rd). The nonlinear Lévy semigroup generated by Aμ was defined
as the weakly continuous semigroup V t of weakly continuous transformations
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of P(Rd) such that, for any μ ∈ P(Rd) and any f ∈ C2∞(Rd), the measure-
valued curve μt = V t (μ) satisfies

d

dt
( f, μt ) = (Aμt f, μt ), t ≥ 0, μ0 = μ.

Once the Lévy semigroup was constructed, we defined the corresponding
nonlinear Lévy process with initial law μ as the time-nonhomogeneous Lévy
process generated by the family

Lt f (x) = AV tμ f (x) = 1
2 (G(V t (μ))∇,∇) f (x) + (b(V t (μ)),∇ f )(x)

+
∫

[ f (x + y) − f (x) − (y,∇ f (x))1B1(y)]ν(V t (μ), dy).

with law μ at t = 0.

Theorem 7.3 Suppose that the coefficients of the family (7.6) depend on μ

Lipschitz continuously in the norm of the Banach space (C2∞(Rd))′ dual to
C2∞(Rd), i.e.

‖G(μ) − G(η)‖ + ‖b(μ) − b(η)‖ +
∫

min(1, |y|2)|ν(μ, dy) − ν(η, dy)|

≤ κ‖μ − η‖(C2∞(Rd ))′ = κ sup
‖ f ‖

C2∞(Rd )
≤1

|( f, μ − η)|, (7.7)

with constant κ . Then there exists a unique nonlinear Lévy semigroup gener-
ated by Aμ, and hence a unique nonlinear Lévy process.

Proof Let us introduce the distance d on P(Rd) induced by its embedding
in (C2∞(Rd))′:

d(μ, η) = sup
{
|( f, μ − η)| : f ∈ C2∞(Rd), ‖ f ‖C2∞(Rd ) ≤ 1

}
.

Observe that P(Rd) is a closed subset of (C2∞(Rd))′ with respect to this metric.
In fact, as it clearly holds that

d(μ, η) = sup
{
|( f, μ − η)| : f ∈ C2(Rd), ‖ f ‖C2(Rd ) ≤ 1

}
,

the convergence μn → μ, μn ∈ P(Rd), with respect to this metric implies
the convergence ( f, μn) → ( f, μ) for all f ∈ C2(Rd) and hence for all f ∈
C∞(Rd) and for constant f . This implies the tightness of the family μn and
that the limit μ ∈ P(Rd). Hence the set Mμ(t) of curves s ∈ [0, t] �→ P(Rd)

that are continuous with respect to the distance d, such that μ0 = μ, is a
complete metric space with respect to the uniform distance

dt
u(μ[.], η[.]) = sup

s∈[0,t]
d(μs, ηs).
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By Proposition 7.1 and Corollary 7.2, for any curve μ[.] ∈ Mμ(t) the nonho-
mogeneous Lévy semigroup �s,t (μ[.]) corresponding to L(μt ) and its dual
V t,s(μ[.]) are well defined, and the curve V t,s(μ[.])μ belongs to Mμ(t).
Clearly, to prove the theorem it is enough to show the existence of the unique
fixed point of the mapping of Mμ(t) to itself given by μ[.] �→ V .,0(μ[.])μ.
By the contraction principle it is enough to show that this mapping is a (strict)
contraction. To this end, one can write

dt
u

(
V .,0(μ[.])μ, V .,0(η[.])μ

)
= sup

‖ f ‖C2(Rd )
≤1

sup
s∈[0,t]

|( f, V s,0(μ[.])μ − V s,0(η[.])μ)|

= sup
‖ f ‖C2(Rd )

≤1
sup

s∈[0,t]

∣∣∣(�0,s(μ[.]) f − �0,s(η[.]) f, μ)
∣∣∣ .

Now we use a well-known trick (applied repeatedly in our exposition) for
estimating the difference of two propagators, writing

�0,s(μ[.]) f − �0,s(η[.]) f = �0,τ (μ[.])�τ,s(η[.]) f
∣∣∣τ=s

τ=0

=
∫ s

0
dτ

d

dτ
�0,τ (μ[.])�τ,s(η[.]) f

=
∫ s

0
�0,τ (μ[.])(Aμτ − Aητ )�

τ,s(η[.]) f,

where a differential equation like (7.2) has been used for �. Consequently,

dt
u

(
V .,0(μ[.])μ, V .,0(η[.])μ

)
≤ t sup

s∈[0,t]
sup

‖ f ‖C2(Rd )
≤1

∥∥∥�0,τ (μ[.])(Aμτ − Aητ )�
τ,s(η[.]) f

∥∥∥
C(Rd )

.

As the family of transformations �s,t increases neither the norm in C(Rd)

nor the norm in C2(Rd) (because, as mentioned above, the derivatives of f
satisfy the same equation as f itself owing to spatial homogeneity), the above
expression is bounded by

t sup
s∈[0,t]

sup
‖ f ‖

C2∞(Rd )
≤1

‖(Aμτ − Aητ ) f ‖C(Rd )

≤ t sup
s∈[0,t]

(
‖G(μs) − G(ηs)‖ + ‖b(μs) − b(ηs)‖

+
∫

min(1, |y|2)|ν(μs, dy) − ν(ηs, dy)|
)
,

which by (7.7) does not exceed tκdt
u(μ[.], η[.]). Hence for t < 1/κ our map-

ping is a contraction, showing the existence and uniqueness of the fixed point
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for such t . Of course, this can be extended to arbitrary times by iteration (as
usual in the theory of ordinary differential equations), completing the proof of
the theorem.

Remark 7.4 Condition (7.7) is not as strange as it seems. It is satisfied,
for instance, when the coefficients G, b, ν depend on μ via certain integrals
(possibly multiple) with sufficiently smooth densities, as usually occurs in
applications.

7.2 Variable coefficients via fixed-point arguments

By Theorem 2.12 one can get well-posedness for a nonlinear problem of
the type

d

dt
(g, μt ) = (Aμt g, μt ), μ0 = μ, (7.8)

from the regularity of the time-nonhomogeneous problem obtained by fix-
ing μt in the expression Aμt , since this yields natural nonlinear analogs of
all results from Part I. Moreover, when Aμ is of Lévy–Khintchine form the
dual operator often has a similar expression, allowing one to deduce addi-
tional regularity for the dual problem and consequently also for the nonlinear
problem. Yet the smoothing properties of a linear semigroup (say, if it has con-
tinuous transition densities), which are usually linked with a certain kind of
non-degeneracy, have a nonlinear counterpart. The results given in this section
exemplify more or less straightforward applications of this approach.

We start with nonlinear evolutions generated by integro-differential opera-
tors of order at most one, i.e. by the operator equation

Aμ f (x) = (b(x, μ),∇ f (x)) +
∫

Rd\{0}
[

f (x + y) − f (x)
]
ν(x, μ, dy).

(7.9)

The nonlinear evolutions governed by operators of this type include the
Vlasov equations, the mollified Boltzmann equation and nonlinear stable-like
processes whose index of stability is less than 1. Stable-like processes with
higher indices are analyzed at the end of this section.

Theorem 7.5 Assume that, for any μ ∈ P(Rd), b(., μ) ∈ C1(Rd) and
that ∇ν(x, μ, dy) (the gradient with respect to x) exists in the weak sense
as a signed measure and depends weakly continuously on x. Let the following
conditions hold:

sup
x,μ

∫
min(1, |y|)ν(x, μ, dy) < ∞, sup

x,μ

∫
min(1, |y|)|∇ν(x, μ, dy)| < ∞;

(7.10)
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for any ε > 0 there exists a K > 0 such that

sup
x,μ

∫
Rd\BK

ν(x, μ, dy) < ε, sup
x,μ

∫
Rd\BK

|∇ν(x, μ, dy)| < ε (7.11)

sup
x,μ

∫
B1/K

|y|ν(x, μ, dy) < ε; (7.12)

and, finally,

sup
x

∫
min(1, |y|)|ν(x, μ1, dy) − ν(x, μ2, dy)| ≤ c‖μ1 − μ2‖(C1∞(Rd ))� ,

(7.13)

sup
x

|b(x, μ1) − b(x, μ2)| ≤ c‖μ1 − μ2‖(C1∞(Rd ))� (7.14)

uniformly for bounded μ1, μ2. Then the weak nonlinear Cauchy problem (7.8)
with Aμ given by (7.9) is well posed, i.e. for any μ ∈ M(Rd) it has a unique
solution Tt (μ) ∈ M(Rd) (so that (7.8) holds for all g ∈ C1∞(Rd)) preserving
the norm, and the transformations Tt of P(Rd) or, more generally, M(Rd),
t ≥ 0, form a semigroup depending Lipschitz continuously on time t and the
initial data in the norm of (C1∞(Rd))�.

Proof This is straightforward from Theorems 4.17, and 2.12. Alternatively
one can use Theorem 3.12.

We shall say that a family of functions fα(x) on a locally compact space S
belongs to C∞(Rd) uniformly in α if, for any ε > 0, there exists a compact K
such that | fα(x)| < ε for all x /∈ K and all α.

Remark 7.6 Clearly (7.13), (7.14) hold whenever b and ν have variational
derivatives such that∣∣∣∣δb(x, μ)

δμ(v)

∣∣∣∣+
∣∣∣∣ ∂∂v δb(x, μ)

δμ(v)

∣∣∣∣ ∈ C∞(Rd), (7.15)

∫
min(1, |y|)

(∥∥∥∥ δν

δμ(v)
(x, μ, dy)

∥∥∥∥+
∥∥∥∥ ∂

∂v

δν

δμ(v)
(x, μ, dy)

∥∥∥∥
)

∈ C∞(Rd)

(7.16)

as functions of v uniformly for x ∈ Rd , ‖μ‖ ≤ M . Hint: use (F.4).

We shall discuss now the regularity of the solution to (7.8) and its stability
with respect to small perturbations of A, for which we need to write down the
action of the operator dual to (7.9) on functions, not just on measures. Since
we are not aiming to describe the most general situation, we shall reduce our
attention to the case of Lévy measures with densities.
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Theorem 7.7 Let k ∈ N, k ≥ 2. Assume that the assumptions of the pre-
vious theorem hold and moreover that the measures ν(x, μ, .) have densities
ν(x, μ, y) with respect to Lebesgue measure such that

∫
min(1, |y|) sup

x∈Rd ,‖μ‖≤M

(
ν(x, μ, y) +

∣∣∣∣∂ν∂x
(x, μ, y)

∣∣∣∣+ . . .

+
∣∣∣∣∂kν

∂xk
(x, μ, y)

∣∣∣∣
)

dy < ∞. (7.17)

(i) Then the nonlinear semigroup Tt of Theorem 7.5 preserves the space of
measures with smooth densities, i.e. the Sobolev spaces Wl

1 = W l
1(R

d), l =
0, . . . , k − 1, are invariant under Tt and Tt is a bounded strongly continuous
semigroup (of nonlinear transformations) in each of these Banach spaces.

Furthermore, with some abuse of notation we shall identify the measures
with their densities, denoting by Tt the action of Tt on these densities (for an
f ∈ L1(Rd), Tt ( f ) is the density of the measure that is the image under Tt

of the measure with density f ). A similar convention will apply to the notation
for the coefficients b and ν.

(ii) If additionally∫
min(1, |y|) sup

x

∣∣∣∣ ∂ l

∂xl
ν(x, f1, y) − ∂ l

∂xl
ν(x, f2, y)

∣∣∣∣ dy ≤ c‖ f1 − f2‖Wl
1
,

(7.18)

sup
x

∣∣∣∣ ∂ l

∂xl
b(x, f1) − ∂ l

∂xl
b(x, f2)

∣∣∣∣ ≤ c‖ f1 − f2‖Wl
1

(7.19)

for l = 1, . . . , k then the mapping Tt reduced to any space W l
1 is Lipschitz

continuous in the norm of W l−1
1 , i.e. uniformly for finite times we have

‖Tt ( f1) − Tt ( f2)‖Wl−1
1

≤ c(‖ f1‖Wl
1
+ ‖ f2‖Wl

1
)‖ f1 − f2‖Wl−1

1
(7.20)

for a continuous function c on R+. Moreover, for any f ∈ W l
1 the curve ft =

Tt ( f ) satisfies equation (7.8) strongly in the sense that

d

dt
ft = A�

ft
ft (7.21)

in the norm topology of Wl−1
1 .

Proof Statement (i) follows from Theorem 4.18. In particular, in order to
see that Tt is strongly continuous, i.e. ‖Tt ( f ) − f ‖Wl

1
→ 0 as t → 0, one

observes that Tt ( f ) = V t,0[ f.] f and that V t,0[ f.] is strongly continuous by
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Theorem 4.18. Statement (ii) is proved similarly to Theorem 2.12. Namely,
from (7.18), (7.19) it follows that (see (4.36) for the explicit form of A�

f )

‖(A�
f − A�

g)φ‖Wl−1
1

≤ c‖φ‖W 1
1
‖ f − g‖Wl−1

1
. (7.22)

Since

ft − gt = Tt ( f ) − Tt (g) = (V t,0[ f.] − V t,0[g.]) f + V t,0[g.]( f − g)

=
∫ t

0
V t,0[g.](A�

fs
− A�

gs
)V s,0[ f.] f ds + V t,0[g.]( f − g),

one has

sup
s≤t

‖ fs − gs‖Wl−1
1

≤ tκ sup
s≤t

‖ fs − gs‖Wl−1
1

‖ f ‖Wl
1
+ c‖ f − g‖Wl−1

1
.

Consequently (7.20) follows, first for small t and then for all finite t by itera-
tion. Finally, in order to see that (7.21) holds in W l−1

1 for an f ∈ W l
1 one needs

to show that the rh.s. of (7.21) is continuous in W l−1
1 ; this is clear because

A�
ft

ft − A�
f f = A�

ft
( ft − f ) + (A�

ft
− A�

f ) f,

where the first (resp. the second) term is small in W l−1
1 owing to the strong

continuity of ft = Tt ( f ) in W l
1 (resp. owing to (7.22)).

Theorem 7.8 Under the assumptions of Theorem 7.7, suppose that we have
in addition a sequence An

μ of operators, of the form given by (7.9), also
satisfying the conditions of Theorem 7.7 and such that∥∥∥ [(An

f )
� − A�

f

]
φ

∥∥∥
Wl

1

≤ αnκ(‖φ‖W m
1
) (7.23)

for a certain l ≤ m ≤ k − 1 and for a sequence αn tending to zero as n → ∞
and a certain continuous function κ on R+. Then the corresponding nonlinear
semigroups T n

t converge to Tt in the sense that

‖T n
t ( f ) − Tt ( f )‖Wl

1
→ 0, n → ∞, (7.24)

uniformly for f from bounded subsets of W m
1 .

Proof Using the same method as in the proof of Theorem 2.15 one obtains
the estimate

‖T n
t ( f ) − Tt ( f )‖Wl

1
≤ αnc(‖ f ‖W m

1
),

implying (7.24).

Further regularity for this problem will be discussed in the next chapter.
The approach to general nonlinear generators of Lévy–Khintchine type will

be demonstrated for the model of nonlinear diffusion combined with stable-like
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processes considered in Proposition 3.17. One can of course formulate more
general results based on other linear models analyzed in Part I. Moreover, using
the additional regularity of linear models (say, by invoking Theorem 4.25 for
the non-degenerate spectral-measure case) yields additional regularity for the
linear problem.

Assume that

Aμ f (x)

= 1
2 tr

[
σμ(x)σ

T
μ (x)∇2 f (x)

]
+ (bμ(x),∇ f (x)) +

∫ [
f (x + y) − f (x)

]
νμ(x, dy)

+
∫

P
dp

∫ K

0
d|y|

∫
Sd−1

ap,μ(x, s)
f (x + y) − f (x) − (y,∇ f (x))

|y|αp(x,s)+1

× d|y|ωp,μ(ds), (7.25)

where s = y/|y|, K > 0, (P, dp) is a Borel space with finite measure dp and
the ωp are certain finite Borel measures on Sd−1.

Theorem 7.9 Suppose that the assumptions of Proposition 3.18 (ii) hold
uniformly for all probability measures μ and, moreover, that

‖Aμ1 − Aμ2‖C2∞(Rd )�→C∞(Rd ) ≤ c‖μ1 − μ2‖(C2∞(Rd ))� ,

μ1, μ2 ∈ P(Rd)

(this assumption of smooth dependence of the coefficients on μ is easy to
check). Then the weak equation (7.8) with Aμ of the form given by (7.25) is
well posed, i.e. for any μ ∈ M(Rd) there exists a unique weakly continuous
curve μt ∈ M(Rd) such that (7.8) holds for all g ∈ (C2∞ ∩ C2

Lip)(R
d).

Proof This follows from Theorem 2.12 and an obvious nonhomogeneous
extension of Proposition 3.18.

Another example of the use of linear solutions to construct nonlinear solu-
tions relates to nonlinear curvilinear Ornstein–Uhlenbeck processes, which are
discussed in Chapter 11.4.

7.3 Nonlinear SDE construction

Here we describe how the SDE approach can be used to solve weak equations
of the form

d

dt
( f, μt ) = (Aμt f, μt ), μt ∈ P(Rd), μ0 = μ, (7.26)
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that we expect to hold for, say, all f ∈ C2
c (R

d), with

Aμ f (x) = 1
2 (G(x, μ)∇,∇) f (x) + (b(x, μ),∇ f (x))

+
∫ [

f (x + y) − f (x) − (∇ f (x), y)
]
ν(x, μ, dy) (7.27)

and ν(x, μ, .) ∈ M2(Rd), using the SDE approach. This method is a natural
extension of that used in Theorem 3.11.

Let Yt (z, μ) be a family of Lévy processes parametrized by points z and
probability measures μ in Rd and specified by their generators L[z, μ], where

L[z, μ] f (x) = 1
2 (G(z, μ)∇,∇) f (x) + (b(z, μ),∇ f (x))

+
∫ [

f (x + y) − f (x) − (∇ f (x), y)
]
ν(z, μ, dy) (7.28)

and ν(z, μ, .) ∈ M2(Rd). Our approach to solving (7.26) is to use the solu-
tion to the following nonlinear distribution-dependent stochastic equation with
nonlinear Lévy-type integrators:

Xt = x +
∫ t

0
dYs(Xs,L(Xs)), L(x) = μ, (7.29)

with a given initial distribution μ and a random variable x that is inde-
pendent of Yτ (z, μ). Let us define the solution through the Euler–Ito-type
approximation scheme, i.e. by means of the approximations Xμ,τ

t , where

Xμ,τ
t = Xμ,τ

lτ + Y l
t−lτ (Xμ,τ

lτ ,L(Xμ,τ
lτ )), L(Xμ,τ

0 ) = μ, (7.30)

for lτ < t ≤ (l + 1)τ , and where Y l
τ (x, μ) is a collection (for l = 0, 1, 2, . . .)

of independent families of the Lévy processes Yτ (x, μ) depending measurably
on x, μ (which can be constructed via Lemma 3.1 under the conditions of
Theorem 7.10 below). We define the approximations Xμ,τ by

Xμ,τ
t = Xμ,τ

lτ + Y l
t−lτ (Xμ,τ

lτ ), L(Xμ,τ
0 ) = μ,

for lτ < t ≤ (l + 1)τ , where L(X) is the probability law of X .
Clearly these approximation processes are càdlàg. Let us stress for clarity

that the Yτ depend on x, μ only via the parameters of the generator, i.e., say,
the random variable ξ = x + Yτ (x,L(x)) has the characteristic function

Eeipξ =
∫

Eeip(x+Yτ (x,L(x))μ(dx).

For x ∈ Rd we shall write for brevity X x,τ
kτ instead of X δx ,τ

kτ .
By the weak solution to (7.29) we shall mean the weak limit of X τk

μ , τk =
2−k , k → ∞, in the sense of distributions on the Skorohod space of càdlàg
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paths (which is of course implied by the convergence of the distributions in the
sense of the distance (A.4)). Alternatively, one could define it as the solution to
the corresponding nonlinear martingale problem or using more direct notions
of a solution, as in Section 3.1.

Theorem 7.10 Let an operator Aμ have the form given by (7.27) and let

‖√G(x, μ) −√
G(z, η)‖ + |b(x, μ) − b(z, η)| + W2(ν(x, μ; .), ν(z, η, .))

≤ κ(|x − z| + W2(μ, η)) (7.31)

hold true for a constant κ . Then:
(i) for any μ ∈ P(Rd)∩M2(Rd) there exists a process Xμ(t) solving (7.29)

such that

sup
μ:‖μ‖M2(R

d )
<M

W 2
2,t,un

(
Xμ,τk , Xμ

) ≤ c(t)τk; (7.32)

(ii) the distributions μt = L(Xt ) depend 1/2-Hölder continuously on t
in the metric W2 and the Xμ

t depend Lipschitz continuously on the initial
condition in the sense that

W 2
2 (Xμ

t , Xη
t ) ≤ c(t0)W

2
2 (μ, η); (7.33)

(iii) the processes

M(t) = f (Xμ
t ) − f (x) −

∫ t

0
L[Xμ

s ,L(Xμ
s )] f (Xμ

s ) ds

are martingales for any f ∈ C2(Rd); in other words, the process Xμ
t solves

the corresponding (nonlinear) martingale problem;
(iv) the distributions μt = L(Xt ) satisfy the weak nonlinear equation (7.26)

(which holds for all f ∈ C2(Rd));
(v) the resolving operators Ut : μ �→ μt of the Cauchy problem (7.26)

form a nonlinear Markov semigroup, i.e. they are continuous mappings from
P(Rd) ∩ M2(Rd), equipped with the metric W2, to itself such that U0 is the
identity mapping and Ut+s = UtUs for all s, t ≥ 0.

Proof This is an extension of the corresponding result for Feller processes,
Theorem 3.11. The details can be found in [138] and will not be reproduced
here.

7.4 Unbounded coefficients

Processes having unbounded coefficients are usually obtained by a limiting
procedure from the corresponding bounded ones. For example, this was the
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strategy used in Section 6.4 for constructing pure jump interactions with a
bound for the rates that is additive with respect to a conservation law. Usually
this procedure yields only an existence result (one proves the compactness of
bounded approximations and then chooses a converging subsequence) and the
uniqueness question is settled by other methods. However, if a correspond-
ing linear problem with unbounded coefficients is sufficiently regular, one can
establish well posedness by the same direct procedure as that used in Sec-
tion 7.2 for the case of bounded coefficients. We give here an example on
nonlinear localized stable-like processes with unbounded coefficients.

Theorem 7.11 Let

Aμ f (x) = 1
2 tr

[
σ(x, μ)σ T (x, μ)∇2 f (x)

]
+ (b(x, μ),∇ f (x))

+
∫

P
(dp)

∫ K

0
d|y|

∫
Sd−1

ap(x, s, μ)

× f (x + y) − f (x) − (y,∇ f (x))

|y|αp(x,s,μ)+1
d|y|ωp(ds),

(7.34)

where s = y/|y| and the coefficients satisfy the assumptions of Proposition 5.5
uniformly for all probability measures μ on Rd and furthermore

‖Aμ1 − Aμ2‖C2∞(Rd )�→C|.|k ,∞ ≤ κ‖μ1 − μ2‖(C2∞(Rd ))� .

Then the weak equation (7.8) with Aμ of the form (3.55) is well posed, i.e. for
any μ ∈ M(Rd) there exists a unique weakly continuous curve μt ∈ M(Rd)

such that (7.8) holds for all g ∈ C2∞(Rd).

Proof This is a consequence of Theorem 2.12 and an obvious nonhomo-
geneous extension of Proposition 5.5.



8

Smoothness with respect to initial data

In this chapter we analyze the derivatives of the solutions to nonlinear kinetic
equations with respect to the initial data. Rather precise estimates of these
derivatives are given. As usual we consider sequentially our basic three cases
of nonlinear integral generators, generators of order at most one and stable-
like generators. This chapter contains possibly the most technical material in
the book. Hence some motivation is in order, which is given in the following
introductory section.

8.1 Motivation and plan; a warm-up result

The main result on the convergence of semigroups states that a sequence of
strongly continuous semigroups T n

t converges to a strongly continuous semi-
group Tt whenever the generators An of T n

t converge to the generator A of
Tt on the set of vectors f forming a core for A. If this core is invariant, then
precise estimates of the convergence can be obtained; see Theorem 2.11 for a
more general statement. Using this fact, a functional central limit theorem can
easily be proved as follows. Let Zt be a continuous-time random walk on Z
moving in each direction with equal probability. This process is specified by
the generator L given by

L f (x) = a[ f (x + 1) + f (x − 1) − 2 f (x)]

with coefficient a > 0. By scaling we can define a new random walk Z h
t on

hZ with generator Lh given by

Lh f (x) = a

h2

[
f (x + h) + f (x − h) − 2 f (x)

]
.
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If f is thrice continuously differentiable then

Lh f (x) = a f ′′(x) + O(1) sup
y

| f (3)(y)|.

Hence, for f ∈ C3∞(Rd) the generators Lh converge to the generator L ,
where L f = a f ′′, for a Brownian motion. Since C3∞(Rd) is invariant for the
semigroup of this Brownian motion, we conclude that the semigroups of Zh

t
converge to the heat semigroup of the Brownian motion. We can also apply
Theorem C.5 to deduce convergence in distribution on the Skorohod space of
càdlàg paths.

Remark 8.1 The process Zh
t is a random walk. Namely, when starting at the

origin, it equals h(S1 + · · · + SNt ), where Nt is the number of jumps and the
Si are i.i.d. Bernoulli random variables. By Exercise 2.1 E(Nt ) = 2at/h2, so
that h is of order 1/

√
Nt .

The above argument has a more or less straightforward extension to quite
general classes of (even position-dependent) continuous-time random walks;
see e.g. Kolokoltsov [135] for the case of stable-like processes. The main non-
trivial technical problem in implementing this approach lies in identifying a
core for the limiting generator.

In Part III we will use this method twice in an infinite-dimensional setting,
showing first that the approximating interacting-particle systems converge to
the deterministic limit described by the kinetic equations and second that the
fluctuation process converges to a limiting infinite-dimensional Gaussian pro-
cess. In both cases we need a core for the limiting semigroup, and to obtain the
rates of convergence we need an invariant core.

Looking at the generators in (1.75) we can conclude that, for �F to make
sense, the function F on measures should have a variational derivative. But the
limiting evolution is deterministic, i.e. it has the form Ft (μ) = F(μt ) where
μt is a solution to the kinetic equation. We therefore have

δFt

δμ
= δF

δμt

δμt

δμ
,

which shows that, in order to apply the general method outlined above, we
need first-order variational derivatives of solutions to the kinetic equation that
are sufficiently regular with respect to the initial data. Similarly, the generators
of fluctuation processes are written in terms of second-order variational deriva-
tives, making it necessary to study the second-order variational derivatives of
solutions to the kinetic equation with respect to the initial data.

In this chapter we address this issue by analyzing the smoothness with
respect to the initial data of the nonlinear Markov semigroups Tt (μ) = μt
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constructed in previous chapters from equations of the type

d

dt
(g, μt ) = (Aμt g, μt ), μ0 = μ ∈ M(S), g ∈ D ⊂ C(S), (8.1)

where Aμ is a Lévy–Khintchine type operator depending on μ as on a param-
eter. Our aim is to identify an invariant core for the usual (linear) Markov
semigroup �t , where �t F(μ) = F(μt ), of the deterministic measure-valued
Markov process μt . The strong form of equation (8.1) is

d

dt
μt = A�

μt
μt , μ0 = μ ∈ M(S). (8.2)

We are concerned with derivatives of first and second order only, because
they are responsible for the LLN (the first-order stochastic approximation to
the limiting kinetic equation) and the CLT (the second-order approximation)
for the corresponding interacting-particle systems.

Namely, we will study the signed measures

ξt (μ0, ξ) = Dξμt (μ0) = lim
s→0+

1

s
[μt (μ0 + sξ) − μt (μ0)] (8.3)

and

ηt (μ0, ξ, η) = Dηξt (μ0, ξ) = lim
s→0+

1

s
[ξt (μ0 + sη, ξ) − ξt (μ0, ξ)] , (8.4)

denoting (with some abuse of notation) the corresponding variational deriva-
tives by

ξt (μ0, x) = Dδxμt (μ0) = δμt

δμ0(x)

= lim
s→0+

1

s
[μt (μ0 + sδx ) − μt (μ0)] (8.5)

and

ηt (μ0, x, w) = Dδwξt (μ0, x) = δξt (μ0, x)

δμ0(w)

= lim
s→0+

1

s
[ξt (μ0 + sδw, x) − ξt (μ0, x)] (8.6)

and occasionally omitting the arguments of ξt , ηt to shorten the formulas.
In the following sections we shall analyze separately various classes of

kinetic equations, aiming at proving the existence of the above derivatives and
obtaining effective estimates for them. The most subtle estimates are obtained,
in Sections 8.4 and 8.6, for the processes of coagulation and collision.
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The following formal calculations will form the basis for this analysis.
Differentiating (8.1) with respect to the initial data yields

d

dt
(g, ξt (μ0, ξ)) =

∫ (
Aμt g(v) +

∫
δAμt

δμt (v)
g(z)μt (dz)

)
ξt (μ0, ξ, dv)

(8.7)
and

d

dt
(g, ηt (μ0, ξ, η)) =

∫ (
Aμt g(v) +

∫
δAμt

δμt (v)
g(z)μt (dz)

)
ηt (μ0, ξ, η, dv)

+
∫∫ (

δAμt

δμt (u)
g(v) + δAμt

δμt (v)
g(u)

+
∫

δ2 Aμt

δμt (v)δμt (u)
g(z)μt (dz)

)
× ξt (μ0, ξ, dv)ξt (μ0, η, du), (8.8)

where the variational derivative for the operator A is obtained by variational
differentiation of its coefficients (see below for explicit formulas).

In the strong form, if μt , ξt or ηt have densities with respect to Lebesgue
measure, which are also denoted μt , ξt , ηt by the usual abuse of notation, and
if the operator A� and its variational derivatives act in L1(Rd) (i.e. A� preserves
the set of measures with densities) then equations (8.7), (8.8) clearly take the
form

d

dt
ξt (μ0, ξ, x) = A�

μt
ξt (μ0, ξ, x) +

∫
ξt (μ0, ξ, v)dv

δA�
μt

δμt (v)
μt (x) (8.9)

and

d

dt
ηt (μ0, ξ, η, x) = A�

μt
ηt (μ0, ξ, η, x) +

∫
ηt (μ0, ξ, η, v) dv

δA�
μt

δμt (v)
μt (x)

+
∫

ξt (μ0, ξ, v) dv ξt (μ0, η, u) du
δ2 A�

μt

δμt (v)δμt (u)
μt (x)

+
∫

ξt (μ0, η, u) du
δA�

μt

δμt (u)
ξt (μ0, ξ, x)

+
∫

ξt (μ0, ξ, v) dv
δA�

μt

δμt (v)
ξt (μ0, η, x). (8.10)

To conclude this introductory section, let us analyze the simplest case of
bounded generators, i.e. the problem (8.1) with Aμ given by (6.3),

Aμ f (x) =
∫

X
f (y)ν(x, μ, dy) − a(x, μ) f (x),
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for which the required smoothness with respect to the initial data is a direct
consequence of the standard theory of ODEs in Banach spaces (once global
existence is proved, of course).

Theorem 8.2 Under the assumptions of Theorem 6.1, suppose that the
variational derivatives

δν

δμ(x)
(z, μ, dy),

δa

δμ(x)
(z, μ)

exist, depend weakly continuously on x, z, μ and are bounded on bounded
subsets of μ. Then for any ξ ∈ M(X ) the derivative (8.3) exists strongly (the
limit exists in the norm topology of M(X)) and is a unique solution of the
evolution equation

d

dt
(g, ξt (μ0, ξ)) =

∫
ξt (μ0, x, dv)

[
Aμt g(v) +

∫ (∫
g(y)

δν

δμ(v)
(z, μ, dy)

− δa

δμ(v)
(z, μ)g(z)

)
μt (dz)

]
(8.11)

with initial condition ξ0(μ0, ξ)) = ξ . If the second variational derivatives of ν
and a exist and are continuous and bounded on bounded subsets of μ, then the
second derivative (8.4) exists and is a unique solution of the equation obtained
by differentiating (8.11).

Proof Equation (8.11) is obtained by differentiating (8.1) using the chain
rule for variational derivatives (F.7). By Theorem 6.1 this is a linear equation
with coefficients that are bounded uniformly in time. The rest follows from the
standard theory of ODEs in Banach spaces; see Appendix D. The statement
about the second derivative is proved similarly.

In the rest of this chapter our strategy will be the following: approximate a
given equation by another equation with the same structure but with a bounded
generator, apply the standard result on smoothness with respect to the initial
data to this approximation and then pass to the limit.

8.2 Lévy–Khintchine-type generators

We shall start with the semigroup specified by the operator equation (7.9), with
all Lévy measures absolutely continuous with respect to Lebesgue measure.
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Equation (7.9) reads

Aμ f (x) = (b(x, μ),∇ f (x))+
∫

Rd

[
f (x + y) − f (x)

]
ν(x, μ, y)dy, (8.12)

and clearly we have

δA

δμ(v)
g(z) =

(
δb

δμ(v)
(z, μ),∇g(z)

)
+
∫

Rd

[
g(z + y) − g(z)

] δν

δμ(v)
(z, μ, y)dy

with a similar expression for the second variational derivative.
A particular case that is important for applications occurs when b, ν depend

on μ as integral linear operators:

Aμ f (x) =
(

b(x) +
∫

b̃(x, z)μ(dz),∇ f (x)

)

+
∫

Rd
[ f (x + y) − f (x)](ν(x, y) +

∫
ν̃(x, z, y)μ(dz)(dy)

(8.13)

for some functions b(x), b̃(x, y), ν(x, y), ν̃(x, y, z), where clearly

δA

δμ(v)
g(z) = (b̃(z, v),∇g(z)) +

∫
[g(z + y) − g(z)]ν̃(z, v, y)dy,

δA2

δμ(v)δμ(u)
= 0.

This situation is already rich enough to include, say, the Vlasov equation (when
ν and ν̃ vanish) and the LLN limit for a binary interacting α-stable process with
α < 1.

In the case of operators given by (8.12), the solution to (8.7) generally does
not belong to M(Rd) but to the larger Banach space (C1∞(Rd))�.

Theorem 8.3 Let k ∈ N, k ≥ 2 and let the coefficient functions b, ν be k
times continuously differentiable in x, so that

sup
‖μ‖≤M,x∈Rd

(
b(x, μ) +

∣∣∣∣ ∂b

∂x
(x, μ)

∣∣∣∣+ · · · +
∣∣∣∣ ∂kb

∂xk
(x, μ)

∣∣∣∣
)

< ∞, (8.14)

∫
min(1, |y|) sup

‖μ‖≤M,x∈Rd

k∑
l=0

∣∣∣∣∂ lν

∂xl
(x, μ, y)

∣∣∣∣ dy < ∞. (8.15)

For a μ ∈ M(Rd) or a μ ∈ W l
1(R

d), l = 0, . . . , k − 1, we denote by μt

the corresponding unique solution to (8.1), (8.12) with initial data μ0 = μ

given by Theorem 7.5. Moreover, let the variational derivatives of b, ν exist
and (7.15), (7.16) hold. Then equation (8.7) is well posed in (C1∞(Rd))�. More
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precisely, for any μ ∈ M(Rd) and ξ ∈ (C1∞(Rd))� there exists a unique
�-weakly continuous curve ξt ∈ (C1∞(Rd))� with ξ0 = ξ solving (8.7) �-weakly
in (C2∞(Rd))�. Furthermore ξt depends continuously on μ in the sense that
if μn → μ in the norm topology of (C1∞(Rd))� then the corresponding ξn

t
converge to ξt in the norm topology of (C2∞(Rd))� and �-weakly in (C1∞(Rd))�.
Finally, if ξ ∈ Msigned(X) then ξt represents the Gateaux derivative (8.3),
where the limit exists in the norm topology of (C2∞(Rd))� and �-weakly in
(C1∞(Rd))�.

Proof The equation

d

dt
(g, ξt (μ, ξ)) = (Aμt g, ξt (μ0, ξ))

is well posed, by (8.14), (8.15) and Theorem 4.18. Conditions (7.15), (7.16)
ensure that the operator

g �→
∫

δAμt

δμt (.)
g(z)μt (dz) (8.16)

appearing on the r.h.s. of (8.7) is a bounded linear mapping C1(Rd) �→
C1∞(Rd) that is uniform for bounded μ, so that the stated well-posedness of
(8.7) follows from perturbation theory.

Remark 8.4 Notice that this operator is not defined on C(Rd), hence the
necessity to work with the evolution of ξt in (C1∞(Rd))� and not in M(Rd).

The continuous dependence of ξt on μ follows from the continuous depen-
dence of μt on μ in the norm topology of (C1∞(Rd))�, the standard propagator
convergence (Theorem 2.11 with D = C2∞(Rd), B = C1∞(Rd)) and the
observation that∥∥∥∥(Aμ1 − Aμ2)g +

∫
δAμ1

δμ(.)
g(z)μ1(dz) −

∫
δAμ2

δμ(.)
g(z)μ2(dz)

∥∥∥∥
C1(Rd )

≤ c‖g‖C2(Rd )‖μ1 − μ2‖(C1∞(Rd ))� , (8.17)

which follows from (7.15) and (7.16) (or more precisely from their implica-
tions, (7.13) and (7.14)).

In order to prove (8.3) we shall approximate the operator Aμ by a sequence
of operators An

μ that are bounded in C∞(Rd) and are given by

An
μ f (x) = [ f (x + b(x, μ)/n) − f (x)]n

+
∫

Rd\B1/n

[ f (x + y) − f (x)]ν(x, μ, y)dy (8.18)

for n ∈ N, so that
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‖(An
μ − Aμ) f ‖ ≤ 1

n
c‖ f ‖C2(Rd ) (8.19)

uniformly for bounded μ. Since these operators enjoy the same properties as
Aμ, well-posedness holds for them in the same form as for Aμ. Let us denote
by μn

t , ξn
t , ηn

t the objects analogous to μt , ξt , ηt constructed from An
μ.

Since the (An
μ)

� are bounded linear operators in Msigned(Rd) and
(C1∞(Rd))�, the equations for μt and ξt are both well posed in the strong sense
in (C1∞(Rd))� and Msigned(Rd). Hence the standard result on differentiation
with respect to the initial data is applicable (see Theorem D.1), leading to the
conclusion that the ξn

t represent the Gateaux derivatives of μn
t with respect to

the initial data in the norm of (C1∞(Rd))�. Consequently

μn
t (μ + hξ) − μn

t (μ) = h
∫ 1

0
ξn

t (μ + shξ) ds (8.20)

holds as an equation in (C1∞(Rd))� (and in Msigned(Rd) whenever ξ ∈
Msigned(Rd)).

We aim at passing to the limit n → ∞ in equation (8.20) in the norm topol-
ogy of (C2∞(Rd))�, in the case when ξ ∈ Msigned(Rd). Using Theorem 2.15
with D = C2∞(Rd) we deduce the convergence of the μn

t in the norm of
(C2∞(Rd))�. Next,

‖ξn
t (μ) − ξt (μ)‖(C2∞(Rd ))� = sup

‖g‖
C2∞(Rd )≤1

∣∣(g, ξn
t (μ) − ξt (μ)

)∣∣
= sup

‖g‖
C2∞(Rd )≤1

(U tg − U t
ng, ξ) ≤ ‖ξ‖M(Rd )‖U t g − U t

ng‖C(Rd ),

where U t = U 0,t denotes the backward propagator in C∞(Rd) that is dual
to the propagator on ξ given by equation (8.7). The last expression above can
now be estimated by the standard convergence of propagators, given in Theo-
rem 2.11, for D = C2∞(Rd), B = C∞(Rd) together with the observation that
combining the estimates (8.17) and (8.19) yields∥∥∥∥(An

μn − Aμ)g +
∫

δAn
μn

δμn(.)
g(z)μn(dz) −

∫
δAμ

δμ(.)
g(z)μ(dz)

∥∥∥∥
C(Rd )

≤ c‖g‖C2(Rd )

(
1

n
+ ‖μn − μ‖(C2∞(Rd ))�

)
.

Consequently, passing to the limit n → ∞ in (8.20) yields the equation

μt (μ + hξ) − μt (μ) = h
∫ 1

0
ξt (μ + shξ) ds, (8.21)

where all objects are well defined in (C1∞(Rd))�.
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This equation together with the stated continuous dependence of ξt on μ

implies (8.3) in the sense required.

In the following exercise the additional regularity of the variational deriva-
tives ξt is discussed.

Exercise 8.1 Under the assumptions of the above theorem, let an m1 ∈ [1, k]
exist such that

sup
‖μ‖≤M,x,v∈Rd

m1∑
l=0

∣∣∣∣ ∂ l

∂xl

δb

δμ(v)
(x, μ)

∣∣∣∣ < ∞, (8.22)

∫
min(1, |y|) sup

‖μ‖≤M,x,v∈Rd

m1∑
l=0

∣∣∣∣ ∂ l

∂xl

δν

δμ(v)
(x, μ, y)

∣∣∣∣ dy < ∞ (8.23)

(of course, all the derivatives in these estimates are supposed to exist). Show
that, for any μ ∈ W l

1, ξ ∈ W m
1 , l = 1, . . . , k − 1, m ≤ min(m1 − 1, l − 1),

there exists a unique global solution ξt = ξt (μ0, ξ) ∈ W m
1 of equation (8.9)

considered as an equation for the densities ξt of the measures ξt (we now iden-
tify the measures and their densities both for μt and ξt ) in the norm topology
of W m−1

1 . Also, show that this solution represents the Gateaux derivative (8.3),
where the limit exists in the norm topology of W m−1

1 . Hint: Conditions (8.22)
and (8.23) imply that the second term on the r.h.s. of equation (8.9) defines
the bounded operator L1(Rd) �→ W min(l−1,m1−1)

1 . Hence the well-posedness
of equation (8.9) follows from perturbation theory (Theorem 2.9) and from
Theorem 4.18. The other statements follow by the same arguments as in the
theorem above.

Theorem 8.5 Under the assumptions of Theorem 8.3 suppose that the second
variational derivatives of b, ν exist and are smooth, so that

sup
‖μ‖≤M,x,v,u∈Rd

(∣∣∣∣ ∂∂v δ2b

δμ(v)δμ(u)
(x, μ)

∣∣∣∣+
∣∣∣∣ ∂∂u

δ2b

δμ(v)δμ(u)
(x, μ)

∣∣∣∣
+
∣∣∣∣ δ2b

δμ(v)δμ(u)
(x, μ)

∣∣∣∣+
∣∣∣∣ ∂2

∂v∂u

δ2b

δμ(v)δμ(u)
(x, μ)

∣∣∣∣
)

< ∞

and the function

sup
‖μ‖≤M,x,v,u∈Rd

(∣∣∣∣ ∂∂v δ2ν

δμ(v)δμ(u)
(x, μ, y)

∣∣∣∣+
∣∣∣∣ ∂∂u

δ2ν

δμ(v)δμ(u)
(x, μ, y)

∣∣∣∣
+
∣∣∣∣ δ2ν

δμ(v)δμ(u)
(x, μ, y)

∣∣∣∣+
∣∣∣∣ ∂2

∂v∂u

δ2ν

δμ(v)δμ(u)
(x, μ, y)

∣∣∣∣
)

is integrable with respect to the measure min(1, |y|)dy.
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Then, for any μ ∈ M(Rd), ξ, η ∈ (C1∞(Rd))�, there exists a unique weakly
(and vaguely) continuous curve ηt ∈ (C1∞(Rd))�, with η0 = 0, solving (8.8)
weakly in (C2∞(Rd))�. Moreover, ηt depends continuously on μ in the sense
that if μn → μ in the norm topology of (C1∞(Rd))� then the correspond-
ing ηn

t converge to ηt in the norm topology of (C2∞(Rd))� and weakly in
(C1∞(Rd))�. Finally, if ξ, η ∈ Msigned(X) then ηt represents the Gateaux
derivative (8.3), where the limit exists in the norm topology of (C2∞(Rd))� and
weakly in (C1∞(Rd))�.

Proof Well-posedness for the nonhomogeneous linear equation (8.10) fol-
lows from the well-posedness of the corresponding homogeneous equation,
(8.9), obtained above, from the du Hamel principle (see Theorem 2.40) and
from the observation that the assumed smoothness of the variational derivatives
ensures that the second integral in (8.10) is well defined for g ∈ C1(Rd) and
ξt ∈ (C1∞(Rd))�. The validity of (8.4) follows, as above, by the approximation
argument.

The smoothness of the solutions μt to the kinetic equations is of interest
both theoretically and practically (say, for the analysis of numerical solution
schemes). Moreover, it plays a crucial role in the analysis of the Markov
semigroup �t , where �t F(μ) = F(μt (μ)), arising from the deterministic
measure-valued Markov process μt (μ) and its Feller properties. Clearly, the
operators �t form a semigroup of contractions on the space of bounded mea-
surable functionals on measures. For the analysis of this Markov semigroup,
naturally arising problems are the identification of a space where it is strongly
continuous and the specification of an appropriate core (preferably invariant).
The above results allow us to solve these problems easily and effectively.

We shall need the notation introduced in Appendix D and some natu-
ral extensions of this. In particular, we denote by C1,k

weak(MM (Rd)) (resp.

C1,k
vague(MM (Rd))) the space of weakly (resp. vaguely) continuous function-

als on MM (X) (measures with norms bounded by M) such that the variational
derivative δF/δY (x) exists for all Y, x , is a bounded continuous function of
two variables with Y considered in the weak topology and is k times differen-
tiable in x , so that (∂k/∂xk)(δF/δY (x)) is also a weakly continuous bounded
function of two variables (resp. if Y is considered in the vague topology and if
additionally

δF(Y )

δY (.)
∈ Ck∞(Rd)

uniformly for Y ∈ MM (Rd)). The spaces C1,k
weak(MM (Rd)) and

C1,k
vague(MM (Rd)) become Banach spaces (note that C1,k

vague(MM (Rd)) is
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actually a closed subspace of C1,k
weak(MM (Rd))) if equipped with the norm

‖F‖C1,k
weak(MM (Rd ))

= sup
Y

∥∥∥∥ δF

δY (.)

∥∥∥∥
Ck (Rd )

.

Similarly, we denote by C2,2k
weak(MM (Rd)) (resp. C2,2k

vague(MM (Rd))) the sub-

space of C2
weak(MM (Rd)) ∩ C1,k

weak(MM (Rd)) such that the derivatives

∂ l+m

∂xl∂ym

δ2 F

δY (x)δY (y)
(Y )

exist for l,m ≤ k and are continuous bounded functions (resp. the same with
“vague” instead of “weak” everywhere and if, additionally, the derivatives in
the above expression belong to C∞(X2) uniformly for Y ). The Banach norm of
these spaces is of course defined as the sum of the sup norms of all its relevant
derivatives. As we shall see in the next chapter, the spaces C2,2k

vague(MM (Rd))

play a crucial role in the study of LLN approximation to nonlinear Markov
processes.

Theorem 8.6 (i) Under the assumptions of Theorem 8.3 the semigroup �t is
a Feller semigroup in Cvague(MM (Rd)) and C1,1

vague(MM (Rd)) represents its
invariant core, where the generator � is defined by

�F(Y ) =
(

AY
δF(Y )

δY (.)
, Y

)
. (8.24)

(ii) Moreover, the space of polynomial functions generated by the monomials
of the form

∫
g(x1, . . . , xn)Y (dx1) · · · Y (dxn) with g ∈ Cl∞(Rdn) is also a

core (though not necessarily an invariant one) for any l ≥ 1.
(iii) Under the assumptions of Theorem 8.5 the space C2,2

vague(MM (Rd)) is
also an invariant core.

Proof (i) Let F ∈ C1,1
vague(MM (Rd)). Then

δ�t F(μ)

δμ(x)
= δF(μt (μ))

δμ(x)
=
∫

X

δF(μt )

δμt (y)

δμt (μ)

δμ(x)
(dy)

=
∫

X

δF(μt )

δμt (y)
ξt (μ, x, dy), (8.25)

implying that this derivative is well defined, since ξt ∈ (C1∞(Rd))� and
δF(μt )/δμt (y) ∈ C1∞(Rd). Moreover

(g, ξt (μ, x, .)) = (U t g, δx ) = U t g(x),

where by U we denote, as above, the backward propagator in C∞(Rd) that is
dual to the propagator on ξ given by equation (8.7). Since the operators U prop-
agate in C1∞(Rd) uniformly for bounded μ, it follows that the function (8.25)
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belongs to C1∞(Rd) also uniformly for bounded μ. Hence �t is a bounded
semigroup in C1,1

vague(MM (Rd)). Differentiating F(μt ) yields on the one hand

d

dt
F(μt ) =

(
Aμt

δF(μt )

δμt (.)
, μt

)
, (8.26)

implying (8.24). On the other hand it follows that, for ‖μ‖ ≤ M and F ∈
C1,1

vague(MM (Rd)),

|�t F(μ) − F(μ)| ≤ tc(t, M)

∥∥∥∥δF(μ)

δμ(.)

∥∥∥∥
C1(Rd )

,

implying that �t is strongly continuous in C1,1
vague(MM (Rd)) in the topology of

Cvague(MM (Rd)) and consequently strongly continuous in Cvague(MM (Rd))

by the usual approximation argument, since C1,1
vague(MM (Rd)) is dense in

Cvague(MM (Rd)) by the Stone–Weierstrass theorem. It remains to observe
that �F from (8.24) is well defined as an element of Cvague(MM (Rd))

whenever F ∈ C1,1
vague(MM (Rd)).

(ii) This follows from statement (i) and Proposition I.1.
(iii) If F ∈ C2,2

vague(MM (Rd)) then

δ2�t F(μ)

δμ(x)δμ(y)
=
∫

X

δF(μt )

δμt (v)
ηt (μ, x, y, dv)

+
∫

X

δ2 F(μt )

δμt (v)δμt (u)
ξt (μ, x, dv)ξt (μ, y, du), (8.27)

everything here being well defined owing to Theorem 8.5. It remains to con-
sider differentiability. Since we have supposed that the second variational
derivatives of F have continuous mixed second derivatives in u, v, one only
needs to show that

∂

∂x
ξ(μ, x, y),

∂

∂x
η(μ, x, y),

∂

∂y
η(μ, x, y),

∂2

∂x∂y
η(μ, x, y)

are well defined as the elements of (C1∞(Rd))�. And this in turn follows by dif-
ferentiating equations (8.7) and (8.8). Equation (8.7) with ξ = δx has the same
form after differentiation with respect to x . Consequently, ∂ξ(μ, x)/∂x solves
the same equation with initial condition δ′

x ∈ (C1∞(Rd))� and hence belongs to
this space owing to the well-posedness of this equation. Next, on differentiating
(8.8) we see that the homogeneous part remains the same after differentiation
and that the nonhomogeneous part, after, say, two differentiations with respect
to x and y, takes the form
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δAμt

δμt (u)
g(v) + δAμt

δμt (v)
g(u) +

∫
δ2 Aμt

δμt (v)δμt (u)
g(z)μt (dz)

)

× ∂

∂x
ξt (μ0, x, dv)

∂

∂y
ξt (μ0, y, du).

Here everything is well defined, since

∂

∂x
ξt (μ0, x) ∈ (C1∞(Rd))�.

Continuity of the derivatives of η with respect to x and y (and of the second
mixed derivative) follows from the continuity of the derivatives of ξ .

We have shown how one can work with an arbitrary smooth dependence
of the coefficients on measures. As the results and proofs are rather heavy at
the present level of generality, we shall consider now an example of nonlin-
ear stable-like processes with the most elementary type of nonlinearity. More
general extensions can be obtained if needed using variational derivatives as
above.

Thus, let Aμ have the form given in (3.55), with σ , ω, ν independent of μ
and with

bμ(x) =
∫

b(x, y)μ(dy), ap,μ(x, s) =
∫

ap(x, s, y)μ(dy) (8.28)

for some functions b, a. In this case clearly

δA

δμ(v)
g(x)= (b(x, v),∇g(x))+

∫
P

dp
∫ K

0
d|y|

∫
Sd−1

ap(x, s, v)

× g(x + y)− g(x)− (y,∇g(x))

|y|αp(x,s)+1
d|y|ωp(ds).

Unlike the situation previously discussed the operator (8.16) is defined in
C2∞(Rd) and not just in C1∞(Rd). The following result is proved in the same
way as Theorem 8.6 but taking into account this additional feature.

Theorem 8.7 Under the assumptions of Theorem 7.9 suppose that the non-
linear dependence is as described above, with b(x, .), a(x, s, .) ∈ C5∞(Rd)

uniformly for x and s and that other coefficients satisfy the assumptions of
Proposition 3.17(ii) for k > 4. Then the equations (8.7) and (8.8) for ξt

and ηt are well posed in (C2∞(Rd))� (they solve (8.7) and (8.8) �-weakly
in (C4∞(Rd))�) and are given by the limits (8.3), (8.4) in the norm topol-
ogy of (C4∞(Rd))�. Moreover, the semigroup given by �t F(μ) = F(μt ) is
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a Feller semigroup in Cvague(MM (Rd)) and the spaces C1,2
vague(MM (Rd)) and

C2,4
vague(MM (Rd)) represent its invariant cores.

One can treat the nonlinear counterpart of the unbounded-coefficient evolu-
tion from Proposition 5.5 similarly.

Exercise 8.2 State and prove the analog of the regularity statement (ii) from
Theorem 8.3 for the second derivative of η.

Exercise 8.3 Under the assumptions of Theorem 8.3 the semigroup
�t is also strongly continuous on the closure of C1,1

weak(MM (Rd)) in

the space Cweak(MM (X)), the space C1,1
weak(MM (Rd)) (and, under the

assumptions of Theorem 8.5, C2,2
weak(MM (Rd)) also) is invariant, and for

F ∈ C1,1
weak(MM (Rd)) equation (8.24) holds for each Y with �F ∈

Cweak(MM (Rd)). Moreover, to achieve this result one can essentially relax the
conditions of Theorem 8.3 by, say, allowing, in conditions (7.15), (7.16), the
corresponding functions to belong to C(Rd) and not necessarily to C∞(Rd).
Hint: See Exercise 11.5.

8.3 Jump-type models

In this section we shall prove smoothness with respect to the initial data for the
kinetic equations with pure jump interactions, focusing our attention on the
most important binary interactions (extension to interactions of other orders
being more or less straightforward) for non-increasing particle number. (The
latter assumption simplifies calculation but is not essential for the validity of
the methods developed.) Namely, we are going to study the signed measures
(8.5) and (8.6) for the solutions of the weak kinetic equation

d

dt
(g, μt ) = 1

2

∫
X

∫
X2

[g⊕(y) − g(x1) − g(x2)]P(x1, x2, dy)μt (dx1)μt (dx2)

= 1
2

∫
X2

{∫
X
[g(y) − g(x1) − g(x2)]P(x1, x2, dy)

+
∫

X2
[g(y1)+g(y2)−g(x1)−g(x2)]P(x1, x2, dy1dy2)

}
× μt (dx1)μt (dx2), (8.29)

which includes as particular cases the spatially homogeneous Boltzmann and
Smoluchovski models. As neither the number of particles nor the quantity E
are increased by the interaction we shall assume that all initial measures (and
hence under an appropriate well-posedness condition all solutions) belong to
the subset
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Me0,e1(X) = {μ ∈ M(X) : (1, μ) ≤ e0, (E, μ) ≤ e1}. (8.30)

The generally known results on the derivatives of evolution systems with
respect to the initial data are not applicable directly to this equation in the case
of unbounded coefficients. Thus we shall adhere to the same strategy as in
the previous section, introducing approximations with bounded kernels (Theo-
rem 6.13), applying standard results on variational derivatives to them and then
passing to the limit.

Differentiating formally equation (8.29) with respect to the initial measure
μ0 one obtains for ξt and ηt the equations

d

dt
(g, ξt ) =

∫
X×X

∫
X

[g⊕(y) − g(x1) − g(x2)]P(x1, x2, dy)ξt (dx1)μt (dx2)

(8.31)
and

d

dt
(g, ηt (x, w; , ·)) =

∫
X×X

∫
X
[
g⊕(y) − g(x1) − g(x2)

]
P(x1, x2, dy)

× [ηt (x, w; dx1)μt (dx2) + ξt (x; dx1)ξt (w; dx2)].
(8.32)

The evolution on functions that is dual to the dynamics (8.31) is specified by
the equation

d

dt
g(x) =

∫
X

∫
X
[
g⊕(y) − g(x) − g(z)

]
P(x, z, dy)μt (dz). (8.33)

More precisely, the proper dual problem to the Cauchy problem of equa-
tion (8.31) is given by the inverse Cauchy problem for equation (8.33):

d

dt
g(x) = −

∫
X

∫
X
[
g⊕(y) − g(x) − g(z)

]
P(x, z, dy)μt (dz),

t ∈ [0, r ], gr = g. (8.34)

As mentioned above we shall use the cut-off kernel Pn , which, as in The-
orem 6.7, will be defined by equation (6.19). We shall denote by μn

t , ξ
n
t , etc.

the analogs of μt , ξt arising from the corresponding cut-off equations (with Pn

instead of P , μn instead of μ, etc.).
The following result collects together the qualitative properties of the first

variational derivatives of the solutions to kinetic equation (8.29) and their cut-
off approximations.

Theorem 8.8 Suppose that P(x, .) is a continuous function taking SX2 to
M(X ∪ SX2) (where the measures are considered in the weak topology) and
that it is E-non-increasing and (1 + E)⊕-bounded for some continuous non-
negative function E on X such that E(x) → ∞ as x → ∞. Suppose that
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μ ∈ Me0,e1(X) and (1 + Eβ, μ) < ∞ for the initial condition μ = μ0 and
for some β > 3.

(i) Then the inverse Cauchy problem (8.34) is well posed in C1+Eω , ω ≤
β − 2. More precisely: there exists a backward propagator U t,r = U t,r

μ in
C1+Eβ−1(X) which preserves the spaces C1+Eω(X) for ω ∈ [1, β−1], specifies
a bounded propagator in each of these spaces and is strongly continuous in
C1+Eω(X) for any ω ∈ (1, β − 1]. For any g ∈ C1+Eω(X), ω ∈ [1, β − 2],
U t,r g = gt is the unique solution to (8.34) in the sense that gt ∈ C1+Eω(X)

for all t and (8.34) holds uniformly on the sets {x : L(x) ≤ l}, l > 0 and, for
any g ∈ C1+Eω,∞(X) and ω ∈ (1, β − 2], U t,r g = gt solves (8.34) in the
norm topology of C1+Eω+1(X).

(ii) The dual (forward) propagator V s,t is well defined in each space
Msigned

1+Eω(X), ω ∈ [1, β − 1], and, for any ξ ∈ Msigned
1+Eω(X), V s,tξ is the

unique weakly continuous curve in Msigned
1+Eβ−1(X) that solves the Cauchy prob-

lem (8.31) (with initial data ξ at time s) weakly in Msigned
1+Eβ−2(X). In particular,

ξt (μ, x) = V 0,tδx is well defined.
(iii) ξn

t (μ, x) → ξt (μ, x) as n → ∞ in the norm topology of M1+Eω with
ω ∈ [1, β − 2) and �-weakly in M1+Eβ−1 .

(iv) ξt depends Lipschitz continuously on μ0 in the sense that, for ω ∈
[1, β − 2],

sup
s≤t

‖ξs(μ
1
0, x) − ξs(μ

2
0, x)‖1+Eω ≤ c(t, (1 + E2+ω, μ1

0 + μ2
0))

× [1 + E1+ω(x)]‖μ1
0 − μ2

0‖1+E1+ω .

(v) Equation (8.5) holds for ξt if the limit exists in the norm topology of
M1+Eω(X) with ω ∈ [1, β − 1) and weakly in M1+Eβ−1 .

Proof (i) Equation (8.33) can be written in the form

ġ = At g − Bt g (8.35)

with

At g(x) =
∫

X

∫
X
[
g⊕(y) − g(x)

]
P(x, z, dy)μt (dz) (8.36)

and

Bt g(x) =
∫

X
g(z)

∫
X

∫
X

P(x, z, dy)μt (dz). (8.37)

Thus it is natural to analyze this equation by perturbation theory, considering
Bt as a perturbation. The equation ġt = At gt has the form (4.1) with

at (x) =
∫

X

∫
X

P(x, z, dy)μt (dz) ≤ c [1 + E(x)] ‖μt‖1+E ,
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and, for all ω ≤ β − 1,

‖Bt g‖1+E =
∥∥∥∥ Bt g

1 + E

∥∥∥∥ ≤ C sup
x

(∫
g(z)(1 + E(x) + E(z))μt (dz)

1 + E(x)

)

≤ C‖g‖1+Eω

∫ [
1 + Eω(z)

]
[1 + E(z)]μt (dz) ≤ 3C‖g‖1+Eω‖μt‖1+Eω+1 .

Moreover, as ω ≥ 1,

At (1 + Eω)(x) ≤ C
∫

X

{
1 + [E(x) + E(z)]ω − Eω(x)

}
[1 + E(z) + E(x)]μt (dz)

≤ Cc(ω)
∫

X

[
Eω−1(x)E(z) + Eω(z)

]
[1 + E(z) + E(x)]μt (dz).

(8.38)

Applying the second inequality in Exercise 6.1, at the end of Section 6.3,
allows us to estimate the integrand as

c(ω)
{

1 + Eω+1(z) + Eω(x) [1 + E(z)]
}
,

implying that

At (1 + Eω)(x) ≤ c(ω, t, e0, e1)[1 + Eω(x) + (Eω+1, μ)]. (8.39)

By Gronwall’s lemma this implies that the backward propagator U t,r
A of the

equation ġt = −At gt possesses the estimate

|U t,r
A g(x)| ≤ c(ω, t, e0, e1)‖g‖1+Eω [1 + Eω(x) + (Eω+1, μ)], (8.40)

and the required well-posedness of the equation ġ = At g follows from
Theorems 4.8 and 4.9 with ψ1 = 1 + Es , s ∈ [1, β − 2] and ψ2 = 1 + Eβ−1.
Well-posedness for equation (8.33) follows from perturbation theory.
(ii) This is a direct consequence of (i) and duality.
(iii) The required convergence in the norm topology can be proved in the same
way as Theorem 6.13, and we omit the details. The corresponding �-weak
convergence follows from the uniform boundedess of ξn

t and ξt in M1+Eβ−1 .
(iv) This is similar to the corresponding continuity statement (Theorem 6.12)
for the solution of the kinetic equation itself. Namely, setting ξ

j
t =

ξt (μ
j
0, x), j = 1, 2, one writes

‖ξ1
t − ξ2

t ‖1+Eω

=
∫ t

0
ds
∫

[(σs(1 + Eω))⊕(y) − (σs(1 + Eω))(x1) − (σs(1 + Eω))(x2)]
× P(x1, x2, dy)[ξ1

s (dx1)μ
1
s (dx2) − ξ2

s (dx1)μ
2
s (dx2)],
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where σs denotes the sign of the measure ξ1
t − ξ2

t (again chosen according to
Lemma 6.14). Next, writing

ξ1
s (dx1)μ

1
s (dx2) − ξ2

s (dx1)μ
2
s (dx2)

= σs(x1)|ξ1
s − ξ2

s |(dx1)μ
1
s (dx2) + ξ2

s (dx1)(μ
1
s − μ2

s )(dx2),

one may given an estimate for the contribution of the first term in the above
expression for ‖ξ1

t − ξ2
t ‖1+Eω :∫ t

0
ds
∫ {

[E(x1) + E(x2)]
ω − Eω(x1) + Eω(x2) + 1

}
P(x1, x2, dy)

× |ξ1
s − ξ2

s |(dx1)μ
1
s (dx2)

≤ c
∫ t

0
ds
∫

[Eω−1(x1)E(x2) + Eω(x2) + 1] [1 + E(x1) + E(x2)]

× |ξ1
s − ξ2

s ‖(dx1)μ
1
s (dx2)

≤ c(ω, e0, e1)

∫ t

0
ds‖ξ1

s − ξ2
s ‖1+Eω‖μ1

s ‖1+Eω+1 .

The contribution of the second term is

c(ω, e0, e1)

∫ t

0
ds‖μ1

s − μ2
s ‖1+Eω+1‖ξ2

s ‖1+Eω+1

≤ c(ω, (1 + E2+ω, μ1
0 + μ2

0))t‖μ1
0 − μ2

0‖1+Eω+1‖ξ2
0 ‖1+Eω+1 .

Applying Gronwall’s lemma completes the proof of statement (iii).
(v) As can be easily seen (adapting the proof of Theorem 6.10 to the sim-
pler situation of bounded kernels), the solution μn

t to the cut-off version of
the kinetic equation satisfies this equation strongly in the norm topology of
M1+Eβ−ε for any ε > 0. Moreover, μt

n depends Lipschitz continuously on μ0

in the same topology and ξn
t satisfies the corresponding equation in variational

form in the same topology. Hence it follows from Theorem D.1 that

ξn
t = ξn

t (μ0; x) = lim
s→0+

1

s

[
μn

t (μ0,+sδx ) − μt (μ0)
]

in the norm topology of M1+Eβ−ε , with ε > 0. Consequently,

(g, μn
t (μ0 + hδx )) − (g, μn

t (μ0)) =
∫ h

0
(g, ξn

t (μ0 + sδx ; x; .)) ds

for all g ∈ C1+Eβ−ε (X) and ε > 0. Using statement (ii) and the dominated
convergence theorem one deduces that

(g, μt (μ0 + hδx )) − (g, μt (μ0)) =
∫ h

0
(g, ξt (μ0 + sδx ; x; .)) ds (8.41)
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for all g ∈ C1+Eγ (X), with γ < β − 2. Again using dominated convergence
and the fact that the ξt are bounded in M1+Eβ−1 (since they are �-weakly
continuous there), one deduces that (8.41) holds for g ∈ C1+Eβ−1,∞(X). Next,
for such g the expression under the integral on the r.h.s. of (8.41) depends
continuously on s due to (iii), which justifies the limit (8.5) in the �-weak
topology of M1+Eβ−1 . Moreover, as ξt depends Lipshitz continuously on μ0

in the norm topology of M1+Eβ−2 and since the ξt are bounded in M1+Eβ−2 ,
ξt must depend continuously on s in the r.h.s. of (8.41) in the norm topology
of M1+Eγ , with γ < β − 1. Hence (8.41) justifies the limit (8.5) in the norm
topology of M1+Eγ (X), with γ < β − 1.

Theorem 8.9 Suppose that the assumptions of the previous theorem hold.
(i) There exists a unique solution ηt = η(μ, x, w) to (8.32) in the sense that

η0 = 0, ηt is a ∗-weakly continuous function t �→ M1+Eβ−2 and (8.32) holds
for g ∈ C(X).

(ii) ηn
t (μ, x, w) → ηt (μ, x, w) ∗-weakly in M1+Eβ−2 .

(iii) ηt (μ, x, w) can be defined by the r.h.s. of (8.6) in the norm topology of
M1+Eγ with γ < β − 2 and in the ∗-weak topology of M1+Eβ−2 .

Proof (i) The linear equation (8.32) differs from equation (8.31) by the
addition of a nonhomogeneous term. Hence one deduces from Theorem 8.8
the well-posedness of equation (8.32) and the explicit formula

ηt (x, w) =
∫ t

0
V t,s�s(x, w) ds, (8.42)

where V t,s is a resolving operator for the Cauchy problem of equation (8.31)
that is given by Theorem 8.8 and �s(x, w) is the measure defined weakly as

(g,�s(x, w)) =
∫

X×X

∫
X

[
g(y) − g(z1) − g(z2)

]
P(z1, z2; dy)

× ξt (x; dz1)ξt (w; dz2). (8.43)

Thus

‖�t (x, w)‖1+Eω ≤ c
∫

X2

[
1 + Eω+1(z1) + Eω+1(z2)

]
ξt (x; dz1)ξt (w; dz2).

(ii) This follows from (8.42) and Theorem 8.8 (ii).
(iii) As in the case of ξt , we first prove the formula

(g, ξt (μ0 + hδw; x, .)) − (g, ξt (μ0; x, .)) =
∫ h

0
(g, ηt (μ0 + sδw; x, w; .)) ds

(8.44)
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for g ∈ C∞(X) by using the approximation ηn
t and dominated convergence.

Then the validity of (8.44) is extended to all g ∈ C1+Eβ−2,∞ using dominated
convergence and the bounds obtained above for ηt and ξt . By continuity of the
expression under the integral on the r.h.s. of (8.43) we can justify the limit (8.6)
in the �-weak topology of M1+Eβ−2(X), completing the proof of Theorem 8.9.

As a consequence of these results we can get additional regularity for the
solutions of the kinetic equations and the corresponding semigroup given by
�t F(μ) = F(μt ).

Let Mβ
e0,e1(X) = Me0,e1(X)∩M1+Eβ (X); this is clearly a closed subset of

M1+Eβ (X). Let Cvague(Mβ
e0,e1(X)) be the Banach space of �-weakly (in the

sense of M1+Eβ (X)) continuous functions on Mβ
e0,e1(X). The starting point

for the analysis of �t is given by the following theorem.

Theorem 8.10 Under the assumptions of Theorem 8.8, the mapping
(t, μ) �→ μt is �-weakly continuous in Mβ

e0,e1(X) (if both μ and μt are
considered in the �-weak topology of M1+Eβ (X)), and consequently the

semigroup �t is a contraction semigroup in Cvague(Mβ
e0,e1(X)).

Proof Suppose that μ,μ1, μ2, . . . ∈ Mβ
e0,e1(X) and that μn → μ �-

weakly in M1+Eβ (X). By the uniform boundedness of μn
t in M1+Eβ (X),

in order to show that μt (μ
n) → μt (μ) �-weakly in M1+Eβ (X), it is enough

to show the convergence (g, μt (μ
n)) → (g, μt (μ)) for any g ∈ Cc(X). From

Theorem 8.8 it follows that

(g, μt (μ
n)) − (g, μt (μ))

=
∫ h

0
ds
∫∫

g(y)ξt (μ + s(μn − μ), x, dy)(μn − μ)(dx) (8.45)

for any g ∈ C1+Eβ−1,∞(X). To show that the r.h.s. tends to zero it is sufficient
to prove that the family of functions∫

g(y)ξt (μ + s(μn − μ), ., dy)

is relatively compact in C1+Eβ ,∞(X). As this family is uniformly bounded in
C1+Eβ−1(X), again by Theorem 8.8, it remains to show that by the Arzela–
Ascoli theorem it is uniformly (with respect to n) continuous in any set
where E is bounded. But this follows from the proof of Theorem 4.1 (see
equation (4.20)).

We are now interested in a rather useful invariant subspace of
Cvague(Mβ

e0,e1(X)), where �t is strongly continuous, and an appropriate
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invariant core. To begin with we observe that if the first variational derivative
of F exists and is uniformly bounded on Mβ

e0,e1(X) then �t F is strongly con-
tinuous (and even smooth in t). However, it is not at all clear that the space of
such functionals is invariant under �t , since all our estimates of the variational
derivatives of μt depend on the M1+Eβ (X)-norm of μ. Hence the choice of
invariant subspace must be a bit subtler, as is explained in the next result.

Theorem 8.11 Under the assumptions of Theorem 8.8 the subspaces Kω,
ω ∈ [1, β − 1], of functions F from Cvague(Mβ

e0,e1(X)) having the properties
that

(i) δF(μ)/δμ(x) exists and is vaguely continuous for x ∈ Rd , μ ∈
Mβ

e0,e1(X),
(ii) δF(μ)/δμ(.) ∈ C1+Eω uniformly for bounded ‖μ‖1+Eβ ,
(iii) sup

μ∈Mβ
e0,e1 (X)

< ∞
are invariant under �t , and �t is strongly continuous (in the topology of
Cvague(Mβ

e0,e1(X))) in these spaces.

Proof
δF(μt (mu))

δμ(x)
=
∫

X

δF(μt (mu))

δμt (y)
ξt (μ, x, dy).

As ‖ξt (μ, x, .)‖1+Eβ−1 ≤ c[1 + Eβ−1(x)] uniformly for bounded ‖μ‖1+Eβ , it
follows that properties (i) and (ii) are invariant (the continuity of the variational
derivatives in μ follows from duality). The invariance in (iii) follows from the
equation (

δF(μt (mu))

δμ(.)
, �μ

)
=
(
δF(μt )

δμt (.)
, �μt

)
.

This equation simply expresses the commutativity of the semigroup and its
generator, �t L F(μ) = L�t F(μ). However, as we do not know that our semi-
group is strongly continuous, we must justify the above equation by the usual
cut-off approximations.

8.4 Estimates for Smoluchovski’s equation

Unfortunately, application of the perturbation series representation to bound
the norms of U t,r in C1+Eω(X) would yield only the exponential dependence
of these norms on (Eβ−1, μ), and this does not allow for effective estimates of
the LLN rate of convergence. To obtain better estimates is not a simple task. We
shall derive them now only for pure coagulation processes, imposing further
assumptions. Namely, we shall prove two results on the linear dependence of
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the variational derivatives of the moments of μ, assuming either additional
bounds on the rates or some smoothness of the kernel. These estimates will
play a crucial role in obtaining precise rates of convergence for the LLN for
coagulation processes.

In what follows we shall often use the elementary inequalities

(El , ν)(Ek, ν) ≤ 2(Ek+l−1, ν)(E, ν), (8.46a)

(Ek, ν)E(x) ≤ (Ek+1, ν) + (E, ν)Ek(x), (8.46b)

which are valid for arbitrary positive ν and k, l ≥ 1.

Remark 8.12 These inequalities are easy to prove. For example, to get
(8.46b), one writes

(El , ν)(Ek, ν) =
∫∫

El(x)Ek(y)ν(dx)ν(dy)

and decomposes this integral into the sum of two integrals over the domain
{E(x) ≥ E(y)} and its complement. Then the first integral, say, is estimated
as
∫∫

El+k−1(x)E(y)ν(dx)ν(dy).

Theorem 8.13 Under the assumptions of Theorem 8.8 assume additionally
that we have pure coagulation, i.e that P(x1, x2, dy1dy2) vanishes identically
and the remaining coagulation kernel P = K is (1 +√

E)⊗-bounded, i.e. that

K (x1, x2) ≤ C
[
1 +√

E(x1)
] [

1 +√
E(x2)

]
. (8.47)

Then

‖U t,r‖C1+√
E

≤ c(r, e0, e1) (8.48)

(using notation from Theorem 8.8). Moreover, for any ω ∈ [1/2, β − 1/2] we
have

|U t,r g(x)| ≤ c(r, e0, e1)‖g‖1+Eω

{
1 + Eω(x) +

[
1 +√

E(x)
]
(Eω+1/2, μ)

}
,

(8.49)

‖V s,tξ‖M1+Eω (X) ≤ c(t, e0, e1)
(
‖ξ‖M1+Eω (X) + (Eω+1/2, μ)‖ξ‖1+√

E

)
,

(8.50)

sup
s≤t

‖ξs(μ; x)‖1+Eω ≤ c(t, e0, e1)
{

1 + Eω(x) + (Eω+1/2, μ)
[
1 +√

E(x)
]}

.

(8.51)
Finally, for ω ∈ [1/2, β − 2],
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sup
s≤t

‖ηs(μ, x, w; ·)‖1+Eω

≤ c(t, ω, e0, e1)[1 + Eω+1(x) + Eω+1(w) + (Eω+2, μ)]. (8.52)

Proof To begin, observe that the estimate

At (1 + Eω)(x)

≤ C
∫

X

{
1 + [E(x) + E(z)]ω − Eω(x)

} [
1 +√

E(z)
] [

1 +√
E(x)

]
μt (dz)

holds for all ω ≥ 0, and not only for ω ≥ 1 (here the absence of collisions
is taken into account). After simplifying with the help of Exercise 6.6 we
obtain

At (1 + Eω)(x) ≤ C
{

1 + Eω(x) +
[
1 +√

E(x)
]
(Eω+1/2, μ)

}
for ω ≥ 1/2 and, consequently, by Gronwall’s lemma,

|U t,r
A g(x)| ≤ c(r, e0, e1)‖g‖1+Eω

{
1 + Eω(x) +

[
1 +√

E(x)
]
(Eω+1/2, μ)

}
(8.53)

for g ∈ C1+Eω(X), ω ≥ 1/2. In particular,

|U t,r
A g(x)|C1+√

E
≤ c(r, e0, e1)‖g‖C1+√

E
.

Moreover, as

‖Bt g‖1+√
E ≤ c

∫
g(z)

[
1 +√

E(z)
]
μt (dz)

≤ c‖g‖1+Eω‖μ‖1+Eω+1/2

for ω ≥ 0, the operator B is bounded in C1+√
E with estimates depending

only on e0, e1 so that from perturbation theory applied to the equation ġ =
−(At − Bt )g one obtains (8.48) directly. Moreover, it follows from (8.53) that

|BtU
t,r
A g(x)| ≤ c(r, e0, e − 1)‖g‖1+Eω

[
1 +√

E(x)
] [

1 + (Eω+1/2, μ)
]
,

and since from perturbation theory

U t,rg = U t,r
A g +

∫ r

t
Ur,sBtU

t,r
A g ds,

one obtains (8.49) from (8.48) and (8.53). Formula (8.50) follows then by
duality, and (8.51) is its direct consequence.
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Finally, if ω ≥ 1/2 it follows from (8.43) that

‖�t (x, w)‖1+Eω ≤ c
∫

X2

[
1 + Eω(z1) + Eω(z2)

] [
1 + E1/2(z1)

] [
1 + E1/2(z2)

]
× ξt (x; dz1)ξt (w; dz2).

≤ c
(‖ξt (μ, x)‖1+Eω+1/2‖ξt (μ,w)‖1+E1/2

+ ‖ξt (μ,w)‖1+Eω+1/2‖ξt (μ, x)‖1+E1/2

)
,

which by (8.51) does not exceed

c
{

1 + Eω+1/2(x) + (Eω+1/2, μ)
[
1 +√

E(x)
]} [

1 +√
E(w)

]
+ c

{
1 + Eω+1/2(w) + (Eω+1/2, μ)

[
1 +√

E(w)
]} [

1 +√
E(x)

]
≤ c[1 + Eω+1(x) + Eω+1(w) + (Eω+3/2, μ)].

Hence by (8.50)

sup
s≤t

‖ηt (x, w; ·)‖1+Eω

≤ c(t, e0, e1) sup
s≤t

‖�t (x, w)‖1+Eω + (Eω+1/2, μ) sup
s≤t

‖�s(x, w)‖1+√
E

≤ c(t, e0, e1)
{

1 + Eω+1(x) + Eω+1(w) + (Eω+2, μ)

+ (Eω+1/2, μ)
[
1 + E3/2(x) + E3/2(w) + (E5/2, μ)

]}
.

It remains to observe that the last term here can be estimated by the previous
ones, owing to (8.46b).

Our next result deals with the case of a smooth coagulation kernel. For sim-
plicity, we shall consider here only the classical Smoluchovski model, where a
particle is characterized exclusively by its mass, i.e. the state space is R+. Let
us introduce now some useful functional spaces.

Let X = R+ = {x > 0}. For positive f we denote by C1,0
f = C1,0

f (X) the
Banach space of continuously differentiable functions φ on X = R+ such that
limx→0 φ(x) = 0 and the norm

‖φ‖C1,0
f (X)

= ‖φ′‖C f (X)

is finite. By C2,0
f = C2,0

f (X) we denote the space of twice continuously
differentiable functions such that limx→0 φ(x) = 0 and the norm

‖φ‖C2,0
f (X)

= ‖φ′‖ f + ‖φ′′‖ f
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is finite. By M1
f (X) and M2

f (X) we denote the Banach spaces dual to C1,0
f

and C2,0
f respectively; actually, we need only the topology they induce on

(signed) measures, so that for ν ∈ M(X) ∩ Mi
f (X), i = 1, 2,

‖ν‖Mi
f (X) = sup{(φ, ν) : ‖φ‖Ci,0

f (X)
≤ 1}.

Theorem 8.14 Assume that X = R+, K (x1, x2, dy) = K (x1, x2)δ(y − x1 −
x2) and E(x) = x and that K is non-decreasing in each argument that is
twice continuously differentiable on (R+)2 up to the boundary, all the first and
second partial derivatives being bounded by a constant C. Then for any k ≥ 0
the spaces C1,0

1+Ek and C2,0
1+Ek are invariant under U t,r and

|(U t,r g)′(x)| ≤ κ(C, r, k, e0, e1)‖g‖C1,0
1+Ek

[
1 + Ek(x) + (Ek+1, μ0)

]
,

(8.54a)

|(U t,r g)′′(x)| ≤ κ(C, r, k, e0, e1)‖g‖C2,0
1+Ek

[
1 + Ek(x) + (Ek+1, μ0)

]
,

(8.54b)

sup
s≤t

‖ξs(μ0; x; ·)‖M1
1+Ek

≤ κ(C, r, k, e0, e1)
{

E(x)
[
1 + (Ek+1, μ0)

]
+ Ek+1(x)

}
(8.55)

and

sup
s≤t

‖ηs(μ0; x, w; , ·)‖M2
1+Ek

≤ κ(C, t, k, e0, e1)
[
1 + (Ek+1, μ0)

]
×
{[

E(x)(1 + Ek+2, μ0) + Ek+2(x)
]

E(w)

+
[

E(w)(1 + Ek+2, μ0) + Ek+2(w)
]

E(x)
}
.

(8.56)

Proof Notice first that if gr (0) = 0 then gt = 0 for all t according to the
evolution described by the equation ġ = −(At − Bt )g. Hence the space of
functions vanishing at the origin is invariant under this evolution.

Recall that E(x) = x . Differentiating the equation ġ = −(At − Bt )g with
respect to the space variable x leads to the equation

ġ′(x) = −At (g
′)(x) −

∫
[g(x + z) − g(x) − g(z)]∂K

∂x
(x, z)μt (dz). (8.57)

For functions g vanishing at the origin this can be rewritten as

ġ′(x) = −At g
′ − Dt g

′
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with

Dtφ(x) =
∫ (∫ x+z

x
φ(y) dy −

∫ z

0
φ(y) dy

)
∂K

∂x
(x, z)μt (dz).

Since

‖Dtφ‖ ≤ 2C‖φ‖(E, μt ) = 2Ce1‖φ‖
and U t,r

A is a contraction, it follows from the perturbation series representation,
with Dt considered as the perturbation, that

‖U t,r‖C1,0
1 (X)

≤ c(r, e0, e1),

proving (8.54a) for k = 0. Next, for k > 0,

|Dtφ(x)| ≤ c‖φ‖1+Ek

∫ [
(x + z)k+1 − xk+1 + zk+1 + z

]
μt (dz)

≤ c(k)‖φ‖1+Ek

∫
(xk z + zk+1 + z)μt (dz),

which by the propagation of the moments of μt does not exceed

c(k, e1)‖φ‖1+Ek [(1 + xk) + (Ek+1, μ0)].
Hence, by equation (8.40),∫ r

t

∣∣∣U t,s
A DsU s,r

A g(x)
∣∣∣ds ≤ (r − t)κ(r, k, e0, e1)‖g‖1+Ek

× [1 + Ek(x) + (Ek+1, μ0)],
which by induction implies that∫

t≤s1≤···≤sn≤r

∣∣∣U t,s1
A Ds1 · · · Dsn U sn ,r

A g(x)
∣∣∣ ds1 · · · dsn

≤ (r − t)n

n! κn(r, k, e0, e1)‖g‖1+Ek [1 + Ek(x) + (Ek+1, μ0)].
Hence (8.54a) follows from the perturbation series representation to the
solution of (8.57).

Differentiating (8.57) leads to the equation

ġ′′(x) = −At (g
′′)(x) − ψt , (8.58)

where

ψt = 2
∫ [

g′(x + z) − g′(x)
] ∂K

∂x
(x, z)μt (dz)

+
∫ (∫ x+z

x
g′(y) dy −

∫ z

0
g′(y) dy

)
∂2 K

∂x2
(x, z)μt (dz).
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We know already that for gr ∈ C2
1+Ek the function g′ belongs to 1 + Ek with

the bound given by (8.54a). Hence by the du Hamel principle the solution to
(8.58) can be represented as

g′′
t = U t,r

A g′′
r +

∫ r

t
U t,s

A ψs ds.

As

|ψt (x)| ≤ κ(C, r − t, e0, e1)
[
1 + Ek(x) + (Ek+1, μ0)

]
,

(8.54b) follows, completing the proof of (8.54), which by duality implies
(8.55).

Next, from (8.42), (8.43), duality and (8.54) one obtains

sup
s≤t

‖ηs(μ0; x, w; .)‖M2
1+Ek

≤ t sup
s≤t

sup{|(U s,t g,�s(x, w))| : ‖g‖C2,0
1+Ek

≤ 1}

≤ κ(C, t, e0, e1) sup
s≤t

sup
g∈�k

(g,�s(x, w)),

where

�k =
{

g : g(0) = 0,max(|g′(y)|, |g′′(y)|) ≤ 1 + Ek(y) + (Ek+1, μ0)
}
.

It is convenient to introduce a twice continuously differentiable function χ on
R such that χ(x) ∈ [0, 1] for all x and χ(x) equals 1 or 0 respectively for x ≥ 1
and x ≤ −1. Then one writes �s = �1

s + �2
s , with �1 (resp. �2) obtained

from (8.43) with χ(x1−x2)K (x1, x2) (resp. [1−χ(x1−x2)]K (x1, x2)) instead
of K (x1, x2). If g ∈ �k , one has

(g,�1
s (x, w)) =

∫∫ [
g(x1 + x2) − g(x1) − g(x2)

]
χ(x1 − x2)

× K (x1, x2)ξs(x; dx1)ξs(w; dx2),

which is bounded in magnitude by

‖ξs(w, .)‖M1
1(X) sup

x2

∣∣∣∣ ∂

∂x2

∫ { [
g(x1 + x2) − g(x1) − g(x2)

]
× χ(x1 − x2)K (x1, x2)

}
ξs(x; dx1)

∣∣∣∣
≤ ‖ξs(w, .)‖M1

1(X)‖ξs(x, .)‖M1
1+Ek+1 (X)

× sup
x1,x2

∣∣∣∣[1 + Ek+1(x1)
]−1 ∂2

∂x2∂x1

{ [
g(x1 + x2) − g(x1) − g(x2)

]
× χ(x1 − x2)K (x1, x2)

}∣∣∣∣ .
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Since

∂2

∂x2∂x1

{[
g(x1 + x2) − g(x1) − g(x2)

]
χ(x1 − x2)K (x1, x2)

}
= g′′(x1 + x2)(χK )(x1, x2) + [

g′(x1 + x2) − g′(x2)
] ∂(χK )(x1, x2)

∂x1

+ [
g′(x1 + x2) − g′(x1)

] ∂(χK )(x1, x2)

∂x2

+ [
g(x1 + x2) − g(x1) − g(x2)

] ∂2(χK )(x1, x2)

∂x1∂x2
,

this expression does not exceed in magnitude

1 + Ek+1(x1) + (Ek+1, μ0)(1 + E(x1)

(up to a constant multiplier). Consequently,

|(g,�1
s (x, w)| ≤ κ(C)‖ξt (w, .)‖M1

1(X)‖ξt (x, .)‖M1
1+Ek+1 (X)

×
[
1 + (Ek+1, μ0)

]
.

The norm of �2
s may be estimated in the same way. Consequently (8.55) leads

to (8.56) and this completes the proof of the theorem.

We shall prove now the Lipschitz continuity of the solutions to our kinetic
equation with respect to the initial data in the norm topology of the space
M1

1+Ek .

Proposition 8.15 Under the assumptions of Theorem 8.14, for k ≥ 0 and
m = 1, 2,

sup
s≤t

‖μs(μ
1
0) − μs(μ

2
0)‖Mm

1+Ek
≤ κ(C, t, k, e0, e1)(1 + E1+k, μ1

0 + μ2
0)

× ‖μ1
0 − μ2

0‖Mm
1+Ek

. (8.59)

Proof By Theorem 8.8,

(g, μt (μ
1
0) − μt (μ

2
0)) =

∫ t

0
ds
∫∫

g(y)ξt (μ
2
0 + s(μ1

0 − μ2
0); x; dy)

× (μ1
0 − μ2

0)(dx). (8.60)

Since

(g, ξt (Y ; x; .)) = (U 0,t g, ξ0(Y, x; .)) = (U 0,t g)(x),
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it follows from Theorem 8.14 that (g, ξt (Y ; x; .)) belongs to Cm,0
1+Ek as a

function of x whenever g belongs to this space and that

‖(g, ξt (Y ; x; .))‖Cm,0
1+Ek (X)

≤ κ(C, t, k, e0, e1)‖g‖Cm,0
1+Ek (X)

[
1 + (Ek+1, Y )

]
.

Consequently (8.59) follows from (8.60).

Exercise 8.4 By Lemma 6.14 and Theorem 8.8, the norm of the solution
to the Cauchy problem (8.31) with initial data ξ ∈ M1+Eω(X), ω ≤ β − 1
satisfies the equation

‖ξt‖M1+Eω (X)

= ‖ξ‖M1+Eω (X) +
∫ t

0
ds
∫

P(x, z, dy)ξs(dx)μs(dz)

× [(σs(1 + Eω))⊕(y) − (σs(1 + Eω))(x) − (σs(1 + Eω))(z)],
where σt is the density of ξt with respect to its positive variation |ξt |. Deduce
from it that

‖ξt‖M1+Eω (X) ≤ ‖ξ‖M1+Eω (X) + c(e0, e1, t)

×
∫ t

0
[‖ξs‖M1+Eω (X) + ‖ξt‖1+√

E (Eω+1/2, μ)] ds,

which implies (8.50) directly, bypassing the use of dual equations on functions.

8.5 Propagation and production of moments
for the Boltzmann equation

Here, in preparation for the next section, we prove two well-known special
features of Boltzmann-equation moment propagation (in comparison with the
general jump-type processes of Section 6.4): first, the bound to the moments
can be made uniform in time and, second, finite moments are produced by the
evolution, i.e. the moments become finite at any positive time even if for the
initial state they were infinite. The exposition follows essentially the paper of
Lu and Wennberg [164].

Recall that the Boltzmann equation in its weak form (1.52) or (G.3) can be
written down as

d

dt
(g, μt ) = 1

4

∫
Sd−1

∫
R2d

[g(v′) + g(w′) − g(v) − g(w)]B(|v − w|, θ)
× dn μt (dv)μt (dw), (8.61)
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where the input and output pairs of velocities are denoted by (v,w) and
(v′, w′). We shall work with the hard-potential case, using a cut-off; i.e. will
assume that

B(|v|, θ) = b(θ)|v|β, β ∈ (0, 1], (8.62)

where b(θ) is a bounded, not identically vanishing, function. Notice that we
exclude the case of bounded kernels (i.e. kernels with β = 0).

Remark 8.16 For applications it is important to allow certain non-integrable
singularities in b(θ), for θ near 0 and π/2. As can be seen from the proof of
Proposition 8.17, below, our estimates remain valid only if∫ π/2

0
b(θ) cos θ sind−1 θ dθ < ∞.

Here we shall use the following shortened notation for the moments of
positive functions f and measures μ:

‖ f ‖s =
∫

f (x)(1 + |v|2)s/2 dx, ‖μ‖s =
∫

(1 + |v|2)s/2 μ(dx).

In our general notation, ‖μ‖s is written as ‖μ‖M
(1+E)s/2 (Rd ), where E(v) =

v2 is the kinetic energy.

Proposition 8.17 Under condition (8.62) let μ = μ0 be a finite measure on
Rd with ‖μ0‖s < ∞ for some s > 2. Then

‖μt‖s ≤
[

as

bs + (as‖μ‖−β/(s−2)
s − bs)e−asβt/(s−2)

]β/(s−2)

, (8.63)

where

as = ãs‖μ‖2, bs = b̃s‖μ‖0‖μ‖−β(s−2)
2 (8.64)

and ãs, b̃s are positive constants depending only on s. In particular

‖μt‖2+β ≤ a

b + (a‖μ0‖−1
2+β − b)e−at

, (8.65)

where a, b depend on ‖μ0‖0 and ‖μ0‖2.

Proof From the general results in Theorem 6.7 we know that the ‖μt‖s

remain finite for all t (in fact one can prove this without referring to
Theorem 6.7by means of the usual approximations combined with the a priori
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estimates given below). From the Boltzmann equation (1.52), for any non-
negative solution μt we get

d

dt
‖μt‖s = 1

4

∫
Sd−1

∫
R2d

μt (dv)μt (dw)|v − w|βb(θ)dn

× [(1 + |v′|2)s/2 + (1 + |w′|2)s/2

− (1 + |v|2)s/2 − (1 + |w|2)s/2],
which by the collision inequality (G.7) does not exceed

2sκ1

∫
R2d

μt (dv)μt (dw)|v − w|β(1 + |v|2)(s−1)/2(1 + |w|2)1/2

− 1
2 min

(
1
4 s(s − 2), 2

)
κ2

∫
R2d

μt (dv)μt (dw)|v − w|β(1 + |v|2)s/2,

(8.66)

where

κ1 =
∫

Sd−1
b(θ)| cos θ || sin θ | dn = 2Ad−2

∫ π/2

0
b(θ) cos θ sind−1 θ dθ,

κ2 =
∫

Sd−1
b(θ) cos2 θ sin2 θ dn = 2Ad−2

∫ π/2

0
b(θ) cos2 θ sind θ dθ.

Here Ad denotes the surface area of the d-dimensional unit sphere. Using the
elementary inequality

|v − w|β ≥ (1 + |v|2)β/2 − (1 + |w|2)β/2,

one deduces that∫
R2d

μt (dv)μt (dw)|v − w|β(1 + |v|2)s/2

≥ ‖μt‖0‖μt‖s+β − ‖μt‖β‖μt‖s

≥ ‖μt‖0‖μt‖1+β(s−2)
s ‖μt‖−β(s−2)

2 − ‖μt‖β‖μt‖s .

The latter inequality follows from the Hölder inequality with q = 1+β/(s−2),
p = 1 + (s − 2)/β, i.e.

‖μ‖1+β(s−2)
s ≤ ‖μ‖β(s−2)

2 ‖μ‖s+β.

Consequently, using |v − w|β ≤ |v|β + |w|β for the first term in (8.66), it
follows from (8.66) that

d

dt
‖μt‖s ≤ as‖μt‖s − bs‖μt‖1+β(s−2)

s , (8.67)

with as, bs from (8.64). Applying the result of the easy exercise given below
completes the proof.
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Corollary 8.18 Under the condition (8.62) let ‖μ0‖2 < ∞. Then there exists
a solution μt , preserving mass and energy and having all moments finite for
all positive times, that possesses the estimate

‖μt‖s ≤
[

as

bs(1 + e−aβt/(s−2)

]β/(s−2)

. (8.68)

Proof For μ0 with a finite moment ‖μ0‖s this follows directly from (8.63).
For other μ0 one obtains the required solution by approximating μ0 with μn

0
having a finite moment.

Remark 8.19 From (8.68) one can also deduce the uniqueness of the
solutions preserving mass and energy; see Mishler and Wennberg [188].

Exercise 8.5 Show that the ODE

ẋ = ax − bx1+ω (8.69)

in R+, where a, b are positive numbers, has the explicit solution

x =
[

a

b + (ax−ω
0 − b)e−aωt

]1/ω

(8.70)

and, moreover, that the sign of the expression ax−ω − b remains constant in
the solutions. Hint: check that the function z = ax−ω − b satisfies the linear
equation

ż = −ωaz.

8.6 Estimates for the Boltzmann equation

Theorem 8.8 allows us to estimate the moments of the derivatives ξt , with
respect to the initial data, of the solutions μt to kinetic equations of jump type,
in terms of the moments of the μt . However, as mentioned already, follow-
ing the proof of Theorem 8.8 yields only the exponential dependence of such
estimates of the moments of μ, which would not be enough to obtain effective
estimates for the LLN developed later. With the latter objective in mind, in Sec-
tion 8.4 we obtained estimates for the norms of ξt having a linear dependence
on the moments of μ, using specific features of coagulation processes. In the
present section we shall use specific features of Boltzmann collisions (devel-
oped in the previous section) to get polynomial estimates of the moments of
ξt in terms of the moments of μt . We shall use the notation for derivatives
introduced at the beginning of this chapter in (8.5) and (8.6).
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Theorem 8.20 Assume that (8.62) holds for a bounded non-vanishing b(θ).
Then, for s ≥ 2,

|U t,rg(v)| ≤ c(r, s, e0, e1)‖g‖(1+E)s/2(1 + |v|2)s/2

×
(

1 + ‖μ0‖s+β‖μ0‖ω(r,e0,e1)
2+β

)
, (8.71)

‖V r,tξ‖s ≤ c(t, s, e0, e1)
(

1 + ‖μ0‖s+β‖μ0‖ω(r,e0,e1)
2+β

)
‖ξ‖s, (8.72)

sup
r≤t

‖ξr (μ, v)‖s ≤ c(t, e0, e1)(1 + |v|2)s/2
(

1 + ‖μ0‖s+β‖μ0‖ω(r,s,e0,e1)
2+β

)
,

(8.73)

sup
s≤t

‖ηs(μ, x, w; ·)‖s ≤ c(t, s, e0, e1)
(

1 + ‖μ0‖s+3‖μ0‖ω(r,s,e0,e1)
3

)
× [(1 + |v|2)s/2(1 + |w|2) + (1 + |w|2)s/2(1 + |v|2)].

(8.74)

Proof As in Exercise 8.4, we begin by noting that, by Lemma 6.14 and
Theorem 8.8, the norm of the solution to the Cauchy problem equation (8.31)
with initial data ξ ∈ M1+Eω(X), ω ≤ β − 1, satisfies the equation

‖ξt‖M1+Eω (X)

= ‖ξ‖M1+Eω (X) +
∫ t

0
dτ

∫
P(x, z, dy)ξτ (dx)μτ (dz)

× [(στ (1 + Eω))⊕(y) − (στ (1 + Eω))(x) − (στ (1 + Eω))(z)],
where σt is the density of ξt with respect to its positive variation |ξt |. Under
the assumption of the present theorem it follows that

‖ξt‖s ≤ ‖ξ0‖s + c
∫ t

0

∫
R2d

(|v|β + |w|β)ξτ (dv)μτ (dw) dτ

× [(1 + |v|2 + 1 + |w|2)s/2 − (1 + |v|2)s/2 + (1 + |w|2)s/2],
and consequently, by inequality (6.16),

‖ξt‖s ≤ ‖ξ0‖s + c
∫ t

0

∫
R2d

(|v|β + |w|β)ξτ (dv)μτ (dw) dτ

× [(1 + |w|2)((1 + |v|2)s/2−1 + (1 + |w|2)s/2−1) + (1 + |w|2)s/2],
implying that
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‖ξt‖s ≤ ‖ξ0‖s + c
∫ t

0
dτ(‖ξτ‖s‖ fτ‖2 + ‖ξτ‖2‖ fτ‖s+β). (8.75)

Thus

‖ξt‖2 ≤ exp

(
c
∫ t

0
‖μs‖2+β ds

)
‖ξ0‖2.

Hence, if ‖μ0‖2+β ≤ a/b (see equation (8.65)) then ‖μs‖2+β ≤ a/b for all s
and

‖ξt‖2 ≤ exp(cta/b) ‖ξ0‖2.

If ‖μ0‖2+β > a/b then, by (8.65),

‖ξt‖2 ≤ exp

(
c
∫ t

0

a ds

b − (b − a‖μ0‖−1
2+β)e

−as

)
‖ξ0‖2.

Using the elementary integral∫
dy

1 − ce−y
= log(ey − c), c < 1, y ≥ 0,

one then deduces that∫ t

0

a ds

b − (b − a‖μ0‖−1
2+β)e

−as
= 1

b
log

(
eas − b − a‖μ0‖−1

2+β

b

)∣∣∣∣∣
t

0

= 1

b
log

(
1 + b

a
(eat − 1)‖μ0‖2+β

)
,

implying that

‖ξt‖2 ≤
(

1 + b

a
(eat − 1)‖μ0‖2+β

)1/b

‖ξ0‖2 (8.76)

and hence that (8.73) holds for s = 2. Now one may conclude from (8.75),
(8.76) and Gronwall’s lemma that (8.73) holds also for s > 2. One obtains
(8.72) similarly, and (8.71) follows from duality. Finally, (8.74) is obtained
from (8.42) as in the coagulation case.





PART III

Applications to interacting particles





9

The dynamic law of large numbers

In the introduction to this book general kinetic equations were obtained as
the law of large numbers (LLN) limit of rather general Markov models of
interacting particles. This deduction can be called informal, because the limit
was performed (albeit quite rigorously) on the forms of the corresponding
equations rather than on their solutions, and only the latter type of limit can
make any practical sense. Thus it was noted that, in order to make the theory
work properly, one has to complete two tasks: to obtain the well-posedness
of the limiting kinetic equations (specifying nonlinear Markov processes) and
to prove the convergence of the approximating processes to the solutions of
these kinetic equations. The first task was settled in Part II. In this chapter we
address the second task by proving the convergence of approximations and also
supplying precise estimates for error terms.

We can proceed either analytically using semigroup methods or by work-
ing directly with the convergence of stochastic processes. Each method has
its advantages, and we shall demonstrate both. To obtain the convergence of
semigroups we need to estimate the difference between the approximating and
limiting generators on a sufficiently rich class of functionals (forming a core
for the limiting generator). In Section 9.1 we calculate this difference explicitly
for functionals on measures having well-defined first- and second-order varia-
tional derivatives. Section 9.2 is devoted to the case of limiting generators of
Lévy–Khintchine type with bounded coefficients. The remaining sections deal
with pure jump models having unbounded rates.

9.1 Manipulations with generators

In this section we carry out some instructive manipulations with the genera-
tors of approximating Markov chains, leading to an alternative derivation of
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the limiting equation (1.75). Instead of first deducing (1.73) as the limit of the
action of the approximating generators on linear functionals Fg and then lift-
ing the obtained evolution to arbitrary functionals, we will obtain the action
of the generators (1.66) on arbitrary (smooth enough) functionals on measures
in a closed form. This approach leads not only to (1.75) but also to an explicit
expression for the difference between (1.66) and its limiting generator, which is
useful when estimating this difference in an appropriate functional space. For
arbitrary k, G≤k from (1.67) and Ak from (1.66), these calculations were car-
ried out in Kolokoltsov [134]. Here we shall simplify the story by considering
only binary interactions, which are by far the most important for applications,
and also only conditionally positive Ak as only such operators are relevant for
(at least classical) interacting particles.

Let us start with interactions preserving the number of particles, i.e. those
given in (SX)n by

n∑
i=1

(B1
μ)i f (x1, . . . , xn) +

∑
{i, j}⊂{1,...,n}

(B2
μ)i j f (x1, . . . , xn), (9.1)

where (B1
μ)i and (B2

μ)i j denote the actions of the operators B1
μ and B2

μ on
the variables xi and xi , x j respectively. Here B1

μ and B2
μ are Lévy-type oper-

ators, in C(x) and Csym(X2) respectively, depending on a measure μ as on a
parameter and allowing for an additional mean field interaction:

B1
μ f (x) = 1

2 (Gμ(x)∇,∇) f (x) + (bμ(x),∇ f (x))

+
∫ [

f (x + y) − f (x) − (∇ f (x), y)1B1(y)
]
νμ(x, dy)

and

B2
μ f (x, y)

=
[

1
2

(
Gμ(x, y)

∂

∂x
,
∂

∂x

)
+ 1

2

(
Gμ(y, x)

∂

∂y
,
∂

∂y

)
+
(
γμ(x, y)

∂

∂x
,
∂

∂y

)]
f (x, y)

+
[(

bμ(x, y),
∂

∂x

)
+
(

bμ(y, x),
∂

∂y

)
f (x, y)

]

+
∫

X2
νμ(x, y, dv1dv2)

[
f (x + v1, y + v2) − f (x, y)

−
(
∂ f

∂x
(x, y), v1

)
1B1(v1) −

(
∂ f

∂y
(x, y), v2

)
1B1(v2)

]
,

where G(x, y) and γ (x, y) are symmetric matrices such that γ (x, y) =
γ (y, x) and the Lévy kernels ν satisfy the relation

νμ(x, y, dv1dv2) = νμ(y, x, dv2dv1).
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Remark 9.1 The symmetry condition imposed on the coefficients of B2

is necessary and sufficient for this operator to preserve the set of functions
f (x, y) that are symmetric with respect to the permutation of x and y.

The procedure leading to the kinetic equations consists of scaling B2 by a
multiplier h and substituting the function f (x) on SX by the functional F(hδx)

on measures. This leads to a generator given by

(�1
h + �2

h)F(hδx) =
n∑

i=1

(B1
hδx

)i F(hδx) + h
∑

{i, j}⊂{1,...,n}
(B2

hδx
)i j F(hδx).

The calculation of this generator is summarized in the following.

Proposition 9.2 If F is smooth enough, which means that all the derivatives
in the formulas below must be well defined, then

�1
h F(Y )

=
∫

X

[(
B1

Y
δF

δY (.)

)
(x) + h

2

(
GY (x)

∂

∂x
,
∂

∂y

)
δ2 F

δY (x)δY (y)

∣∣∣
y=x

]
Y (dx)

+ h
∫ 1

0
(1 − s) ds

∫
X2

(
δ2 F

δY (.)δY (.)
(Y + sh(δx+y − δx )), (δx+y − δx )

⊗2
)

× νY (x, dy)Y (dx) (9.2)

and

�2
h F(Y )

= 1

2

∫
X2

(
B2

Y

(
δF

δY (.)

)⊕)
(x, y)Y (dx)Y (dy)

− h

2

∫
X

(
B2

Y

(
δF

δY (.)

)⊕)
(x, x)Y (dx) + h3

∑
{i, j}⊂{1,...,n}

�Y (xi , x j ),

(9.3)

where Y = hδx, x = (x1, . . . , xn) and

�Y (x, y) =
(
γY (x, y)

∂

∂x
,
∂

∂y

)
δ2 F

δY (x)δY (y)

+
(

GY (x, y)
∂

∂x
,
∂

∂y

)
δ2 F

δY (x)δY (y)

∣∣∣
y=x
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+
∫ 1

0
(1 − s) ds

∫
νY (x, y, dv1dv2)

×
(

δ2 F

δY (.)δY (.)
(Y + sh(δx+v1 − δx + δy+v2 − δy)),

(δx+v1 − δx + δy+v2 − δy)
⊗2
)
.

Proof For differentiation we use the rule

∂

∂xi
F(hδx) = h

∂

∂xi

δF(Y )

δY (xi )
, Y = hδx, x = (x1, . . . , xn) ∈ X

(see Lemma F.4), which implies that(
G

∂

∂xi
,

∂

∂xi

)
F(hδx)

= h

(
G

∂

∂xi
,

∂

∂xi

)
δF(Y )

δY (xi )
+ h2

(
G

∂

∂y
,
∂

∂z

)
δ2 F(Y )

δY (y)δY (z)

∣∣∣
y=z=xi

.

Thus

�1
h F(Y ) =

n∑
i=1

(B1
hδx

)i F(hδx)

=
n∑
i

{
h

(
bY (xi ),

∂

∂xi

δF(Y )

δY (xi )

)
+ h

2

(
GY (xi )

∂

∂xi
,

∂

∂xi

)
δF(Y )

δY (xi )

+ h2

2

(
GY (xi )

∂

∂y
,
∂

∂z

)
δ2 F(Y )

δY (y)δY (z)

∣∣∣
y=z=xi

+
∫ [

F(hδx + hδxi +y − hδxi )

− F(hδx) − h

(
∂

∂xi

δF(Y )

δY (xi )
, y

)
1B1(y)

]
νY (xi , dy)

}
.

By (F.5a),

F(hδx + hδxi +y − hδxi ) − F(hδx)

= h

(
δF(Y )

δY (.)
, δxi +y − δxi

)

+ h2
∫ 1

0
(1 − s)

(
δ2 F(Y + hs(δxi +y − δxi ))

δY (.)δY (.)
, (δxi +y − δxi )

⊗2

)
ds,

implying (9.2).
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Similarly,

�2
h F(Y ) = h

∑
i, j

{
h

2

(
GY (xi , x j )

∂

∂xi
,

∂

∂xi

)
δF(Y )

δY (xi )

+ h

2

(
GY (x j , xi )

∂

∂x j
,

∂

∂x j

)
δF(Y )

δY (x j )

+ h2
(

GY (xi , x j )
∂

∂y
,
∂

∂z

)
δ2 F(Y )

δY (y)δY (z)

∣∣∣
y=z=xi

+ h2
(
γY (xi , x j )

∂

∂xi
,

∂

∂x j

)
δ2 F(Y )

δY (xi )δY (x j )

+ h

(
bY (xi , x j ),

∂

∂xi

δF(Y )

δY (xi )

)
+ h

(
bY (x j , xi ),

∂

∂x j

δF(Y )

δY (x j )

)

+
∫ [

F(hδx + hδxi +v1 − hδxi + hδx j +v2 − hδx j ) − F(hδx)

−h

(
∂

∂xi

δF(Y )

δY (xi )
, v1

)
1B1(v1) − h

(
∂

∂x j

δF(Y )

δY (x j )
, v2

)
1B1(v2)

]

×νY (xi , x j , dv1dv2)

}
.

Applying formula (F.5) to express

F(hδx + hδxi +v1 − hδxi + hδx j +v2 − hδx j ) − F(hδx)

in terms of variational derivatives yields (9.3).

Remark 9.3 (i) Formula (9.2) can be used to extend the action of �1
h to

arbitrary, not necessarily discrete, measures Y but only for functionals F that
are defined on signed measures, since the measure Y + sh(δx+y − δx ) may
not be positive. This is important to have in mind, as we are often interested
in functionals of the type F(μt (μ0)), where μt solves the kinetic equation and
hence is defined only for positive measures μ0.

(ii) By (H.1) one can rewrite the last term in (9.3) as an integral:

h3
∑

{i, j}⊂{1,...,n}
�Y (x,x j )

= h
∫∫

�Y (x, y)Y (dx)Y (dy) − h
∫

�Y (x, x)Y (dx),

which is more convenient for analysis but can be used only for functionals F
that extend beyond the set of positive measures, as �Y (x, x) is not defined
otherwise even for Y = hδx.

Similar formulas are valid for interactions that change the number of
particles. See, for instance, the following exercises.
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Exercise 9.1 Show that if �h
2 is given by (1.38) then

�h
2 F(Y )

= 1

2

∫
X2

∫
X

[(
δF(Y )

δY (.)

)⊕
(y) −

(
δF(Y )

δY (.)

)⊕
(z)

]
P(z, dy)Y ⊗2(dz)

− h

2

∫
X

∫
X

[(
δF(Y )

δY (.)

)⊕
(y) − 2

δF(Y )

δY (z)

]
P(z, z, dy)Y (dz)

+ h3
∑

{i, j}⊂{1,...,n}

∫ 1

0
(1 − s) ds

∫
X

P(xi , x j , dy)

×
(

δ2 F

δY (.)δY (.)
(Y + sh(δy − δxi − δx j )), (δy − δxi − δx j )

⊗2
)

(9.4)

Exercise 9.2 Extend formulas (9.2)–(9.4) to the case of k-ary interactions,
giving the answer in terms of the operators �k

l [ f ] from equation (H.8). Hint:
consult [134], where the full expansion in h is obtained for the generators �k

h
on analytic functionals F(Y ).

The main conclusion to be drawn from the calculations above is the follow-
ing. To approximate the generator � of a nonlinear process by the generators
of approximating interacting-particle systems we must work with functionals
F whose second-order variational derivative has the regularity (with respect
to the spatial variable) needed for it to belong to the domain of the generator
of the corresponding approximating system. For instance, this second-order
derivative should be at least twice continuously differentiable for full Lévy–
Khintchine generators – hence the the spaces C2,k

vague(M(Rd)) appear in a
natural way – or it should satisfy certain bounds for unbounded generators
of integral type.

To conclude this section, we consider the model of binary interaction
described by the generator given by (1.38) or (9.4) with limiting equation
(8.29) and under the assumptions of Theorem 8.8 and identify natural classes
of strong continuity for a semigroup T h

t , specified below. The natural state
space to work with turns out to be the set

Me0,e1
hδ = Me0,e1(X) ∩ M+

hδ(X),

where Me0,e1(X) is given by (8.30). As usual, we denote by μt = μt (μ0) the
solution to the Cauchy problem (8.29).

Proposition 9.4 For any positive e0, e1 and 1 ≤ l ≤ m, the operator �2
h

is bounded in the space C(1+El ,·)m (Me0,e1
hδ ) and defines a strongly continuous

semigroup T h
t there such that
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‖T h
t ‖C

(1+El ,·)m (Me0,e1
hδ )

≤ exp [c(C,m, l)e1t] . (9.5)

Proof Let us show that

�2
h F(Y ) ≤ c(C,m, l)e1 F(Y ) (9.6)

for Y = hδx and F(Y ) = (1+ El , Y )m . Then (9.5) will follow by Theorem 4.1
or Gronwall’s lemma.

We have

�2
h F(Y )

= h
∑

I⊂{1,...,n}:|I |=2

∫ [
(1 + El , Y + h(δy − δxI ))

m − (1 + El , Y )m
]

K (xI ; dy).

Because

(1 + El , h(δy − δxi − δx j )) ≤ h
{[

E(xi ) + E(x j )
]l − El(xi ) − El(x j )

}
≤ hc(l)[El−1(xi )E(x j ) + E(xi )El−1(x j )],

and using the inequality (a + b)m − am ≤ c(m)(am−1b + bm), we obtain

�2
h F(Y ) ≤ hc(m, l)

∑
I⊂{1,...,n}:|I |=2

{
(1 + El , Y )m−1h

[
El−1(xi )E(x j )

+ E(xi )El−1(x j )
]

+ hm
[

El−1(xi )E(x j ) + E(xi )El−1(x j )
]m}

K (xI ; dy)

≤ c(C,m, l)
∫∫ {

(1 + El , Y )m−1
[

El−1(z1)E(z2) + E(z1)El−1(z2)
]

+ hm−1
[

El−1(z1)E(z2) + E(z1)El−1(z2)
]m}

× [1 + E(z1) + E(z2)] Y (dz1)Y (dz2).

By symmetry it is enough to estimate the integral over the set where E(z1) ≥
E(z2). Consequently �2

h F(Y ) does not exceed

c
∫ {

(1 + El , Y )m−1 El−1(z1)E(z2) + hm−1
[

El−1(z1)E(z2)
]m}

× [1 + E(z1)] Y (dz1)Y (dz2)

≤ c(1 + El , Y )m(E, Y ) + hm−1c
∫

Em(l−1)+1(z1)Em(z2)Y (dz1)Y (dz2).
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To prove (9.6) it remains to show that the second term on the r.h.s. of that
expression can be estimated by its first term. This follows from the estimates

(Em, Y ) = h
∑

Em(xi ) ≤ h
(∑

El(xi )
)m/ l = h1−m/ l(El , Y )m/ l ,

(Em(l−1)+1, Y ) ≤ h−1(Em(l−1), Y )(E, Y )

≤ h−m(1−1/ l)(El , Y )m(1−1/ l)(E, Y ).

The following statement is a straightforward extension of Proposition 9.4
and its proof is omitted.

Proposition 9.5 The statement of Proposition 9.4 remains true if the space
C(1+El ,·)m is replaced by the more general space

C
(1+El1 ,·)m1 ...(1+El j ,·)m j .

9.2 Interacting diffusions, stable-like and Vlasov processes

As already mentioned, we can roughly distinguish two approaches to the proof
of the LLN: analytical (via semigroups and generators) and probabilistic (using
the tightness of the approximating probability laws and choosing a converg-
ing subsequence). The first leads to rather precise estimates for the error term
of the approximating averages and finite-dimensional approximations, and the
second yields a stronger convergence in distribution of the trajectories. The
second, probabilistic, approach can also be used to obtain the existence of solu-
tions to the kinetic equations. We shall pay attention to both these approaches,
starting with mean-field-interaction Markov processes of a rather general form
(with Lévy–Khintchine-type generators) and then moving to popular and prac-
tically important models of binary jump-type interactions possibly subject to a
spatial motion.

We begin with mean-field-interaction Markov processes having generator
of order at most one, i.e. with the Markov process in (Rd)n generated by an
operator G of the form (9.1) with vanishing B2 and B1

μ = Aμ of the form
(8.12), i.e.

Aμ f (x) = (b(x, μ),∇ f (x)) +
∫

Rd

[
f (x + y) − f (x)

]
ν(x, μ, y)dy.

Then

G f (x1, . . . , xn) =
n∑

i=1

(Aδx)i f (x1, . . . , xn), (9.7)
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where δx = δx1 + · · · + δxn and (Aδx)i denotes the action of the operator
Aδx on the variables xi . According to Proposition 9.2 the corresponding scaled
operator acting on smooth functionals F(hδx) is defined by the formula

�h F(Y ) = �F(Y ) + h
∫ 1

0
(1 − s) ds

∫
X2

νY (x, dy)Y (dx)

×
(

δ2 F

δY (.)δY (.)
(Y + sh(δx+y − δx )), (δx+y − δx )

⊗2
)

(9.8)

with

�F(Y ) =
(

AY
δF

δY (.)
, Y

)
.

Clearly � f ∈ Cvague(MM (Rd)) whenever F ∈ C1,1
vague(MM (Rd)). Notice

that the contents of the large parentheses in (9.8) equal

(
δ2 F

δY (x + y)δY (x + y)
− 2

δ2 F

δY (x + y)δY (x)
+ δ2 F

δY (x)δY (x)

)
(Y + sh(δx+y − δx ));

this expression is integrable with respect to a Lévy measure νY (x, dy).
Recall now that under the assumptions of Theorem 8.6 the solutions to the

Cauchy problem

d

dt
μt = A�

μt
μt , μ0 = μ, (9.9)

are well defined and specify the Feller semigroup �t F(μ) = F(μt ) in
Cvague(MM (Rd)) generated by �.

The following result states the dynamic LLN for mean-field-interaction
Markov processes with generators of order at most one in analytic form.

Theorem 9.6 Under the assumptions of Theorem 8.6, the operator given by
(9.7) generates a uniquely defined Feller process in Rdn with invariant domain
C1∞(Rdn). The corresponding Feller semigroup U h

s on C(M+
hδ(R

d)) of the
scaled process Zh

t in M+
hδ(R

d) generated by (9.8) converges strongly, for any
M > 0, to the Feller semigroup �t in the sense that

sup
s≤t

sup
‖hδxn ‖≤M

|U h
s F(hδxn ) − �s F(hδxn )| → 0, n → ∞,

for any t > 0 and F ∈ Cvague(MM (Rd)). Moreover, in the case F ∈
C2,2

vague(MM (Rd)) (using the notation introduced before Theorem 8.6) one has
the estimate
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sup
s≤t

sup
‖hδxn ‖≤M

|U h
s F(hδxn ) − �s F(hδxn )| ≤ c(t, M)h‖F‖C2,2

vague(MM (Rd ))
.

(9.10)

Proof The hard work needed for the proof has been carried out already, in
previous chapters. The first statement follows directly from Theorem 4.13, and
the second from Theorem 8.6, equation (9.8) and Theorem 2.11 (or, better, an
obvious modification in which the approximating propagators act in different
spaces).

Theorem 9.7 Under the assumptions of Theorem 9.6, suppose that the initial
measures hδx(h) of the approximating processes Zh

t generated by �h converge
weakly to a measure μ. Then the distributions of the approximating processes
in D(R+,M+

hδ(R
d)) are tight, with measures considered in their vague topol-

ogy, and converge weakly to the distributions of the deterministic process μt

solving equation (9.9).

First proof This follows directly from Theorems 9.6 and C.5.

Remark 9.8 We have avoided any discussion of the compact containment
condition that applies when one is working in the large compact space of pos-
itive bounded measures equipped with the vague topology. The price paid is,
of course, a weaker convergence result (vague but not weak convergence) than
one would expect. Proving this compact containment condition for the approx-
imations in the weak rather than vague topology, which is not very difficult,
would allow us to strengthen the result obtained. This is also relevant to the
second proof of the theorem, which now follows.

Second proof Here we give a proof which is independent of the analysis of
Chapter 8 and even of most of Chapter 6. As we shall see, the straightforward
probabilistic argument yields the tightness of Zh

t and that the limit of any con-
verging subsequence solves the corresponding kinetic equation. Thus the only
part of the previous analysis needed to carry out this proof is the existence of
the Feller processes generated by (9.7) and the uniqueness of the solutions to
the Cauchy problem of the kinetic equation (the latter being needed, of course,
to conclude that not only does a converging subsequence exist but the whole
family of approximations converges). This method, however, does not supply
the error estimates (9.10).

Independently of the convergence of the semigroup, the tightness of the
approximations follows directly via Theorem C.6 from equation (9.8). Let
us show that a converging subsequence, which we shall still denote by Zh

t ,
converges to a solution of the kinetic equation.
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Recall now that on the linear functionals Fg(Y ) = (g, Y ) the scaled operator
�h acts according to

�h Fg(hδx) = h
n∑

i=1

(Ahδx)i g
⊕(x) = (Ahδx g, hδx),

as follows from (9.8) but also directly from the definition of the mean field
scaling. Hence, by Dynkin’s formula and the fact that (9.7) generates a Feller
semigroup (by Theorem 4.13) it follows that

Mh
g (t) = (g, hνt ) − (g, hν) −

∫ t

0
(Ahνs g, hνs) ds (9.11)

is a martingale, for any initial measure ν = δx, with respect to the natural
filtration of the process Zh

t . Here νt = δxh
t

where xh
t is the process generated by

n∑
i=1

(Ahδx)i f (x1, . . . , xn)

in Rdn . Assuming that hνt converges in distribution to a measure-valued
process μt it can be seen directly that the r.h.s. of (9.11) converges to

(g, μt ) − (g, μ) −
∫ t

0
(Aμs g, μs) ds

for any g ∈ C1∞(Rd).
Hence, in order to demonstrate that the limiting measure μt solves the

kinetic equation (9.9), it remains to show that the martingale (9.11) converges
to zero for any g ∈ C1∞(Rd). Taking into account that E(Mh

g )
2 = E[Mh

g ] (see
e.g. Appendix C on the basic properties of quadratic variations, in particular
Proposition C.7), it is enough to show that the expectation of the quadratic vari-
ation E[Mh

g ] tends to zero as h → 0. But [Mh
g ] equals the quadratic variation

[(g, hνt )] of (g, hνt ), and

[(g, hνt )] = h2[g⊕(xh
t )],

so that

E[Mh
g ]t = h2 E[g⊕(xh

t )] ≤ nh2 max
i

E[g((xh
t )i )]

≤ ch2n ≤ ch

with constant c, because hn is bounded (since the measures hνt are bounded)
and we know that E[g((xh

t )i )] is also bounded, because it can be estimated by
the expectation of the square of the corresponding Dynkin’s martingale. This
is in turn bounded by the assumption g ∈ C1∞(Rd). The proof is complete.
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Remark 9.9 Juggling the various criteria of tightness listed in Appendix C
yields various modifications of the above proof. For instance, one can avoid
Proposition 9.2 and equation (9.8) altogether. Namely it is enough to establish,
say by Theorem C.2, tightness for polynomials of linear functionals Fg for
which the action of �h is straightforward. To do this one can use either The-
orem C.9 (estimating the quadratic variation as above) or Theorem C.10, thus
working with only predictable quadratic variations, which are easy to calculate
using (C.7).

The method of obtaining the LLN for mean field interactions, discussed
above in detail for generators of order at most one, works similarly in other
situations once all the ingredients (well-posedness for the approximations and
regularity for the kinetic equation) are in place. Let us consider, for instance,
interacting diffusions and stable-like processes.

Theorem 9.10 Under the assumptions of Theorem 8.7, suppose that the
initial measures hδx(h) of the approximating processes Zh

t generated by �h

converge weakly to a measure μ. Then the distributions of the approximat-
ing processes in D(R+,M+

hδ(R
d)) are tight with measures considered in the

vague topology and converge weakly to the distributions of the deterministic
process μt solving equation (9.9). The estimates of convergence (9.10) also
hold for F ∈ C2,k

vague(M(Rd)).

Proof It is the same as that of Theorem 9.7 and so is omitted.

The LLN can be obtained in a similar way for models with unbounded coef-
ficients or for the stochastic systems on manifolds discussed in Sections 7.4
and 11.4.

9.3 Pure jump models: probabilistic approach

In this section we take a probabilistic approach to the analysis of kinetic equa-
tions and the LLN for pure jump models of interaction. These results will not
be used in what follows.

We shall exploit the properties of and notation for transition kernels intro-
duced in Section 6.3. Recall, in particular, that the transition kernel P is called
multiplicatively E-bounded or E⊗-bounded (resp. additively E-bounded or
E⊕-bounded) whenever P(μ; x) ≤ cE⊗(x) (resp. P(μ; x) ≤ cE⊕(x)) for
all μ and x and some constant c > 0. In future we shall often take c = 1 for
brevity.
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We start with multiplicatively bounded kernels and then turn to additively
bounded ones. Notice that if a kernel P is (1 + E)⊗-bounded then it is also
(1 + E)⊕-bounded, so the next result includes (1 + E)⊕-bounded kernels.

Theorem 9.11 Suppose that the transition kernel P(μ, x, .) enjoys the
following properties.

(a) P(μ, x, .) is a continuous function

M(X) × ∪k
l=1SXl �→ M(∪k

l=1SXl),

where the measures are considered in their weak topologies.
(b) P(μ, x, .) is E-subcritical and (1 + E)⊗-bounded for some continuous

non-negative function E on X such that E(x) → ∞ as x → ∞;
(c) The P(μ, x, .) are 1-subcritical for x ∈ Xl , l ≥ 2. Then one has the

following.

(i) The Markov processes Zh
t (hν) (hν denotes the starting point) in M+

hδ(X)

are correctly and uniquely defined by generators of type (1.34) or (1.36),
and the processes (E, Zh

t (hν)) are non-negative supermartingales.
(ii) Given arbitrary b > 0, T > 0, h ∈ [0, 1] and ν = δx with h(1 + E, ν) ≤

b, one has

P

(
sup

t∈[0,T ]
(1 + E, Zh

t (hν)) > r

)
≤ c(T, b)

r
(9.12)

for all r > 0, where the constant c(T, b) does not depend on h; moreover,
Zh

t (hν) enjoys the compact containment condition, i.e. for arbitrary η >

0, T > 0 there exists a compact subset �η,T ⊂ M(X) for which

inf
hν

P(Zhν(t) ∈ �η,T f or 0 ≤ t ≤ T ) ≥ 1 − η. (9.13)

(iii) If the family of measures ν = ν(h) is such that (1 + E, hν) is uniformly
bounded then the family of processes Zh

t (hν) defined by (1.34) is tight
as a family of processes with sample paths in D(R+,M(X)); the same
holds for processes defined by (1.36) whenever P is (1 + E)⊕- bounded.

(iv) If additionally P is L-non-increasing and interactions of order l > 1 do
not increase the number of particles then the moment measures of Z h

t (hν)
are uniformly bounded, i.e. the E(‖Zhν(t)‖r ) are uniformly bounded for
t ∈ [0, T ], for arbitrary r ≥ 1 and T > 0.

Proof (i) Recall that we denote by Fg the linear functionals on measures:
Fg(μ) = (g, μ). By E-subcriticality,

�h FE (hν) ≤ 0, ν ∈ M+
δ (X).
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By the 1-subcriticality of interactions of order l ≥ 2,

�h F1(hν) ≤ h
n∑

i=1

∫ [
1⊕(y) − 1

]
P(hν, xi , dy)

for ν = δx1 + · · · + δxn , and hence

�h F1(hν) ≤ hk
n∑

i=1

(1 + E)(xi ) = k F1+E (hν),

as the number of particles created at one time is bounded by k. Moreover, the
intensity of jumps corresponding to the generator (1.34) equals

q(hν) = 1

h

k∑
l=1

hl
∑

I⊂{x1,...,xn},|I |=l

∫
P(hν; xI ; dy) ≤ 1

h

k∑
l=1

1

l!
[

f1+E (hν)
]l

(9.14)

for ν = δx1 + · · · + δxn . In the case of (1.36) the same estimate holds with an
additional multiplier h−(l−1). Hence the conditions of Theorem 4.10 are met if
F1+E plays the role of the barrier function.
(ii) The estimate (9.12) also follows from Theorem 4.10 and estimate (9.13) is
its direct consequence.
(iii) By the Jakubovski criterion (see Theorem C.2), when the compact contain-
ment condition (9.13) has been proved, in order to get tightness it is enough to
show the tightness of the family of real-valued processes f (Zh

t (hν)) (as a fam-
ily of processes with sample paths in D(R+,R) for any f from a dense subset,
in the topology of uniform convergence on compact sets, of C(M(X)). By the
Weierstrass theorem, it is thus enough to verify the tightness of f (Zh

t (hν)) for
an f from the algebra generated by Fg with g ∈ Cc(X). Let us show this for
f = Fg (as will be seen from the proof, it is straightforward to generalize this
to the sums and products of these functions). By Dynkin’s formula, the process

Mh
g (t) = Fg(Zh

t (hν)) − Fg(hν) −
∫ t

0
�h Fg(Zh

s (hν)) ds (9.15)

is a martingale for any g ∈ Cc(X). Consequently, by Theorems C.3 and C.9,
in order to prove tightness for Fg(Zh

t (hν)) one needs to show that

V h
g (t) =

∫ t

0
�h Fg(Zh

s (hν)) ds

and that the quadratic variation [Mh
g (t)] of Mh

g (t) satisfies the Aldous condi-
tion, i.e. that, given a sequence hn → 0 as n → ∞ and a sequence of stopping
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times τn bounded by a constant T and an arbitrary ε > 0, there exist δ > 0 and
n0 > 0 such that

sup
n≥n0

sup
θ∈[0,δ]

P
[∣∣∣V h

g (τn + θ) − V h
g (τn)

∣∣∣ > ε
]

≤ ε,

and

sup
n≥n0

sup
θ∈[0,δ]

P
[∣∣∣[Mh

g ](τn + θ) − [Mh
g ](τn)

∣∣∣ > ε
]

≤ ε.

For V h
g this fact is clear. Let us prove it for [Mh

g (t)].
Since the process Zh

t (hν) is a pure jump process,

[Mh
g (t)] =

∑
s≤t

{
� fg(Zhν(s))

}2
,

where �Z(s) = Z(s)− Z(s−) denotes the jump of a process Z(s) (see (C.6)).
Since the number of particles created at one time is bounded by k, it follows
that

|� fg(Zhμ(s))|2 ≤ 4k2‖g‖2h2 (9.16)

for any s, so that

[Mh
g (t)] − [Mh

g (s)] ≤ ch2(Nt − Ns),

where Nt denotes the number of jumps in [0, t]. By the Lévy formula for
Markov chains (see Exercise 2.1) the process Nt − ∫ t

0 q(Zh
s ) ds is a martin-

gale where q(Y ) denotes the intensity of jumps at Y ; see (9.14). Hence, as
t − s ≤ θ ,

E(Nt − Ns) ≤ θ E sup
s≤t

q(Zh
s ) ds. (9.17)

Consequently, by the compact containment condition and Chebyshev’s
inequality, conditioned to a subset of probability arbitrarily close to 1, Nt − Ns

is of order (t−s)/h uniformly for all s ≤ t and, consequently, [Mh
g (t)−Mh

g (s)]
is uniformly of order (t − s)h with probability arbitrarily close to 1, implying
the Aldous condition for [Mh

g (t)]. This completes the proof of the theorem in
the case (1.34). In the case (1.36), assuming the (1 + E)⊕-boundedness of P
one obtains the intensity estimate

q(hν) ≤ 1

h

k∑
l=1

1

l!
[
F1+E (hν)

]
,

which again implies that q(hν) is of order h−1 and thus completes the proof in
the case of the generator given by (1.36).
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(iv) Observe that

�h(F1)
r (hν)

= 1

h

k∑
l=1

hl
∑

I⊂{1,...,n},|I |=l

hr
∞∑

m=0

[
(n + m − l)r − nr ] P(xI ; dy1 . . . dyn),

and since the interactions of order l > 1 do not increase the number of
particles, this does not exceed

n∑
i=1

hr [(n + k − 1)r − nr ] P(xi ; dy) ≤ cF1+E (hν)h
r−1(n + k)r−1

≤ cF1+E (hν) [F1(hν)]
r−1 .

As P is E-non-increasing, FE (Zh
t (hν)) is a.s. uniformly bounded, and using

induction in r we can conclude that

E
[
�h(F1)

r (Zh
t (hν))

]
≤ c

[
1 + E(F1)

r (Zh
t (hν))

]
.

This implies statement (iv) by, as usual, Gronwall’s lemma and Dynkin’s
martingale applied to (F1)

r .

We shall turn now to the convergence of many-particle approximations, i.e.
to the dynamic LLN, focusing our attention on equation (1.34) and referring to
[132] for a similar treatment of the processes defined by (1.36). Notice that in
the next theorem no uniqueness is claimed.

We shall say that P is strongly multiplicatively E-bounded whenever
P(μ; x) = o(1)x→∞E⊗(x), i.e. if

P(μ; x1, . . . , xl) = o(1)(x1,...,xl )→∞
l∏

j=1

E(x j )

for l = 1, . . . , k.

Theorem 9.12 Under the assumptions of Theorem 9.11 (including condi-
tion(iv)) suppose that the family of initial measures hν converges (weakly) to
a measure μ ∈ M(X) and that the kernel P is strongly (1 + E)⊗-bounded.
Then there is a subsequence of the family of processes Zh

t (hν) defined by the
generator (1.34) that weakly converges to a global non-negative solution μt of
the integral version of the corresponding weak kinetic equation, i.e.∫

g(z)μt (dz) −
∫

g(z)μ0(dz)

−
∫ t

0
ds
∫ [

g⊕(y) − g⊕(z)
]

P(μ, z, dy)μ⊗̃
s (dz) = 0 (9.18)

for all t and all g ∈ Cc(X).
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Proof By Theorem 9.11 one can choose a sequence of positive numbers h
tending to zero such that the family Zh

t (hν) is weakly converging as h → 0
along this sequence. Let us denote the limit by μt and prove that it satisfies
(9.18). By Skorohod’s theorem, we can assume that Zh

t (hν) converges to μt

a.s. The idea now is to pass to the limit in equation (9.15), as in the second
proof of Theorem 9.7, though additional care is needed to take into account
unbounded coefficients. From the estimates of the quadratic variation [Mh

g ](t)
from Theorem 9.11 it follows that it tends to zero a.s. Moreover, statement (iv)
of Theorem 9.11 implies the uniform bound O(1)θ/h for the r.h.s. of (9.17),
and consequently the convergence E[Mh

g ](t) → 0 as h → 0. This implies that
the martingale on the l.h.s. of (9.15) tends to zero a.s. and also in L2. Moreover,
owing to Proposition B.3 and the estimate (9.16), any limiting process μt has
continuous sample paths a.s. The positivity of μt is obvious as it is the limit of
positive measures.

Clearly, the first two terms on the r.h.s. of (9.15) tend to the first two terms
on the l.h.s. of (9.18). So, we need to show that the integral on the r.h.s. of
(9.15) tends to the last integral on the l.h.s. of (9.18). Let us show first that a.s.

|�h fg(Zh
s (hν)) − � fg(Zh

s (hν))| → 0, h → 0, (9.19)

uniformly for s ∈ t . Since, for η = δv1 + · · · + δvm ,

�h Fg(hη) =
k∑

l=1

hl
∑

I⊂{1,...,m},|I |=l

∫ (
g⊕(y) −

∑
i∈I

g(vi )

)
P(hη; vI ; dy)

we may conclude by (H.5) that in order to prove (9.19) we need to show that

h
∫

Xk−1×X
P(hη, z1, z1, z2, . . . , zk−1; dy)

k−1∏
j=1

(hη(dz j )) → 0, h → 0,

(9.20)
uniformly for all η ∈ M+

δ (X) with uniformly bounded F1+E (hη).
Owing to the assumed strong multiplicative boundedness of P , it is enough

to show that

h
∫

Xk−1

[
1 + E(z1)

]2[
1 + E(z2)

]
· · ·

[
1 + E(zk−1)

]

× o(1)z1→∞
k−1∏
j=1

(hη(dz j )) → 0, h → 0,

with uniformly bounded F1+E (hη), and consequently that

h
∫

X
[1 + E(z)]2 o(1)z→∞hη(dz) → 0, h → 0
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with uniformly bounded F1+E (hη). As the boundedness of FE (hη) implies, in
particular, that the support of the η is contained in a set for which E is bounded
by c/h with some constant c, it is now enough to show that

h
∫

{z:E(z)≤c/h}
[1 + E(z)]2 o(1)z→∞hη(dz) → 0, h → 0.

To this end, let us write the integral here as the sum of two integrals over sets
where E(z) ≤ K and E(z) > K respectively, for some K > 0. Then the first
integral clearly tends to zero, as E(z) is bounded. The second does not exceed∫

z:E(z)≥K
[1 + E(z)] o(1)K→∞(hη)(dz)

and tends to zero as K → ∞.
Once the convergence (9.19) is proved, it remains to show that∫ t

0
|�Fg(Zh

s (hν)) − �Fg(μs)| → 0

or, more explicitly, that the integral∫ t

0
ds
∫ [

g⊕(y) − g⊕(z)
] [P(μs; z, dy)μ⊗̃

s (dz)

− P(Zh
s (hν), z, dy)(Zh

s (hν))
⊗̃(dz)] (9.21)

tends to zero as h → 0 for bounded g. But from weak convergence, and the
fact that μt has continuous sample paths, it follows (see Proposition B.3(ii))
that Zh

s (hν) converges to μs for all s ∈ [0, t]. Hence we need to show that∫ t

0
ds P(μ, z, dy)[μ⊗̃

s (dz) − (Zh
s (hν))

⊗̃(dz)]

+
∫ t

0
ds[P(μ, z, dy) − P(Zh

s (hν), z, dy)](Zh
s (hν))

⊗̃(dz) (9.22)

tends to zero as h → 0 under the condition that Zh
s (hν) weakly converges

to μt . Moreover, as in the proof of (9.20), one can consider (1 + E, μs) and
(1 + L , Zh

s (hν)) to be uniformly bounded, as this holds a.s. by the compact
containment condition.

We now decompose the integrals in (9.22) into the sum of two integrals, by
decomposing the domain of integration into the domain {z = (z1, . . . , zm) :
max E(z j ) ≥ K } and its complement. By strong (1 + E)⊗-boundedness, both
integrals over the first domain tend to zero as K → ∞. On the second domain
the integrand is uniformly bounded and hence the weak convergence of Zh

s (hν)
to μt ensures the smallness of the l.h.s. of (9.22). Theorem 9.12 is proved.
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Let us return now to our main focus, the case of additively bounded kernels,
concentrating for simplicity on the case of binary interactions (k ≤ 2) (see
[132] for k-ary interactions).

Theorem 9.13 Under assumptions of Theorem 9.11 suppose additionally
that the family of initial measures hν converges (weakly) to a measure μ ∈
M(X) and that these initial conditions hν are such that

∫
(Eβ)(x)hν(dx) ≤ C

for all hν and some C > 0, β > 1, the transition kernel P is (1+E)⊕-bounded
and E-non-increasing and k ≤ 2.

Then there is a subsequence of the family of processes Zh
t (hν) defined by

(1.34) that weakly converges to a global non-negative solution μt of (9.18)
such that

sup
t∈[0,T ]

∫
(1 + Eβ)(x)μt (dx) ≤ C(T ), (9.23)

for some constant C(T ) and for arbitrary T .
Moreover, if P is not only E-non-increasing but also E-preserving then the

obtained solution μt is also E-preserving, i.e. for all t∫
E(x)μt (dx) = FE (μt ) = FE (μ0) =

∫
E(x)μ0(dx).

Proof Let us first show (9.23). To this end, let us prove that

EFEβ (Zh
s (hν)) ≤ c

[
1 + FEβ (hν)

]
(9.24)

uniformly for all s ∈ [0, t] with arbitrary t and some constant c depending on
t and β but not on h. As the process is E-non-increasing, the process Zh

s (hν)
lives on measures with support on a compact space {x ∈ X : E(x) ≤ c/h}
for some constant c. Hence FEβ (Zh

s (hν)) is uniformly bounded (but not nec-
essarily uniform in h), and one can apply Dynkin’s formula for g = Eβ .
Hence

EFEβ (Zh
s (hν)) ≤ FEβ (hν) +

∫ t

0
E�h(FEβ (Zh

s (hν))) ds. (9.25)

From (6.21) we know that

�FEβ (μ) ≤ c
∫ ∫ [

Eβ(x1) + Eβ−1(x1)
]

E(x2)μ(dx1)μ(dx2)

(here we assume that k ≤ 2). Consequently, since P is E-non-increasing, so
that (E, hνt ) ≤ (E, hν), one concludes using induction in β that

E�h FEβ (hνt ) ≤ c
[
1 + EFEβ (hνt )

]
,

implying (9.24), by Gronwall’s lemma, and consequently (9.23).
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Now following the same strategy as in the proof of Theorem 9.12, we need to
show the convergence (9.19). But this is implied by (9.20), which is obvious for
(1 + E)⊕-bounded kernels. It remains to show (9.21). Again one decomposes
the domain of integration into the domain {z = (z1, . . . , zm) : max E(z j ) ≥
K } and its complement. The second part is dealt with precisely as in Theo-
rem 9.12. Hence we need only to show that, for any l, by choosing K arbitrarily
large one can make

∫
L(z1)≥K

[1 + E(z1)]

( 2∏
j=1

μs(dz j ) +
2∏

j=1

(Zh
s (hν))(dz j )

)

arbitrary small. But this integral does not exceed

K −(β−1)
∫

[1 + E(z1)] [E(z1)]
β−1

( 2∏
j=1

μs(dz j ) +
2∏

j=1

(Zh
s (hν))(dz j )

)
,

which is finite and tends to zero as K → ∞, in view of (9.23).
It remains to show that μt is E-preserving whenever the transition ker-

nel P(x; dy) is E-preserving. As the approximations Zh
s (hν) are then E-

preserving, we need to show only that

lim
h→0

∫
E(x)

[
μt − Zh

t (hν)
]
(dx) = 0.

This is done as above. Decomposing the domain of integration into two parts,
{x : E(x) ≤ K } and its complement, we observe that the required limit for the
first integral is zero owing to the weak convergence of Zh

s (hν) to μt , and in
the second part the integral can be made arbitrarily small by choosing K large
enough.

As a consequence, we may obtain now a version of the propagation of chaos
property for approximating interacting-particle systems. In general, this prop-
erty means that the moment measures for some random measures tend to their
product measures when passing to a certain limit. The moment measures μm

t
of the jump processes Zh

t (hν) (see Section 1.9) are defined as

μm
t,h(dx1 · · · dxm) = E

[
Zh

t (hν)(dx1) · · · Zh
t (hν)(dxm)

]
.

Theorem 9.14 Under the conditions of Theorem 9.13 suppose that P is
(1 + Eα)⊕-bounded for some α ∈ [0, 1], where β ≥ α + 1, and that (6.25)
holds. Let the family of initial measures hν = hν(h) converge weakly to a cer-
tain measure μ0 as h → 0. Then, for any m = 1, 2, . . . , the moment measures
μm

t,h converge weakly to the product measure μ⊗m
t .
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Proof By Theorems 9.13 and 6.12, for any g ∈ Cc(SXm) the random
variables

ηh =
∫

g(x1, . . . , xm)Zh
t (hν)(dx1) · · · Zh

t (hν)(dxm)

converge a.s. to the integrals
∫

g(x1, . . . , xm)
∏m

j=1 μt (dx j ). To conclude
that the expectations of the random variables ηh converge to a pointwise
deterministic limit, one only need show that the variances of the ηh are uni-
formly bounded. Consequently, to complete the proof one needs to show that
E(‖Zh

t (hν)‖r ) are bounded, for any positive integer r , uniformly for t ∈ [0, T ]
with arbitrary T > 0. But this was done in Theorem 9.11(iv).

9.4 Rates of convergence for Smoluchovski coagulation

Theorem 9.15 Under the assumptions of Theorem 8.13 let g be a continuous
symmetric function on Xm and let F(Y ) = (g, Y ⊗m); assume that Y = hδx

belongs to Me0,e1
hδ , where x = (x1, . . . , xn). Then

sup
s≤t

|T h
t F(Y ) − Tt F(Y )|

≤ hc(m, k, t, e0, e1)‖g‖(1+Ek)⊗m (1 + E2k+1/2, Y )(1 + Ek, Y )m−1

(9.26)

for any 2k ∈ [1, β − 1].
Remark 9.16 Theorem 9.15 gives the hierarchy of estimates for the error
term, making precise an intuitively clear fact that the power of growth of
the polynomial functions on measures for which the LLN can be estab-
lished depends on the order of the finite moments of the initial measure.
One can extend the estimate (9.26) to functionals F that are not necessarily
polynomials.

Proof For brevity we shall write Yt = μt (Y ), so that Tt F(Y ) =
F(μt (Y )) = F(Yt ). For a function F(Y ) = (g, Y ⊗m) with g ∈
Csym
(1+E)⊗m ,∞(Xm), m ≥ 1 and Y = hδx one has

Tt F(Y ) − T h
t F(Y ) =

∫ t

0
T h

t−s(�
2
h − �2)Ts F(Y ) ds. (9.27)

As Tt F(Y ) = (g, Y ⊗m
t ), Theorem 8.8 yields

δTt F(Y )

δY (x)
= m

∫
Xm

g(y1, y2, . . . , ym)ξt (Y ; x; dy1)Y
⊗(m−1)
t (dy2 . . . dym)

and
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δ2Tt F(Y )

δY (x)δY (w)
= m

∫
Xm

g(y1, y2, . . . , ym)

× ηt (Y ; x, w; dy1)Y
⊗(m−1)
t (dy2 . . . dym)

+ m(m − 1)
∫

Xm
g(y1, y2, . . . , ym)ξt (Y ; x; dy1)

× ξt (Y ;w; dy2)Y
⊗(m−2)
t (dy3 . . . dym).

(9.28)

Let us estimate the difference (�h
2 − �2)Tt F(Y ) using (9.4), i.e.

�h
2 F(Y ) − �2 F(Y )

= −h

2

∫
X

∫
X

(
δF(Y )

δY (y)
− 2

δF(Y )

δY (z)

)
P(z, z, dy)Y (dz)

+ h3
∑

{i, j}⊂{1,...,n}

∫ 1

0
(1 − s) ds

∫
X

P(xi , x j , dy)

×
(

δ2 F

δY (.)δY (.)
(Y + sh(δy − δxi − δx j )), (δy − δxi − δx j )

⊗2
)
. (9.29)

Let us analyze only the rather strange-looking second term, as the first is ana-
lyzed similarly but much more simply. The difficulty lies in the need to assess
the second variational derivative at a shifted measure Y . To this end the esti-
mates of Section 8.4 are needed. We will estimate separately the contributions
to the second term in (9.29) of the first and second terms of (9.28).

Notice that the norm and the first moment (E, ·) of Y + sh(δy − δxi − δx j )

do not exceed respectively the norm and the first moment of Y . Moreover, for
s ∈ [0, 1], h > 0 and xi , x j , y ∈ X with E(y) = E(xi ) + E(x j ), one has,
using Exercise 6.1,

(Ek, Y + sh(δy − δxi − δx j ))

= (Ek, Y ) + sh
[
E(xi ) + E(x j )

]k − hEk(xi ) − hEk(x j )

≤ (Ek, Y ) + hc(k)
[

Ek−1(xi )E(x j ) + E(xi )Ek−1(x j )
]
;

c(k) depends only on k. Consequently, by Theorem 8.13, one has

‖ηt (Y + sh(δy − δxi − δx j ); x, w; ·)‖1+Ek

≤ c(k, t, e0, e1)
{

1 + Ek+1(x) + Ek+1(w) + (Ek+2, Y )

+ hc
[

Ek+1(xi )E(x j ) + Ek+1(x j )E(xi )
]}

,
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Thus the contribution of the first term in (9.28) to the second term in (9.29)
does not exceed

c(t, k,m, e0, e1)‖g‖(1+Ek)⊗m

× h3
∑
i 
= j

∫
(1 + Ek, Y + sh(δy − δxi − δx j ))

m−1 P(xi , x j , dy)

× ‖ηt (Y + sh(δy − δxi − δx j ); x, w; ·)‖1+Ek

≤ c(t, k,m, e0, e1)‖g‖(1+Ek)⊗m h3

×
∑
i 
= j

{
(1 + Ek, Y ) + h

[
Ek(xi ) + Ek(x j )

]}m−1 [
1 + E(xi ) + E(x j )

]

×
{

1 + Ek+1(xi ) + Ek+1(x j ) + (Ek+2, Y )

+ h
[

Ek+1(xi )E(x j ) + Ek+1(x j )E(xi )
]}

.

Dividing this sum into two parts, in the first of which E(xi ) ≥ E(x j ) and in
the second of which E(xi ) < E(x j ), and noting that by symmetry it is enough
to estimate only the first part, we can estimate the last expression as

c(t, k,m, e0, e1)‖g‖(1+Ek)⊗m h3
∑
i 
= j

{
(1 + Ek, Y )(m−1) +

[
hEk(xi )

]m−1
}

×
{

1 + Ek+2(xi ) + (Ek+2, Y ) [1 + E(xi )] + hEk+2(xi )E(x j )
}
.

Consequently, taking into account that h
∑

i 1 ≤ (1,Y ) ≤ e0 and that∑
i ai bi ≤ ∑

i ai
∑

j b j for any collection of positive numbers ai , bi , so that,
say,

∑
i

[
hEk(xi )

]m−1 ≤
(∑

i

hEk(xi )

)m−1

,

we conclude that the contribution of the first term in (9.28) to the second term
in (9.29) does not exceed

hκ(C, t, k,m, e0, e1)‖g‖(1+Ek)⊗m

×(1 + Ek, Y )m−1(1 + Ek+2, Y ). (9.30)
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Turning to the contribution of the second term in (9.28) observe that, again by
Theorem 8.13,

‖ξt (Y + sh(δy − δxi − δx j ); x; ·)‖1+Ek

≤ c(k, t, e0, e1)(
1 + Ek(x) +

[
1 + E1/2(x)

]
×
{
(Ek+1/2, Y ) + hc(k)

[
Ek−1/2(xi )E1/2(x j ) + Ek−1/2(x j )E1/2(xi )

]})
,

so that the contribution of the second term in (9.28) does not exceed (where
again we take symmetry into account)

c(t, k,m, e0, e1)‖g‖(1+Ek)⊗m (1 + Ek, Y )m−2

× h3
∑
i 
= j

[
1 + E1/2(xi )

] [
1 + E1/2(x j )

]

×
{

1 + Ek(xi ) +
[
1 + E1/2(xi )

] [
(Ek+1/2, Y ) + hEk−1/2(xi )E1/2(x j )

]}2
.

This is estimated by the r.h.s. of (9.26), completing the proof.

Our second result in this section deals with the case of smooth rates. If f is a
positive function on Xm = Rm+, we denote by C1,sym

f (Xm) (resp. C2,sym
f (Xm))

the space of symmetric continuous differentiable (resp. twice continuously
differentiable) functions g on Xm vanishing whenever at least one argument
vanishes, with norm

‖g‖
C1,sym

f (Xm )
=
∥∥∥∥ ∂g

∂x1

∥∥∥∥
C f (Xm )

= sup
x, j

(∣∣∣∣ ∂g

∂x j

∣∣∣∣ ( f −1)

)
(x)

(resp. ‖g‖
C2,sym

f (Xm )
= ‖∂g/∂x1‖C f (Xm ) + ∥∥∂2g/∂x2

1

∥∥
C f (Xm )

+ ∥∥∂2g/∂x1

∂x2
∥∥

C f (Xm )
).

Theorem 9.17 Let the assumptions of Theorem 8.14 hold, i.e. X = R+,
K (x1, x2, dy) = K (x1, x2)δ(y − x1 − x2), E(x) = x and K is non-
decreasing in each argument function on (R+)2 that is twice continuously
differentiable up to the boundary with bounded first and second derivatives.
Let g be a twice continuously differentiable symmetric function on (R+)m

and let F(Y ) = (g, Y ⊗m); assume that Y = hδx belongs to Me0,e1
hδ , where

x = (x1, . . . , xn). Then
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sup
s≤t

|T h
t F(Y ) − Tt F(Y )|

≤ hc(m, k, t, e0, e1)‖g‖
C2,sym

(1+Ek )⊗m (Xm )
(1 + E2k+3, Y )(1 + Ek, Y )m−1

(9.31)

for any k ∈ [0, (β − 3)/2].
Proof This is similar to the proof of Theorem 9.16. Let us indicate the

basic technical steps. We again use (9.27), (9.28), (9.29) and assess only the
contribution of the second term in (9.29). From our experience with the pre-
vious proof, the worst bound comes from the second term in (9.28), so let
us concentrate on this term only. Finally, to shorten the formulas let us take
m = 2. Thus we would like to show that

h3
∑

{i, j}⊂{1,...,n}

∫ 1

0
(1 − s) ds

∫
X

P(xi , x j , dy)
∫

X2
g(y1, y2)

×
(
ξt (Y + sh(δy − δxi − δx j ), ., dy1)

× ξt (Y + sh(δy − δxi − δx j ), ., dy2), (δy − δxi − δx j )
⊗2
)

(9.32)

is bounded by the r.h.s. of (9.31) with m = 2.
Notice that, by the definition of the norm in C2,sym

f (Xm), one has∣∣∣∣
∫

X2
g(y1, y2)ξt (Y, x, dy1)ξt (Y, z, dy2)

∣∣∣∣
≤ c‖ξt (Y, x)‖M1

1+Ek
‖ξt (Y, z)‖M1

1+Ek
‖g‖

C2,sym
f (X2)

.

Consequently the expression (9.32) does not exceed

c‖g‖
C2,sym

f (X2)
h3

∑
{i, j}⊂{1,...,n}

∫ 1

0
(1 − s) ds

∫
X

P(xi , x j , dy)

×
(

‖ξt (Y + sh(δy − δxi − δx j ), .)‖M1
1+Ek

× ‖ξt (Y + sh(δy − δxi − δx j ), .)‖M1
1+Ek

, (δy − δxi − δx j )
⊗2
)
,

which, by Theorem 8.14, is bounded by

c‖g‖
C2,sym

f (X2)
h3

∑
{i, j}⊂{1,...,n}

∫ 1

0
(1 − s) ds

∫
X

P(xi , x j , dy)

×
(
{E(.)[1 + (Ek+1, Y + sh(δy − δxi − δx j ))] + Ek+1(.)}

× {E(.)[1 + (Ek+1, Y + sh(δy − δxi − δx j ))] + Ek+1(.)}, (δy − δxi − δx j )
⊗2
)
.
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Again by symmetry, choosing E(xi ) ≥ E(x j ) (without loss of generality)
allows us to estimate this expression as

c‖g‖
C2,sym

f (X2)
h3

∑
{i, j}⊂{1,...,n}

[1 + E(xi )]

×
{

E(xi )
[
1 + (Ek+1, Y ) + hEk(xi )E(x j )

]
+ Ek+1(xi )

}2

≤ hc(k,m, t, s0, s1)‖g‖
C2,sym

f (X2)
(1 + E2k+3, Y ),

as required.

9.5 Rates of convergence for Boltzmann collisions

Theorem 9.18 Under the assumptions of Theorem 8.20 let g be a continuous
symmetric function on (Rd)m and let F(Y ) = (g, Y ⊗m); assume that Y = hδv

belongs to Me0,e1
hδ , where v = (v1, . . . , vn). Then

sup
s≤t

|T h
t F(Y ) − Tt F(Y )| ≤ hc(m, k, t, e0, e1)‖g‖(1+Ek)⊗m�(Y ) (9.33)

for any k ≥ 1, where �(Y ) is a polynomial of the moments (1 + El , Y ), with
l ≤ 2k+1/2, of degree depending on the mass and energy of Y (this polynomial
can be calculated explicitly from the proof below).

Proof The proof is basically the same as that of Theorem 9.15 (though
based on the estimates of Theorem 8.20), and we shall merely sketch it. One
again uses (9.27), (9.28) and (9.4), the latter taking the form (since equal
velocities cannot collide)

�h
2 F(Y ) − �2 F(Y )

= h3
∑

{i, j}⊂{1,...,n}

∫ 1

0
(1 − s) ds

∫
Sd−1

|vi − v j |βb(θ)dn

×
(

δ2 F

δY (.)δY (.)
(Y + sh(δv′

i
+ δv′

j
− δvi − δv j )), (δv′

i
+ δv′

j
− δvi − δv j )

⊗2
)
.

(9.34)

We shall estimate only the contribution to (9.34) of the second term in (9.28)
(the contribution of the first term is estimated similarly). By Theorem 8.20,

‖ξt (Y + sh(δv′
i
+ δv′

j
− δvi − δv j ); v)‖1+Ek

≤ c(k, t, e0, e1)
[
1 + Ek(v)

]
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×
(

1 + {‖Y‖2k+β + h[(2 + |vi |2 + |v j |2)k+β/2

− (1 + |vi |2)k+β/2 − (1 + |v j |2)k+β/2]}
× {‖Y‖2+β + h[(2 + |vi |2 + |v j |2)1+β/2

− (1 + |vi |2)1+β/2 − (1 + |v j |2)1+β/2]}ω
)
,

which does not exceed

c(k, t, e0, e1)
[
1 + Ek(v)

]
×
(

1 +
[
‖Y‖2k+β + h(1 + |vi |2)k−1+β/2(1 + |v j |2)
+ h(1 + |v j |2)k−1+β/2(1 + |vi |2)

]
×
{
‖Y‖2+β + h[(1 + |vi |2)β/2(1 + |v j |2) + (1 + |v j |2)β/2(1 + |vi |2)]

}ω)
,

so that, again taking symmetry into account, as in the previous section, the
contribution to (9.34) of the second term in (9.28) does not exceed

c(t, k,m, e0, e1)‖g‖(1+Ek)⊗m (1 + Ek, Y )m−2h3
∑
i 
= j

(1 + |vi |β)

×
(

1 + Ek(vi ) +
{
‖Y‖2k+β + h

[
(1 + |vi |2)k−1+β/2(1 + |v j |2)
+ (1 + |v j |2)k−1+β/2(1 + |vi |2)

]}
×
[
‖Y‖2+β + h(1 + |vi |2)(1 + |v j |2)β/2

]ω)2
,

and (9.33) follows as in Theorem 9.15.
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The dynamic central limit theorem

Our program of interpreting a nonlinear Markov process as the LLN limit of
an approximating Markov interacting-particle system was fulfilled in Chapter 9
for a wide class of interactions. In this chapter we address the natural next step
in the analysis of approximating systems of interacting particles. Namely, we
deal with processes involving fluctuations around the dynamic LLN limit. The
objective is to show that in many cases the limiting behavior of a fluctuation
process is described by an infinite-dimensional Gaussian process of Ornstein–
Uhlenbeck type. This statement can be called a dynamic central limit theorem
(CLT). As in Chapter 9 we start with a formal calculation of the generator
for the fluctuation process in order to be able to compare it with the limiting
second-order Ornstein–Uhlenbeck generator. Then we deduce a weak form of
the CLT, though with precise convergence rates. Finally we sketch the proof of
the full result (i.e. the convergence of fluctuation processes in a certain Skoro-
hod space of càdlàg paths with values in weighted Sobolev spaces) for a basic
coagulation model, referring for details to the original paper.

10.1 Generators for fluctuation processes

In this section we calculate generators for fluctuation processes of approximat-
ing Markov interacting-particle systems around their LLNs, which are given by
solutions to kinetic equations. Here we undertake only general, formal, calcula-
tions without paying much attention to the precise conditions under which the
various manipulations actually make sense. We postpone to later sections jus-
tifying the validity of these calculations for concrete models in various strong
or weak topologies under differing assumptions. The calculations are lengthy
but straightforward.

Suppose that S is a closed subset of a linear topological space Y and that
Zt is a Markov process on S specified by its C-Feller Markov semigroup �t
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on C(S). Assume that D is an invariant subspace of C(S) and A is a linear
operator taking D to C(S) such that �̇t f (x) = A�t f (x) for any f ∈ D and
for each x ∈ S. Let �t (z) = (z − ξt )/a be a family of linear transformations
on Y , where a is a positive constant and ξt , t ≥ 0, is a differentiable curve
in Y . The transformation Yt = �t (Z x

t ) is again a Markov process, though in
a slightly generalized sense: not only is it time nonhomogeneous but also its
state space �t (S) is time dependent. In many situations of interest the sets
�t (S) could be pairwise disjoint for different t . The corresponding averaging
operators

U s,t f (y) = E( f (Yt )|Ys = y), s ≤ t,

form a backward Markov propagator, each U s,t being a conservative con-
traction taking C(�t (S)) to C(�s(S)) that can be expressed in terms
of �t as

U s,t f (y) = E
(

f (�t (Z x
t ))|�s(Z x

s ) = y
) = �t−s[ f ◦ �t ](�−1

s (y)).

Lifting the transformations �t to operators on functions, i.e. writing

�̃t f (y) = ( f ◦ �t )(y) = f (�t (y)),

we obtain the operator equation

U s,t f = �̃−1
s �t−s�̃t f, f ∈ C(�t (S)), s ≤ t. (10.1)

Differentiating by the chain rule (assuming that all derivatives are defined and
sufficiently regular) yields

d

dt
�̃t f (y) = d

dt
f (�t (y)) = −1

a
(Dξ̇t

f )(�t (y)) = −1

a
�̃t Dξ̇t

f (y),

where Dη denotes the Gateaux derivative in the direction η. Consequently,

d

dt
U s,t f = �̃−1

s �t−s A�̃t f − 1

a
�̃−1

s �t−s�̃t Dξ̇t
f,

implying that
d

dt
U s,t f = U s,tLt f, s ≤ t (10.2)

where

Lt f = �̃−1
t A�̃t f − 1

a
Dξ̇t

f. (10.3)

Similarly, since

d

ds
U s,t f = −�̃−1

s A�t−s�̃t f + �̃−1
s Dξ̇s

�t−s�̃t f,
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using the identity

�̃−1
s Dξ̇s

�̃s = a−1 Dξ̇s

we obtain
d

ds
U s,t f = −LsU s,t f, s ≤ t. (10.4)

We are going to apply these formulas to the backward propagator

U h;s,r
f l : C(�h

r (M+
hδ)) �→ C(�h

s (M+
hδ))

of the fluctuation process Fh
t obtained from Zh

t by the deterministic linear
transformation �h

t (Y ) = h−1/2(Y − μt ). According to (10.1) this propagator
is given by the formula

U h;s,r
f l F = (�̃h

s )
−1T h

r−s�̃
h
r F, (10.5)

where �̃h
t F(Y ) = F(�h

t Y ), and under appropriate regularity assumptions it
satisfies the equation

d

dt
U h;s,t

f l F = U h;s,t
f l Oh

t F, s < t < T, (10.6)

where

Oh
t ψ = (�̃h

t )
−1�h�̃

h
t ψ − h−1/2

(
δψ

δY
, μ̇t

)
. (10.7)

The aim of this section is to calculate expression (10.7) explicitly in terms of
the variational derivatives of F , identifying both the main and the error terms
in its asymptotic expansion in small h.

Let us start with the general mean field approximation.

Proposition 10.1 Assume that the approximating Markov process on
M+

hδ(R
d) is specified by the generator �1

h from (9.2), with B1
μ of Lévy–

Khintchine form:

B1
μ f (x) = 1

2 (Gμ(x)∇,∇) f (x) + (bμ(x),∇ f (x))

+
∫ [

f (x + y) − f (x) − (∇ f (x), y)1B1(y)
]
νμ(x, dy), (10.8)

so that μt solves the corresponding mean field kinetic equation

d

dt
(g, μt ) = (B1

μt
g, μt ).

Then the operator Oh
t from (10.6) describing the fluctuation process is written

down as

Oh
t F = Ot F + O(

√
h) (10.9)
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where

Ot F(Y ) =
(

δ

δμt

(
B1
μt

δF

δY
, μt

)
, Y

)

+
∫

Rd
B1
μt

(
1

2

δ2 F

δY 2(.)
− δ2 F

δY (y)δY (.)

)
(x)

∣∣∣∣
y=x

μ(dx). (10.10)

Here(
δ

δμt

(
B1
μt

δF

δY
, μt

)
, Y

)

=
∫ (

B1
μt

δF

δY (.)

)
(x)Y (dx)

+
∫

X2
μt (dx)Y (dz)

{
1

2

(
δGμt (x)

δμt (z)

∂

∂x
,
∂

∂x

)
δF(Y )

δY (x)
+ δbμt (x)

δμt (z)

∂

∂x

δF(Y )

δY (x)

+
∫ [

δF(Y )

δY (x + y)
− δF(Y )

δY (x)
−
(

∂

∂x

δF(Y )

δY (x)
, y

)
1B1(y)

]
δνμt

δμt (z)
(x, dy)

}

and∫
Rd

B1
μt

(
1

2

δ2 F

δY 2(.)
− δ2 F

δY (y)δY (.)

)
(x)

∣∣∣∣
y=x

μ(dx)

= 1

2

∫ (
Gμt (x)

∂

∂x
,
∂

∂y

)
δ2 F

δY (x)δY (y)

∣∣∣∣
y=x

μt (dx)

+ 1

2

∫∫ (
δ2 F

δY 2(x + y)
− 2

δ2 F

δY (x + y)δY (x)
+ δ2 F

δY 2(x)

)
νμt (x, dy)μt (dx).

(10.11)

The error term O(
√

h) in (10.9) equals

(Oh
t F − Ot F)(Y )

= √
h
∫ 1

0
ds

(
δ

δμt (.)
B1
μt +s

√
hY

, Y

)
δF

δY
(x)Y (dx)

+ √
h
∫ 1

0
(1 − s)ds

(
δ2

δμ2
t (.)

B1
μt +s

√
hY

, Y ⊗2
)

δF

δY
(x)μt (dx))

+
√

h

2

∫ (
Gμt +

√
hY (x)

∂

∂x
,
∂

∂y

)
δ2 F

δY (y)δY (x)

∣∣∣∣
y=x

Y (dx)

+
√

h

2

∫∫ 1

0
ds

((
δGμt +s

√
hY (x)

δμt (.)
, Y

)
∂

∂x
,
∂

∂y

)
δ2 F

δY (y)δY (x)

∣∣∣∣
y=x

μt (dx)
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+
∫ 1

0
(1 − s)ds

∫ (
δ2 F

δY 2(x + y)

−2
δ2 F

δY (x + y)δY (x)
+ δ2 F

δY 2(x)

)
(Y + sh(δx+y − δx ))

×
[
νμt +

√
hY (x, dy)(μt + √

hY )(dx) − νt (x, dy)μt (dx)
]

+
∫

νt (x, dy)μt (dx)
∫ 1

0
(1 − s)ds

×
(
δ2 F(Y + sh(δx+y − δx ))

δY (.)δY (.)
− δ2 F(Y )

δY (.)δY (.)
, (δx+y − δx )

⊗2

)
.

Explicit expressions for the variational derivatives δ/δμt are contained in the
proof below.

Remark 10.2 Notice that the last term in the expression for (Oh
t F −

Ot F)(Y ) = O(
√

h) is of order O(h) if the third variational derivative of
F is well defined and finite. For this term to be O(

√
h), like the other terms, it is

of course sufficient that the second variational derivative of F(Y ) is 1/2-Hölder
continuous with respect to Y . The main conclusion to be drawn from these
lengthy formulas is the following. To approximate the limiting Ot F by Oh

t F
one has to work with functionals F having a sufficiently regular second vari-
ational derivative ( i.e. twice differentiable in space variables for differential
generators and at least Hölder continuous in Y for jump-type generators).

Proof By linearity one can do the calculations separately for a B1
μ having

one part that is only differential (involving G and b) and the other part only
integral. Thus, assume first that νμ = 0. Then, taking into account that

δ

δY (.)
�̃h

t F(Y ) = 1√
h
�̃h

t
δF(Y )

δY (.)
,

δ2

δY (.)δY (.)
�̃h

t F(Y ) = 1

h
�̃h

t
δ2 F(Y )

δY (.)δY (.)
,

one can write

(�1
h�̃

h
t F)(Y ) = 1√

h

∫
bY (x)

∂

∂x

(
�̃h

t
δF(Y )

δY (x)

)
Y (dx)

+ 1

2
√

h

∫ (
GY (x)

∂

∂x
,
∂

∂x

)
�̃h

t
δF(Y )

δY (x)
Y (dx)

+ 1

2

∫ (
GY (x)

∂

∂x
,
∂

∂y

)
�̃h

t
δ2 F(Y )

δY (x)δY (y)

∣∣∣∣
y=x

Y (dx),
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and so (�̃h
t )

−1�1
h�̃

h
t F(Y ) is given by

= 1√
h

∫
bμt +

√
hY (x)

∂

∂x

δF(Y )

δY (x)
(μt + √

hY )(dx)

+ 1

2
√

h

∫ (
Gμt +

√
hY (x)

∂

∂x
,
∂

∂x

)
δF(Y )

δY (x)
(μt + √

hY )(dx)

+ 1

2

∫ (
Gμt +

√
hY (x)

∂

∂x
,
∂

∂y

)
δ2 F(Y )

δY (x)δY (y)

∣∣∣∣
y=x

(μt + √
hY )(dx).

Taking into account that(
δF(Y )

δY
, μ̇t

)

=
∫

bμt (x)
∂

∂x

δF(Y )

δY (x)
μt (dx) + 1

2
√

h

∫ (
Gμt (x)

∂

∂x
,
∂

∂x

)
δF(Y )

δY (x)
μt (dx),

one deduces from (10.6) that

Oh
t F(Y ) =

∫
∂

∂x

δF(Y )

δY (x)

[
bμt (x)Y (dx) +

(
δbμt (x)

δμt (.)
, Y

)
μt (dx)

]

+ √
h
∫

∂

∂x

δF(Y )

δY (x)

∫ 1

0
ds

[(
δbμt +s

√
hY (x)

δμt (.)
, Y

)

+ (1 − s)

(
δ2bμt +s

√
hY (x)

δμ2
t (.)

, Y ⊗2

)]
Y (dx)

+ 1

2

∫ (
Gμt (x)

∂

∂x
,
∂

∂x

)
δF(Y )

δY (x)
Y (dx)

+ 1

2

∫ ((
δGμt (x)

δμt (.)
, Y

)
∂

∂x
,
∂

∂x

)
δF(Y )

δY (x)
μt (dx)

+ 1

2

∫ (
Gμt (x)

∂

∂x
,
∂

∂y

)
δ2 F(Y )

δY (x)δY (y)

∣∣∣∣
y=x

μt (dx)

+
√

h

2

∫ ((
δGμt +s

√
hY (x)

δμt (.)
, Y

)
∂

∂x
,
∂

∂x

)
δF(Y )

δY (x)
Y (dx)

+
√

h

2

∫ ((
δ2Gμt +s

√
hY (x)

δμ2
t (.)

, Y ⊗2

)
∂

∂x
,
∂

∂x

)
δF(Y )

δY (x)
μt (dx)

+
√

h

2

∫ (
Gμt +

√
hY (x)

∂

∂x
,
∂

∂y

)
δ2 F

δY (y)δY (x)

∣∣∣∣
y=x

Y (dx)

+
√

h

2

∫∫ 1

0
ds

((
δGμt +s

√
hY (x)

δμt (.)
, Y

)
∂

∂x
,
∂

∂y

)
δ2 F

δY (y)δY (x)

∣∣∣∣
y=x

μt (dx),
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proving Proposition 10.1 for the differential operator B1
μ.

However, for a B1
μ with vanishing G and b one has

�1
h F(Y )

=
∫

X2

[
δF

δY (x + y)
− δF

δY (x)
−
(

∂

∂x

δF

δY (x)
1B1(y), y

)]
νY (x, dy)Y (dx)

+ h
∫ 1

0
(1 − s) ds

∫
X2

(
δ2 F

δY (.)δY (.)
(Y + sh(δx+y − δx )), (δx+y − δx )

⊗2
)

× νY (x, dy)Y (dx)

and consequently

(�̃h
t )

−1�1
h�̃

h
t F(Y )

=
∫

X2
νμt +

√
hY (x, dy)(μt + √

hY )(dx)

×
{

1√
h

[
δF

δY (x + y)
− δF

δY (x)
−
(

∂

∂x

δF

δY (x)
1B1(y), y

)]

+
∫ 1

0
(1 − s) ds

(
δ2 F

δY (.)δY (.)
(Y + sh(δx+y − δx )), (δx+y − δx )

⊗2
)}

,

which, on subtracting

1√
h

∫
X2

νμt (x, dy)μt (dx)

[
δF

δY (x + y)
− δF

δY (x)
−
(

∂

∂x

δF

δY (x)
1B1(y), y

)]

and expanding in a Taylor series with respect to
√

h, yields again the required
formulas.

One deals similarly with binary and higher-order interactions. Namely, the
following holds.

Proposition 10.3 Let Bk be the conditionally positive operator, taking
C(SX ) to C(SXk), given by (1.76), i.e.

Bk f (x1, . . . , xk) = Ak f (x1, . . . , xk)

+
∫

Xk

[
f (y1, . . . , yk) − f (x1, . . . , xk)

]
× Pl(x1, . . . , xk, dy1 · · · dyk),
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and specifying the scaled generator of the k-ary interaction (compare (1.69)):

�k
h F(hδx) = hk−1

∑
I⊂{1,...,n},|I |=k

Bk
I F(hδx), x = (x1, . . . , xn)

(for simplicity, we assume no additional mean field dependence). Then the
operator Oh

t from (10.7) describing the fluctuation process is written down
as (10.9), with

Ot F(Y ) =
(

Bk
(
δF

δY

)⊕
, Y ⊗ μ

⊗̃(k−1)
t

)

+
⎛
⎝1

2
Bk

k∑
i, j=1

δ2 F

δY (yi )δY (y j )

−
⎛
⎝Bk

y1,...,yk

k∑
i, j=1

δ2 F

δY (zi )δY (y j )

⎞
⎠
∣∣∣∣∣∣∀i zi =yi

, μ⊗̃k
t

⎞
⎠ ,

(10.12)

where Bk
y1,...,yk

denotes the action of Bk on the variables y1, . . . , yk . In partic-

ular, suppose that k = 2 and B2 preserves the number of particles and hence
can be written as

B2 f (x, y)

=
[
1

2

(
G(x, y)

∂

∂x
,
∂

∂x

)
+ 1

2

(
G(y, x)

∂

∂y
,
∂

∂y

)
+
(
γ (x, y)

∂

∂x
,
∂

∂y

)]
f (x, y)

+
[(

b(x, y),
∂

∂x

)
+
(

b(y, x),
∂

∂y

)
f (x, y)

]
+
∫

X2
ν(x, y, dv1dv2)

×
[

f (x + v1, y + v2) − f (x, y)

−
(
∂ f

∂x
(x, y), v1

)
1B1(v1) −

(
∂ f

∂y
(x, y), v2

)
1B1(v2)

]
, (10.13)

where G(x, y) and γ (x, y) are symmetric matrices with γ (x, y) = γ (y, x)

and ν(x, y, dv1 dv2) = ν(y, x, dv2 dv1). Then

Ot F(Y ) =
(

B2
(
δF

δY

)⊕
, Y ⊗ μt

)

+
∫

1

2

(
G(x, y)

∂

∂x
,
∂

∂z

)
δ2 F

δY (z)δY (x)

∣∣∣∣
z=x

μt (dx)μt (dy)
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+
∫ (

γ (x, y)
∂

∂x
,
∂

∂y

)
δ2 F

δY (y)δY (x)
μt (dx)μt (dy)

+ 1

4

∫
X4

(
δ2 F

δY (.)δY (.)
, (δz1+v1 + δz2+v2 − δz1 − δz2)

⊗2
)

× ν(z1, z2, dv1dv2)μt (dz1)μt (dz2). (10.14)

Proof We leave these calculations (which are quite similar to those given
above) as an exercise. The details can be found in Kolokoltsov [134].

Again the term O(
√

h) depends on the third variational derivatives of F
evaluated at some shifted measures. We shall give below the precise expression
for binary jump interactions to cover the most important models, involving
Boltzmann or Smoluchovski interactions.

Before this, a further remark is in order. As was noted at the end of
Section 1.7, quite different interacting-particle systems can be described by
the same limiting kinetic equation, leading to a natural equivalence relation
between interaction models. For instance, the binary interactions specified by
the operator (10.13) above lead to the kinetic equation

d

dt
(g, μt )

=
∫

X2
μt (dx)μt (dz)

{
1

2

(
G(x, y)

∂

∂x
,
∂

∂x

)
g(x) +

(
B(x, y),

∂

∂x
g(x)

)

+
∫

X2
[g(x + v1) − g(x) − (∇g(x), v1)1B1(v1)]ν(x, y, dv1dv2)

}
,

which also describes the LLN limit for the mean field interaction specified by
the operator B1

μ from (10.8). The above calculations show, however, that the
limiting fluctuation processes may be different; note that the coefficient γ has
dropped out of the kinetic equation but is present in (10.14).

Proposition 10.4 If �h
2 is given by (1.38), i.e.

�h
2 F(hδx) = −1

2

∫
X

∫
X
[ f (hδx − 2hδz + hδy) − f (hδx)]P(z, z; dy)(hδx)(dz)

+ 1

2h

∫
X

∫
X2

[ f (hδx − hδz1 − hδz2 + hδy) − f (hδx)]
× P(z1, z2; dy)(hδx)(dz1)(hδx)(dz2),
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then we have

Oh
t F(Y )

= Ot F(Y ) +
√

h

2

∫
X2

∫
X

(
δF

δY
, δy − δz1 − δz2

)
P(z1, z2; dy)Y (dz1)Y (dz2)

−
√

h

2

∫
X

∫
X

(
δF

δY
, δy − 2δz

)
P(z, z; dy)(μt + √

hY )(dz)

+
√

h

4

∫
X2

∫
X

(
δ2 F

δY 2
, (δy − δz1 − δz2)

⊗2
)

P(z1, z2; dy)

× [Y (dz1)μt (dz2) + Y (dz2)μt (dz1)]

− h

4

∫∫ (
δ2 F

δY 2
, (δy − 2δz)

⊗2
)

P(z, z; dy)(μt + √
hY )(dz)

+ h

4

∫∫ (
δ2 F

δY 2
, (δy − δz1 − δz2)

⊗2
)

P(z1, z2; dy)Y (dz1)Y (dz2)

+
√

h

4

∫ 1

0
(1 − s)2 ds

∫∫ (
δ3 F

δY 3
(Y + s

√
h(δy − δz1 − δz2)),

(δy − δz1 − δz2)
⊗3
)

× P(z1, z2; dy)(μt + √
hY )(dz1)(μt + √

hY )(dz2)

− h3/2

4

∫ 1

0
(1 − s)2 ds

∫∫ (
δ3 F

δY 3
(Y + s

√
h(δy − 2δz)), (δy − 2δz)

⊗3
)

× P(z, z; dy)(μt + √
hY )(dz), (10.15)

where

Ot F(Y )

=
∫

X2

∫
X

(
δF

δY (.)
, δy − δz1 − δz2

)
P(z1, z2; dy)Y (dz1)μt (dz2)

+ 1

4

∫
X2

∫
X

(
δ2 F

δY (.)δY (.)
, (δy − δz1 − δz2)

⊗2
)

P(z1, z2; dy)μt (dz1)μt (dz2).

(10.16)

Proof Here one has

�2
h�̃

h
t F(Y )

= 1

2h

∫∫∫ [
F

(
Y + h(δy − δz1 − δz2) − μt√

h

)
− F

(
Y − μt√

h

)]
× P(z1, z2; ; dy)Y (dz1)Y (dz2)
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− 1

2

∫∫ [
F

(
Y + h(δy − 2δs) − μt√

h

)
− F

(
Y − μt√

h

)]
× P(z, z; dy)Y (dz)

and consequently

(�h
t )

−1�2
h�

h
t F(Y ) = 1

2h

∫∫∫ [
(F(Y + √

h(δy − δz1 − δz2) − F(Y )
]

× P(z1, z2; dy)(
√

hY + μt )(dz1)(
√

hY + μt )(dz2)

− 1

2

∫∫
[F(Y + √

h(δy − 2δz)) − F(Y )]
× P(z, z; dy)(

√
hY + μt )(dz).

Expanding the r.h.s. in h and using

F(Y + √
h(δy − δz1 − δz2)) − F(Y )

= √
h

(
δF

δY
, δy − δz1 − δz2

)
+ h

2

(
δ2 F

δY 2
, (δy − δz1 − δz2)

⊗2
)

+ h3/2

2

∫ 1

0
(1 − s)2

×
(
δ3 F

δY 3
(Y + s

√
h(δy − δz1 − δz2)), (δy − δz1 − δz2)

⊗3
)

ds

yields (10.15).

The infinite-dimensional Gaussian process generated by (10.16) will be con-
structed later. Here we conclude with an obvious observation that polynomial
functionals of the form F(Y ) = (g, Y ⊗m), g ∈ Csym(Xm), on measures are
invariant under Ot . In particular, for a linear functional F(Y ) = (g, Y ) (i.e. for
m = 1),

Ot F(Y ) =
∫

X2

∫
X
[
g(y) − g(z1) − g(z2)

]
P(z1, z2; dy)Y (dz1)μt (dz2).

(10.17)
Hence the evolution (in inverse time) of the linear functionals specified by
Ḟt = −Ot Ft , Ft (Y ) = (gt , Y ), can be described by the equation

ġ(z) = −Ot g(z) = −
∫

X

∫
X
[
g(y) − g(x) − g(z)

]
P(x, z; dy)μt (dx)

(10.18)
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for the coefficient functions gt (with some abuse of notation, we have denoted
the action of Ot on the coefficient functions by Ot also). This equation was
analyzed in detail in previous chapters.

10.2 Weak CLT with error rates: the Smoluchovski
and Boltzmann models, mean field limits

and evolutionary games

We can proceed now to the weak form of the CLT, when there is, so to say,
just a “trace” of the CLT, for linear functionals. Though this is a sort of
reduced CLT, since it “does not feel” the quadratic part of the generator of
the limiting Gaussian process, technically it is the major ingredient for prov-
ing further-advanced versions of the CLT. For definiteness, we shall carry out
the program for the cases of Smoluchovski coagulation and Boltzmann col-
lisions with unbounded rates (under the standard assumptions), relegating to
exercises the straightforward modifications needed for Lévy–Khintchine-type
generators with bounded coefficients.

Let us start with the coagulation process. Recall that we denote by U t,r

the backward propagator of equation (10.18), i.e. the resolving operator of the
Cauchy problem ġ = −�t g for t ≤ r with a given gr , and that

Fh
t (Zh

0 , μ0) = h−1/2
[

Zh
t (Zh

0 ) − μt (μ0)
]

is a normalized fluctuation process.
We shall start with the weak CLT for the Smoluchovski coagulation model.

The main technical ingredient in the proof of the weak form of CLT is given
by the following estimate for the second moment of the fluctuation process.

Proposition 10.5 Let g2 be a symmetric continuous function on X2. Suppose
that the coagulation kernel K (x, .) is a continuous function taking SX2 to
M(X) (where the measures are considered in the weak topology), which is
E-non-increasing for a continuous non-negative function E on X such that
E(x) → ∞ as x → ∞. Suppose that μ ∈ Me0,e1(X) and (1 + Eβ, μ) < ∞
for the initial condition μ = μ0 and for some β > 3.

(i) Let the coagulation kernel K be (1 + √
E)⊗-bounded:

K (x1, x2) ≤ C
[
1 +√

E(x1)
] [

1 +√
E(x2)

]
(i.e. we are under the assumptions of Theorem 8.13). Then

sup
s≤t

∣∣∣E (g2, (Fh
s (Zh

0 , μ0))
⊗2
)∣∣∣ = sup

s≤t

∣∣∣(U h;0,s
f l (g2, .)

)
(Fh

0 )

∣∣∣ (10.19)
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does not exceed

κ(C, t, k, e0, e1)‖g2‖(1+Ek )⊗2(X2)

[
1 + (E2k+1/2, Zh

0 + μ0)
]

×[1 + (Ek, Zh
0 + μ0)

] (
1 + ‖Fh

0 ‖2
M1+Ek

)
for any k ≥ 1.

(ii) Assume that X = R+, K (x1, x2, dy) = K (x1, x2)δ(y−x1−x2), E(x) =
x, and that K is non-decreasing in each argument that is twice continuously
differentiable on (R+)2 up to the boundary, all the first and second partial
derivatives being bounded by a constant C (i.e. we are under the assumptions
of Theorem 8.14). Then expression (10.19) does not exceed

κ(C, t, k, e0, e1)‖g2‖C2,sym

(1+Ek )⊗2(X2)

[1 + (E2k+3, Zh
0 + μ0)]

×[1 + (Ek, Zh
0 + μ0)]

(
1 + ‖Fh

0 ‖2
M1

1+Ek

)

for any k ≥ 0.

Proof To derive the estimate in part(i) of the theorem, one writes

E

⎛
⎝g2,

(
Zh

t (Zh
0 ) − μt (μ0)√

h

)⊗2
⎞
⎠

= E

⎛
⎝g2,

(
Zh

t (Zh
0 ) − μt (Zh

0 )√
h

)⊗2
⎞
⎠+

⎛
⎝g2,

(
μt (Zh

0 ) − μt (μ0)√
h

)⊗2
⎞
⎠

+ 2E

(
g2,

Zh
t (Zh

0 ) − μt (Zh
0 )√

h
⊗ μt (Zh

0 ) − μt (μ0)√
h

)
. (10.20)

The first term can be rewritten as

1

h
E
(

g2, (Zh
t (Zh

0 ))
⊗2 − (μt (Zh

0 ))
⊗2 + μt (Zh

0 ) ⊗ [
μt (Zh

0 ) − Zh
t (Zh

0 )
]

+[μt (Zh
0 ) − Zh

t (Zh
0 )
]⊗ μt (Zh

0 )
)
.

Under the assumptions of Theorem 8.15 it can be estimated as

κ(C, r, e0, e1)‖g2‖(1+Ek )⊗2

[
1 + (E2k+1/2, Zh

0 )
][

1 + (Ek, Zh
0 )
]
,

owing to Theorem 9.15. The second term is estimated as

‖g2‖(1+Ek)⊗2

[
1 + (Ek+1, μ0 + Zh

0 )
] ∥∥∥∥∥ Zh

0 − μ0√
h

∥∥∥∥∥
2

M1+Ek
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using the Lipschitz continuity of the solutions to Smoluchovski’s equation, and
the third term is estimated by an obvious combination of these two estimates.

The estimate in part(ii), under the assumptions of Theorem 8.14, is proved
analogously. Namely, the first term in the representation (10.20) is again esti-
mated by Theorem 9.15, and the second term is estimated using (8.59) and the
observation that

|(g2, ν
⊗2)|

≤ sup
x1

∣∣∣∣[1 + Ek(x1)
]−1

∫
∂g2

∂x1
(x1, x2)ν(dx2)

∣∣∣∣ ‖ν‖M1
1+Ek

≤ sup
x1,x2

∣∣∣∣[1 + Ek(x1)
]−1[1 + Ek(x2)

]−1 ∂2g2

∂x1∂x2
(x1, x2)

∣∣∣∣ ‖ν‖2
M1

1+Ek

≤ ‖g2‖C2,sym

(1+Ek )⊗2
‖ν‖2

M1
1+Ek

.

Theorem 10.6 (Weak CLT for Smoluchovski coagulation) Under the
assumptions of Proposition 10.5(i)

sup
s≤t

∣∣∣E(g, Fh
s (Zh

0 , μ0)) − (U 0,s g, Fh
0 (Zh

0 , μ0))

∣∣∣
≤ κ(C, t, k, e0, e1)

√
h‖g‖1+Ek

× (1 + E2k+1/2, Zh
0 + μ0)

2
(

1 +
∥∥∥Fh

0 (Zh
0 , μ0)

∥∥∥2

M1+Ek+1 (X)

)
(10.21)

for all k ≥ 1, g ∈ C1+Ek (X), and, under the assumptions of Proposi-
tion 10.5(ii),

sup
s≤t

∣∣∣E(g, Fh
s (Zh

0 , μ0)) − (U 0,s g, Fh
0 )

∣∣∣
≤ κ(C, t, k, e0, e1)

√
h‖g‖C2,0

1+Ek

× (1 + E2k+3, Zh
0 + μ0)

2

(
1 +

∥∥∥Fh
0 (Zh

0 , μ0)

∥∥∥2

M1
1+Ek+1 (X)

)
(10.22)

for all k ≥ 0, g ∈ C2,0
1+Ek (X), where E denotes the expectation with respect to

the process Zh
t .

Proof Recall that we denoted by U h;t,r
f l the backward propagator corre-

sponding to the process Fh
t = (Zh

t − μt )/
√

h. By (10.6), the l.h.s. of (10.21)
can be written as
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sup
s≤t

∣∣∣(U h;0,s
f l (g, .)

)
(Fh

0 ) − (U 0,s g, Fh
0 )

∣∣∣
= sup

s≤t

∣∣∣∣
∫ s

0

[
U h;0,τ

f l (Oh
τ − Oτ )U

τ,s(g, .)
]

dτ (Fh
0 )

∣∣∣∣ .
Since, by (10.15),

(Oh
τ − Oτ )(U

τ,s g, ·)(Y ) =
√

h

2

∫∫∫ [
U τ,s g(y) − U τ,s g(z1) − U τ,s g(z2)

]
× K (z1, z2; dy)Y (dz1)Y (dz2)

−
√

h

2

∫∫ [
U τ,s g(y) − 2U τ,s g(z)

]
× K (z, z; dy)(μt + √

hY )(dz)

(note that the terms containing the second and third variational derivatives in
(10.15) vanish here, as we are applying the operator it to a linear function), the
required estimate follows from Proposition 10.5.

A similar result holds for the Boltzmann equation (8.61):

d

dt
(g, μt ) = 1

4

∫
Sd−1

∫
R2d

[g(v′) + g(w′) − g(v) − g(w)]
× B(|v − w|, θ) dn μt (dv)μt (dw).

Recall that in this situation E(v) = v2.

Theorem 10.7 (Weak CLT for Boltzmann collisions) Let

B(|v|, θ) = b(θ)|v|β, β ∈ (0, 1],
where b(θ) is a bounded not identically vanishing function (i.e. we are under
the assumptions of Theorem 8.20). Then the estimate

sup
s≤t

∣∣∣E(g, Fh
s (Zh

0 , μ0)) − (U 0,s g, Fh
0 (Zh

0 , μ0))

∣∣∣
≤ κ(C, t, k, e0, e1)

√
h‖g‖1+Ek

× �(μ0, Zh
0 )

(
1 +

∥∥∥Fh
0 (Zh

0 , μ0)

∥∥∥2

M1+Ek+1 (X)

)
(10.23)

holds true for all k ≥ 1, g ∈ C1+Ek (X); the coefficient �(μ0, Zh
0 ) depends on

the moments of μ0, Zh
0 and can be calculated explicitly.

Proof This is the same as the proof of Theorem 10.6 except that it is based,
of course, on the estimates from Theorem 8.20.
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In the same way as above one may obtain the weak CLT with error esti-
mates for other models where the rates of convergence in LLN can be obtained
(including processes on manifolds and evolutionary games). For example, the
first of the results in Exercises 10.1–10.3 below represents the weak CLT
for mean field models with generators of order at most one and the second
represents the weak CLT for interacting diffusions combined with stable-like
processes.

Exercise 10.1 Show that under the assumption of Theorems 8.3 or 9.6,
one has

sup
t≤T

∣∣∣E(g, Fh
s (Zh

0 , μ0)) − (U 0,s g, Fh
0 (Zh

0 , μ0))

∣∣∣
≤ C(T, ‖Zh

B(0)‖)
√

h‖g‖C2∞(X)

(
1 +

∥∥∥Fh
0 (Zh

0 , μ0)

∥∥∥2

(C1∞(X))∗

)
(10.24)

for g ∈ C2∞(Rd).

Exercise 10.2 Show that under the assumptions of Theorem 9.10 one has the
same estimates as in (10.24) but with ‖g‖C4∞(X) and ‖Fh

0 (Zh
0 , μ0)‖2

(C2∞(X))∗

instead of ‖g‖C2∞(X) and ‖Fh
0 (Zh

0 , μ0)‖2
(C1∞(X))∗ .

Exercise 10.3 Formulate and prove the corresponding weak CLT for the evo-
lutionary games discussed in Section 1.6. Hint: This is simpler than above as all
generators are bounded, implying the required estimates almost automatically.
The reduced CLT for general bounded generators was obtained in [134].

10.3 Summarizing the strategy followed

In the previous sections we have developed a method of proving the weak (or
reduced) CLT for fluctuations around the LLN limit of a large class of Markov
models of interacting particles. Let us summarize the milestones of the path
followed. Once the corresponding linear problem and its regularity has been
understood, one obtains well-posedness for the given nonlinear Markov pro-
cess and semigroup. Then the analysis of the derivatives with respect to the
initial data is carried out, aiming at the invariance and regularity (smoothness
and/or bounds) of functionals on measures having a well-defined second-order
variational derivative. The next step is to prove error estimates for the LLN
that imply the boundedness of the second moment of the fluctuation process
(Proposition 10.5). Finally one deduces error estimates for the CLT. The real-
ization of this program relies heavily on the structure of the model in question.
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We have had to use quite different techniques in various situations: the particu-
lars of coagulation processes for Smoluchovski’s model, the subtle properties
of moment propagation for the Boltzmann equation, the regularity of SDEs
for stable-like processes and specific analytical estimates for the generators
“of order at most one” including the Vlasov equations, mollified Boltzmann
processes and stable-like interacting processes with index α < 1.

Though the reduced CLT obtained is useful (for example the convergence
rates can be applied for assessing numerical schemes based on a particular
interacting-particle approximation), it is not of course the full story since one
is naturally interested in the full limit of the fluctuation process. Here again
one can identify the general strategy, but its realization for concrete models is
rarely straightforward (even when the weak CLT has been proved already). We
shall conclude this chapter with a sketch of this strategy in the case of the basic
coagulation model, referring for the full story to the original papers.

10.4 Infinite-dimensional Ornstein–Uhlenbeck processes

Infinite-dimensional Ornstein–Uhlenbeck (OU) processes obtained as the fluc-
tuation limits for mean field and kth-order interactions are specified by
(10.10) and (10.12) respectively. It is clear how to write down (at least for-
mally) an infinite-dimensional Ito-type stochastic equation driven by infinite-
dimensional Gaussian noise with prescribed correlations. However, these
correlations are rather singular and degenerate, which makes the correspond-
ing rigorous analysis less obvious. We shall discuss two alternative approaches
to the study of the corresponding processes. Namely, in the first approach one
constructs the appropriate semigroup on the appropriate space of generalized
functions, via finite-dimensional approximations or by means of an infinite-
dimensional Riccati equation. The existence of the process itself may be then
obtained as a byproduct from the analysis of scaled fluctuation processes for
approximating interacting-particle systems, if one can show that these pro-
cesses form a tight family. Though the appropriate generalized functions can
be different for specific models (they should reflect the growth and smoothness
properties of the coefficients of Bk), the procedure itself is very much the same.
We shall demonstrate this program for Smoluchovski coagulation models with
smooth unbounded rates, additively bounded by the mass.

Let us construct the propagator of the equation Ḟ = −Ot F on the set of
cylinder functions Cn

k = Cn
k (Mm

1+Ek ), m = 1, 2, on measures that have the
form

�
φ1,...,φn
f (Y ) = f ((φ1, Y ), . . . , (φn, Y )) (10.25)
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with f ∈ C(Rn) and φ1, . . . , φn ∈ Cm,0
1+Ek . We shall denote by Ck the union of

the Cn
k for all n = 0, 1, . . . (of course, functions from C0

k are just constants).
The Banach space of k-times continuously differentiable functions on Rd

(whose norm is the maximum of the sup norms of a function and all its partial
derivatives up to and including order k) will be denoted, as usual, by Ck(Rd).

Theorem 10.8 Under the assumptions of Proposition 10.5(ii) (or equiv-
alently Theorems 8.14 and 10.5(ii)), for any k ≥ 0 and a μ0 such that
(1 + Ek+1, μ0) < ∞ there exists a propagator OU t,r of contractions on Ck

preserving the subspaces Cn
k , n = 0, 1, 2, . . . , such that OU t,rF, F ∈ Ck ,

depends continuously on t in the topology of uniform convergence on bounded
subsets of Mm

1+Ek , m = 1, 2, and solves the equation Ḟ = −Ot F in the sense

that if f ∈ C2(Rd) in (10.25) then

d

dt
OU t,r�

φ1,...,φn
f (Y ) = −�t OU t,r�

φ1,...,φn
f (Y ), 0 ≤ t ≤ r, (10.26)

uniformly for Y from bounded subsets of Mm
1+Ek .

Proof Substituting a function �
φt

1,...,φ
t
n

ft
of the form (10.25) (having twice

continuously differentiable ft ) with a given initial condition �r (Y ) =
�

φr
1,...,φ

r
n

fr
(Y ) at t = r into the equation Ḟt = −Ot Ft and taking into account

that

δ�

δY (.)
=
∑

i

∂ ft

∂xi
φt

i (.),
δ2�

δY (.)δY (.)
=
∑
i, j

∂2 ft

∂xi∂x j
φt

i (.)φ
t
j (.),

yields the equation

∂ ft

∂t
+ ∂ ft

∂x1
(φ̇t

1, Y ) + · · · + ∂ ft

∂xn
(φ̇t

n, Y )

= −
∫∫∫ n∑

j=1

∂ ft

∂x j
(φt

j , δy − δz1 − δz2)K (z1, z2; dy)

× Y (dz1)μt (dz2)

− 1

4

∫∫∫ n∑
j,l=1

∂2 ft

∂x j∂xl
(φt

j ⊗ φt
l , (δy − δz1 − δz2)

⊗2)K (z1, z2; dy)

× μt (dz1)μt (dz2),

where ft (x1, . . . , xn) and all its derivatives are evaluated at the points x j =
(φt

j , Y ) (here and in what follows we denote by a dot the derivative d/dt with
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respect to time). This equation is clearly satisfied whenever

ḟt (x1, . . . , xn) = −
n∑

j,k=1

�(t, φt
j , φ

t
k)

∂2 ft

∂x j∂xk
(x1, . . . , xn) (10.27)

and

φ̇t
j (z) = −

∫∫ [
φt

j (y) − φt
j (z) − φt

j (w)
]

K (z, w; dy)μt (dw) = −Otφ
t
j (z);

in (10.27) � is given by

�(t, φ, ψ) = 1
4

∫∫∫ (
φ ⊗ ψ, (δy − δz1 − δz2)

⊗2
)

K (z1, z2; dy)μt (dz1)

× μt (dz2). (10.28)

Consequently

OU t,r�r (Y ) = �t (Y ) = (U t,r fr )
(
(U t,rφr

1, Y ), . . . , (U t,rφr
n, Y )

)
, (10.29)

where U t,r fr = U t,r
� fr is defined as the resolving operator for the (inverse-

time) Cauchy problem of equation (10.27) (it is well defined, as (10.27) is just
a spatially invariant second-order evolution). The resolving operator U t,r was
constructed in Section 8.4, and

�(t, φt
j , φ

t
k) = �(t,U t,rφr

j ,U t,rφr
k ).

All the statements of Theorem 10.8 follow from the explicit formula (10.29),
the semigroup property of the solution to the finite-dimensional equation
(10.27) and the estimates from Section 8.4.

In the second approach the propagator is constructed by means of the
generalized Riccati equation discussed in Appendix K.

10.5 Full CLT for coagulation processes (a sketch)

Once the weak CLT is obtained, it is natural to ask whether the fluctuation
process corresponding to a particular model converges to the limiting OU pro-
cess. To do this one has to choose an appropriate infinite-dimensional space
(usually a Hilbert space is the most convenient choice) where this OU process
is well defined and then use some compactness argument to get convergence.
Though this is clear in principle, the technical details can be non-trivial for
any particular model (especially for unbounded generators). For the case of
Smoluchovski coagulation this program was carried out in Kolokoltsov [136].
Referring to this paper for the full story with its rather lengthy manipulations
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(see also the bibliographical comments in [136] for related papers), we shall
simply sketch the main steps to be taken and the tools to be used.

Theorem 10.9 (CLT for coagulation: convergence of semigroups) Sup-
pose that k ≥ 0 and h0 > 0 are given such that

sup
h≤h0

(1 + E2k+5, Zh
0 + μ0) < ∞. (10.30)

(i) Let � ∈ Cn
k (M2

1+Ek ) be given by (10.25) with f ∈ C3(Rn) and all

φ j ∈ C2,0
1+Ek (X). Then

sup
s≤t

∣∣∣E�(Fh
t (Zh

0 , μ0)) − OU 0,t�(Fh
0 )

∣∣∣
≤ κ(C, t, k, e0, e1)

√
h max

j
‖φ j‖C2,0

1+Ek
‖ f ‖C3(Rn)

× (1 + E2k+5, Zh
0 + μ0)

2
(

1 + ‖Fh
0 ‖2

M1
1+Ek+1 (X)

)
. (10.31)

(ii) If � ∈ Cn
k (M2

1+Ek ) (with not necessarily smooth f in the representation

(10.25)) and Fh
0 converges to some F0 as h → 0 in the �-weak topology of

M1
1+Ek+1 then

lim
h→0

∣∣∣E�(Fh
t (Zh

0 , μ0)) − OU 0,t�(F0)

∣∣∣ = 0 (10.32)

uniformly for Fh
0 from a bounded subset of M1

1+Ek+1 and t from a compact
interval.

This result is obtained by extending the arguments from the proof of The-
orem 10.6, where now one needs the full expansion of the generator of
fluctuations, not only its linear or quadratic part.

To formulate the next result we have to introduce the space of weighted
smooth L p-functions or weighted Sobolev spaces (as we mentioned above, to
get effective estimates, Hilbert space methods are more appropriate). Namely,
define L p, f = L p, f (T ) as the space of measurable functions g on a measur-
able space T having finite norm ‖g‖L p, f = ‖g/ f ‖L p . The spaces L1,0

p, f and

L2,0
p, f , p ≥ 1, are defined as the spaces of absolutely continuous functions φ on

X = R+ such that limx→0 φ(x) = 0, with respective norms

‖φ‖L1,0
p, f (X)

= ‖φ′‖L p, f (X) = ‖φ′/ f ‖L p(X),

‖φ‖L2,0
p, f (X)

= ‖φ′/ f ‖L p(X) + ‖(φ′/ f )′‖L p(X)
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and duals (L1,0
p, f )

′ and (L2,0
p, f )

′. By the Sobolev embedding lemma one has

the inclusion L2,0
2 ⊂ C1,0 and hence also L2,0

2, fk
⊂ C1,0

fk
for arbitrary k > 0,

implying by duality the inclusion M1
fk

⊂ (L2,0
2, fk

)′.
In order to transfer the main estimates for the fluctuation processes to these

weighted L2-spaces, one has to obtain L2 analogs of the estimates for deriva-
tives (of the solutions to the kinetic equations from Section 8.4), which is
rather technical, and also a corresponding extension of Theorem 10.8. Then
one obtains the following main ingredient in the proof of the functional CLT.

Proposition 10.10 Under the assumptions of Theorem 8.14, for any k > 1/2,

sup
s≤t

E‖Fh
s (Zh

0 , μ0)‖2
(L2,0

2, fk
)′

≤ κ(C, t, k, e0, e1)
[
1 + (E2k+3, Zh

0 + μ0)
]2
(

1 + ‖Fh
0 ‖2

(L2,0
2, fk

)′

)
.

(10.33)

This fact allows us to obtain key estimates when extending the above
Theorem 10.8 to the following convergence of finite-dimensional distributions.

Theorem 10.11 (CLT for coagulation: finite-dimensional distributions)
Suppose that (10.30) holds, φ1, . . . , φn ∈ C2,0

1+Ek (R+) and Fh
0 ∈ (L2,0

2,1+Ek+2)
′

converges to some F0 in (L2,0
2,1+Ek+2)

′ as h → 0. Then the Rn-valued random
variables

�h
t1,...,tn = ((φ1, Fh

t1(Zh
0 , μ0)), . . . , (φn, Fh

tn (Zh
0 , μ0))),

0 < t1 ≤ · · · ≤ tn,

converge in distribution, as h → 0, to a Gaussian random variable with
characteristic function

gt1,...,tn (p1, . . . , pn)

= exp
(

i
n∑

j=1

p j (U
0,t j φ j , F0)−

n∑
j=1

∫ t j

t j−1

n∑
l,k= j

pl pk�(s,U s,tlφl ,U s,tkφk) ds
)
,

(10.34)

where t0 = 0 and � is given by (10.28). In particular, for t = t1 = · · · = tn
this implies that
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lim
h→0

E exp
(

i
n∑

j=1

(φ j , Fh
t )
)

= exp
(

i
n∑

j=1

(U 0,tφ j , F0) −
n∑

j,k=1

∫ t

0
�(s,U s,tφ j ,U s,tφk) ds

)
.

Note that passing from Theorem 10.9 to Theorem 10.11 would be auto-
matic for finite-dimensional Feller processes (owing to Theorem C.5), but in
our infinite-dimensional setting this is not at all straightforward and requires
in addition the use of Hilbert space methods (yielding an appropriate compact
containment condition).

Theorem 10.12 (Full CLT for coagulation) Suppose that the conditions of
Theorems 10.9, 10.11 hold.

(i) For any φ ∈ C2,0
1+Ek (R+), the real-valued processes (φ, Fh

t (Zh
0 , μ0))

converge in distribution in the Skorohod space of càdlàg functions (equipped
with the standard J1-topology) to the Gaussian process with finite-dimensional
distributions specified by Theorem 10.11.

(ii) The fluctuation process Fh
t (Zh

0 , μ0) converges in distribution on the

Skorohod space of càdlàg functions D([0, T ]; (L2,0
2,1+Ek+2(R+))′) (with J1-

topology), where (L2,0
2,1+Ek+2(R+))′ is considered in its weak topology, to

the Gaussian process with finite-dimensional distributions specified by The-
orem 10.11.

Notice that, once the previous results have been obtained, all that remains to
be proved in Theorem 10.12 is the tightness of the approximations, i.e. the exis-
tence of a limiting point, because the finite-dimensional distributions of such a
point have already been uniquely specified, by Theorems 10.9 and 10.11.

The proof of Theorem 10.12 is carried out in the following steps.
By Dynkin’s formula applied to the Markov process Zh

t one finds that, for a
φ ∈ C1+Ek (X),

Mh
φ(t) = (φ, Zh

t ) − (φ, Zh
0 ) −

∫ t

0
(Lh(φ, .))(Zh

s )ds

is a martingale and that

(φ, Fh
t ) = Mh

φ√
h

+ 1√
h

(
(φ, Zh

0 ) +
∫ t

0
(Lh(φ, .))(Zh

s )ds − (φ, μt )

)
.

To show the compactness of this family one uses Theorem C.9 in conjunction
with the result in Exercise 2.1 to estimate the quadratic variation. This implies
(i). In order to prove (ii), one needs only to prove the tightness of the family



274 The dynamic central limit theorem

of normalized fluctuations Fh
t , as by Theorem 10.11 the limiting process is

uniquely defined whenever it exists. By Theorem C.2, to prove the tightness it
remains to establish the following compact containment condition: for every
ε > 0 and T > 0 there exists a K > 0 such that, for any h,

P

(
sup

t∈[0,T ]
‖Fh

t ‖
(L2,0

2, fk
)′ > K

)
≤ ε,

and this can be obtained from Proposition 10.10.



11

Developments and comments

In this chapter we discuss briefly several possible developments of the theory.
Each section can be read independently.

11.1 Measure-valued processes as stochastic dynamic
LLNs for interacting particles; duality of

one-dimensional processes

We have introduced nonlinear Markov processes as deterministic dynamic
LLNs for interacting particles. As pointed out in Chapter 1, nonlinear Markov
processes in a metric space S are just deterministic Markov processes in the
space of Borel measures M(S). Also of interest are nondeterministic (stochas-
tic) LLNs, which are described by more general nondeterministic measure-
valued Markov processes. Here we give a short introduction to stochastic LLNs
on a simple model of completely identical particles, discussing in passing the
duality of Markov processes on R+.

Suppose that the state of a system is characterized by the number n ∈ Z+ =
{0, 1, 2, . . .} of identical indistinguishable particles that it contains at a partic-
ular time. If any single particle, independently of the others, can die after a
lifetime of random length in which a random number l ∈ Z+ of offspring are
produced, the generator of this process will be given by

(G1 f )(n) = n
∞∑

m=−1

g1
m

[
f (n + m) − f (n)

]

for some non-negative constants g1
m . More generally, if any group of k particles

chosen randomly (with uniform distribution, say) from a given group of n par-
ticles can be transformed at some random time into a group of l ∈ Z+ particles
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through some process of birth, death or coagulation etc. then the generator of
this process will be given by

(Gk f )(n) = Ck
n

∞∑
m=−k

gk
m

[
f (n + m) − f (n)

]

for some non-negative constants gk
m , where the Ck

n are the usual bino-
mial coefficients and where it is understood that these coefficients vanish
whenever n < k. Finally, if the spontaneous birth (or input) of a ran-
dom number of particles is allowed to occur, this will contribute a term∑∞

m=0 g0
m

[
f (n + m) − f (n)

]
to the generator equation for our process. A

generator of the type
∑K

k=0 Gk describes all k-ary interactions, with k ≤ K .
The usual scaling of the state space n �→ nh, where h is a positive parameter,
combined with the scaling of the interaction Gk �→ hk Gk , leads to a Markov
chain on hZ+ with generator

Gh =
K∑

k=0

Gh
k , (Gh

k f )(hn) = hkCk
n

∞∑
m=−k

gk
m

[
f (hn + hm) − f (hn)

]
.

(11.1)

We are interested in the limits n → ∞, h → 0, with nh → x ∈ R+ and
where gk

m = gk
m(h) may also depend on h. To analyze this limiting procedure,

we will consider the operator (11.1) as a restriction to hZ+ of the operator,
again denoted Gh in an abuse of notation, defined on functions on (0,∞) by
Gh = ∑K

k=0 Gh
k , where

(Gh
k f )(x)

= x(x − h) . . . [x − (k − 1)h]

k!
∞∑

m=max(−k,−x/h)

gk
m(h)

[
f (x + hm) − f (x)

]
(11.2)

for x ≥ h(k − 1); the r.h.s. vanishes otherwise. Clearly x(x − h) · · ·
[x − (k − 1)h] tends to xk as h → 0, and we expect that, with an appropri-
ate choice of gk

m(h), the sum of the k-ary interaction generators in (11.2) will
tend to the generator of a stochastic process on R+ of the form

∑K
k=0 xk Nk ,

where each Nk is the generator of a spatially homogeneous process with
i.i.d. increments (i.e. a Lévy process) on R+. Hence each Nk is given by the
Lévy–Khintchine formula with a Lévy measure that has support in R+.

Let us formulate a precise result in this simple one-dimensional setting,
referring to Kolokoltsov [127] for its proof.

We denote by C[0,∞] the Banach space of continuous bounded functions
on (0,∞) having limits as x → 0 and as x → ∞ (with the usual sup norm).
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We shall also use the closed subspaces C0[0,∞] or C∞[0,∞] of C[0,∞],
consisting of functions such that f (0) = 0 or f (∞) = 0 respectively. Consider
an operator L in C[0,∞] given by the formula

(L f )(x)

=
K∑

k=1

xk
{

ak f ′′(x) − bk f ′(x) +
∫ ∞

0

[
f (x + y) − f (x) − f ′(x)y

]
νk(dy)

}
,

(11.3)

where K is a natural number, ak and bk are real constants, k = 1, . . . , K , the
ak are non-negative and the νk are Borel measures on (0,∞) satisfying∫

min(ξ, ξ2)νk(dξ) < ∞.

As a natural domain D(L) of L we take the space of twice continuously
differentiable functions f ∈ C[0,∞] such that L f ∈ C[0,∞].

Let k1 ≤ k2 (resp. l1 ≤ l2) denote the bounds of those indexes k for which
the ak (resp. bk) do not vanish, i.e. ak1 > 0, ak2 > 0 and ak = 0 for k > k2 and
k < k1 (resp. bl1 
= 0, bl2 
= 0 and bk = 0 for k > l2 and k < l1).

Theorem 11.1 Suppose that

(a) the νk vanish for k < k1 and k > k2,
(b) if l2 < k2 then νk2 = 0,
(c) if l1 = k1 − 1 and bl1 = −l1al1 then νk1 = 0,
(d) bl2 > 0 whenever l2 ≥ k2 − 1,
(e) if l2 = k2 then there exists δ > 0 such that

1

al2

∫ δ

0
ξ2νl2 (dξ) + 1

|bl2 |
∫ ∞

δ

ξνl2 (dξ) <
1

4
.

Then the following hold.
(i) If k1 > 1 (resp. k1 = 1), L generates a strongly continuous conservative

semigroup on C[0,∞] (resp. non-conservative semigroup on C0[0,∞])).
(ii) The corresponding process Xx (t), where x denotes the starting point,

is stochastically monotone: the probability P(Xx (t) ≥ y) is a non-decreasing
function of x for any y.

(iii) There exists a dual process X̃(t), with generator given explicitly, whose
distribution is connected with the distribution of X (t) by the duality formula

P(X̃x (t) ≤ y) = P(X y(t) ≥ x).
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Remark 11.2 The long list of hypotheses in Theorem 11.1 covers the most
likely situations, where either the diffusion (the second-order) term or the drift
(the first-order) term of L dominates the jumps and where consequently pertur-
bation theory can be used for the analysis of L , with the jump part considered
as a perturbation. A simple example with all conditions satisfied is the operator
given in (11.3), for a1 > 0, aK > 0, bK > 0 and ν1 = νK = 0.

We shall now describe the approximation of the Markov process X (t) by
systems of interacting particles with k-ary interactions, i.e. by Markov chains
with generators of the type (11.1), (11.2). This is the simplest and most natural
approximation.

Let finite measures ν̃k be defined by ν̃k(dy) = min(y, y2)νk(dy). Let β1
k , β2

k
be arbitrary positive numbers such that β1

k − β2
k = bk and let ω be an arbitrary

constant in (0, 1). Consider the operator Gh = ∑K
k=1 Gh

k with

(Gh
k f )(hn) = hkCk

n

[ak

h2
( f (hn + h) + f (hn − h) − 2 f (hn))

+ β1
k

h
( f (hn + h) − f (hn)) + β2

k

h
( f (hn − h) − f (hn))

+
∞∑

l=[h−ω]

(
f (nh + lh)− f (nh)+ lh

f (nh − h)− f (nh)

h

)

× vk(l, h)
]
,

where the summation index  = [h−ω] denotes the integer part of h−ω and
where

vk(l, h) = max

(
1

hl
,

1

h2l2

)
ν̃k[lh, lh + h).

Theorem 11.3 For any h > 0, under the assumptions of Theorem 11.1 there
exists a unique (and hence non-exploding) Markov chain Xh(t) on hZ+ with
generator Gh as given above. If the initial point nh of this chain tends to a
point x ∈ R+ as h → 0 then the process Xh

nh(t) converges in distribution, as
h → 0, to the process Xx (t) from Theorem 11.1.

An approximating interacting-particle system for a given process on R+ is
by no means unique. The essential features of approximations are the fol-
lowing: (i) a k-ary interaction corresponds to pseudodifferential generators
L(x, ∂/∂x) that are polynomials of degree k in x and requires a common scal-
ing of order hk ; (ii) the acceleration of small jumps (the gk

m(h) in (11.2), of
order h−2 for small |m|) gives rise to a diffusion term; (iii) the slowing down
of large jumps gives rise to non-local terms in the limiting generator.
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We conclude that the study of measure-valued limits of processes with k-ary
interactions leads to the study of Feller processes having non-local pseudo-
differential generators with coefficients growing at least polynomially, if K is
finite (more precisely, with polynomially growing symbols).

The extension of the above results beyond the methods of perturbation
theory and to the case of a finite number of types of interacting particles, lead-
ing in the limit to processes on Rd with polynomially growing symbols, is
developed in Kolokoltsov [129]. No serious study, however, seems to exist
concerning extension to an infinite number of types or to the correspond-
ing infinite-dimensional (actually measure-valued) limits. An exception is the
well-established development of the theory of superprocesses. These appear
as measure-valued limits of multiple branching processes that in the general
scheme above correspond to the k = 1, non-interacting, case in which the
coefficients of the limiting infinite-dimensional pseudo-differential generators
depend linearly on position.

11.2 Discrete nonlinear Markov games and controlled
processes; the modeling of deception

The theory of controlled stochastic Markov processes has a sound place in the
literature, owing to its wide applicability in practice; see e.g. Hernandez-Lerma
[95], [94]. Here we shall touch upon the corresponding nonlinear extension just
to indicate the possible directions of analysis. A serious presentation would
require a book in itself.

Nonlinear Markov games can be considered as a systematic tool for the mod-
eling of deception. In particular, in a game of pursuit – evasion – an evading
object can create false objectives or hide in order to deceive the pursuer. Thus,
observing this object leads not to its precise location but to a distribution of
possible locations, implying that it is necessary to build competitive control
on the basis of the distribution of the present state. Moreover, by observing
the action of the evading object one can draw conclusions about those of its
dynamic characteristics that make the predicted transition probabilities depend
on the observed distribution. This is precisely the type of situation modeled by
nonlinear Markov games.

The starting point for the analysis is the observation that a nonlinear Markov
semigroup is just a deterministic dynamic system (though on a rather strange
state space of measures). Thus, just as stochastic control theory is a natural
extension of deterministic control, we are going to extend stochastic control by
turning back to deterministic control, but of measures, thus exemplifying the



280 Developments and comments

usual spiral development of science. The next “turn of the screw” would lead
to stochastic measure-valued games, forming a stochastic control counterpart
for the class of processes discussed in the previous section.

We shall work directly in the competitive control setting (game theory),
which of course includes the usual non-competitive optimization as a particular
case, but for simplicity only in discrete time and in a finite original state space
{1, . . . , n}. The full state space is then chosen as a set of probability measures
�n on {1, . . . , n}.

Suppose that we are given two metric spaces U , V for the control parameters
of two players, a continuous transition cost function g(u, v, μ), u ∈ U , v ∈ V ,
μ ∈ �n , and a transition law ν(u, v, μ) prescribing the new state ν ∈ �n

obtained from μ once the players have chosen their strategies u ∈ U, v ∈
V . The problem corresponding to the one-step game (with sequential moves)
consists in calculating the Bellman operator B, where

(BS)(μ) = min
u

max
v

[g(u, v, μ) + S(ν(u, v, μ))] (11.4)

for a given final cost function S on �n . According to the dynamic programming
principle (see e.g. Bellman [27] or Kolokoltsov, and Malafeyev [139]), the
dynamic multi-step game solution is given by the iterations Bk S. Often of
interest is the behavior of this optimal cost Bk S(μ) as the number of steps k
goes to infinity.

Remark 11.4 In game theory one often (but not always) assumes that
min, max in (11.4) are interchangeable, leading to the possibility of making
simultaneous moves, but we shall not make this assumption.

The function ν(u, v, μ) can be interpreted as a controlled version of the
mapping �, specifying a nonlinear discrete-time Markov semigroup, discussed
in Section 1.1. Assume that a stochastic representation for this mapping is
chosen, i.e. that

ν j (u, v, μ) =
n∑

i=1

μi Pi j (u, v, μ)

for a given family of (controlled) stochastic matrices Pi j . Then it is natural to
assume that the cost function g describes the average over random transitions,
so that

g(u, v, μ) =
n∑

i, j=1

μi Pi j (u, v, μ)gi j
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for certain real coefficients gi j . Under this assumption the Bellman operator
equation (11.4) takes the form

(BS)(μ) = min
u

max
v

[ n∑
i, j=1

μi Pi j (u, v, μ)gi j + S
( n∑

i=1

μi Pi.(u, v, μ)
)]

.

(11.5)

We can now identify the (not so obvious) place of the usual stochastic con-
trol theory in this nonlinear setting. Namely, assume that the matrices Pi j do
not depend on μ. Even then, the set of linear functions S(μ) = ∑n

i=1 siμ
i

on measures (identified with the set of vectors S = (s1, . . . , sn)) is not invari-
ant under B. Hence we are automatically reduced not to the usual stochastic
control setting but to a game with incomplete information, where the states are
probability laws on {1, . . . , n}. Thus, when choosing a move the players do not
know the present position of the game precisely, but only its distribution. Only
when Dirac measures μ form the state space (i.e. there is no uncertainty in
the state) will the Bellman operator be reduced to the usual one for stochastic
game theory,

(B̄S)i = min
u

max
v

n∑
j=1

Pi j (u, v)(gi j + S j ). (11.6)

As an example of a nonlinear result, we will obtain now an analog of the
result on the existence of an average income for long-lasting games.

Proposition 11.5 If the mapping ν is a contraction uniformly in u, v, i.e. if

‖ν(u, v, μ1) − ν(u, v, μ2)‖ ≤ δ‖μ1 − μ2‖ (11.7)

for a δ ∈ (0, 1), where ‖ν‖ = ∑n
i=1 |νi |, and if g is Lipschitz continuous, i.e.

‖g(u, v, μ1) − g(u, v, μ2)‖ ≤ C‖μ1 − μ2‖ (11.8)

for a constant C > 0, then there exist a unique λ ∈ R and a Lipschitz-
continuous function S on �n such that

B(S) = λ + S (11.9)

and, for all g ∈ C(�n), we have

‖Bm g − mλ‖ ≤ ‖S‖ + ‖S − g‖, (11.10)

lim
m→∞

Bm g

m
= λ. (11.11)

Proof Clearly for any constant h and a function S one has B(h +S) = h +
B(S). Hence one can project B onto an operator B̃ on the factor space C̃(�n)
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of C(�n) with respect to constant functions. Clearly, in the image C̃Lip(�n) of
the set of Lipschitz-continuous functions CLip(�n), the Lipschitz constant

L( f ) = sup
μ1 
=μ2

| f (μ1) − f (μ2)|
‖μ1 − μ2‖

is well defined (it does not depend on which representative of the equivalence
class is chosen). Moreover, from (11.7) and (11.8) it follows that

L(BS) ≤ 2C + δL(S),

implying that the set

�R = { f ∈ C̃Lip(�n) : L( f ) ≤ R}
is invariant under B̃ whenever R > C/(1 − δ). Since, by the Arzela–Ascoli
theorem, �R is convex and compact one can conclude by the Shauder fixed-
point principle that B̃ has a fixed point in �R . Consequently there exists a
λ ∈ R and a Lipschitz-continuous function S̃ such that (11.9) holds.

Notice now that B is non-expansive in the usual sup norm, i.e.

‖B(S1) − B(S2)‖ = sup
μ∈�n

|(BS1)(μ) − (BS2)(μ)|

≤ sup
μ∈�n

|S1(μ) − S2(μ)| = ‖S1 − S2‖.

Consequently, for any g ∈ C(�n),

‖Bm g − Bm S‖ = ‖Bm(g) − mλ − S‖ ≤ ‖g − S‖,
implying the first formula in (11.10). The second is a straightforward corol-
lary. This second formula also implies the uniqueness of λ (as well as its
interpretation as the average income). The proof is complete.

One can extend other results for stochastic multi-step games to this non-
linear setting, say, the turnpike theorems from Kolokoltsov [123] (see also
Kolokoltsov, and Malafeyev [139] and Kolokoltsov, and Maslov [141]), and
then study nonlinear Markov analogs of differential games but, as we said, we
shall not pursue this theme here.

11.3 Nonlinear quantum dynamic semigroups and the
nonlinear Schrödinger equation

The Schrödinger and Heisenberg evolutions are given by the semigroups of
unitary operators in a Hilbert space. They describe closed quantum systems not
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interacting with the outer world. This is of course an idealization, as only the
whole universe is closed, strictly speaking. The search for more realistic quan-
tum models leads to the theory of open systems, where an evolution is general
rather than unitary, but it still has to be “positive” (in some not quite obvi-
ous way). Developing a probabilistic interpretation of the processes underlying
this kind of positivity has evolved into the field of quantum probability, where
functions (classical observables) are replaced by linear operators in Hilbert
spaces and measures (mixed states) are replaced by trace-class operators; see
e.g. Meyer [187] for a general introduction to the subject. The LLN for inter-
acting quantum particles leads in this setting to nonlinear quantum semigroups
and nonlinear quantum Markov processes.

The aim of this section is to sketch the application of duality to the well-
posedness problem for nonlinear quantum evolutions. In particular, we aim
to demonstrate that the methods of classical Markov processes often sug-
gest natural approaches to quantum counterparts and that aiming at nonlinear
extensions leads to useful insights even for linear problems.

In order for the discussion to be reasonably self-contained (we will not
assume that the reader is familiar with quantum physics), we shall start with
an informal discussion of the Schrödinger and Heisenberg dual formula-
tions of quantum mechanics and then give rigorous definitions of complete
positivity and quantum dynamic semigroups. Finally we shall move to the
main point, proving a well-posedness result (that is actually rather sim-
ple) for nonlinear quantum dynamics. Trivial particular cases of this result
are, for example, existence of the solutions to certain nonlinear Schrödinger
equations.

We shall fix a separable complex Hilbert space H with a scalar product
that is linear (resp. anti-linear) with respect to the second (resp. first) vari-
able. The standard norm of both vectors and bounded operators in H will be
denoted by ‖.‖. Let B(H) (resp. Bc(H)) denote the Banach space of bounded
linear operators in H (resp. its closed subspace of compact operators), and let
B1(H) denote the space of trace-class operators considered as a Banach space
with respect to the trace norm ‖A‖1 = tr|A|, where |A| = √

A∗ A. We shall
denote by Bsa(H), Bsa

1 (H) and Bsa
c (H) the subspaces of self-adjoint elements

of B(H), B1(H) and Bc(H) respectively.
As we are interested mostly in self adjoint operators, it is instructive to recall

(from the spectral theory for compact operators) that any Y ∈ Bsa
c (H) has a

discrete spectral representation given by Yv = ∑
λ j (e j , v)e j , where the e j

form an orthonormal basis in H and the λ j are real numbers. Moreover, such
an operator belongs to Bsa

1 (H) if and only if the sum
∑∞

j=1 λ j is absolutely
convergent, in which case
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‖Y‖1 = tr|Y | =
∞∑
j=1

|λ j |, tr Y =
∞∑
j=1

λ j .

We shall use basic facts about the space B1(H), which can be found e.g. in
Meyer [187] or Reed and Simon [205]. The most important is that the space
B(H) is the Banach dual to the space B1(H), the duality being given explicitly
by tr(AB), A ∈ B(H), B ∈ B1(H). In its turn the space B1(H) is the Banach
dual to the space Bc(H) (equipped with the usual operator norm).

Recall that an operator A ∈ H is called positive if it is self-adjoint and
satisfies the inequality (v, Av) ≥ 0 for any v ∈ H. This notion specifies the
order relation in B(H), i.e. A ≤ B means that B − A is positive. Of crucial
importance for the theory of open systems is the so called ultraweak or nor-
mal topology in B(H), which is actually the ∗-weak topology of B(H) as the
Banach dual to B1(H). In other words, a sequence Xn ∈ B(H) converges to
X in ultraweak topology whenever tr(XnY ) → tr(XY ) as n → ∞ for any
Y ∈ B1(H). We shall denote the unit operator by I .

Let us turn to quantum mechanics. In the Schrödinger picture it is supposed
that a quantum system evolves according to the solution to the Cauchy problem

iψt = Hψt , ψ0 = ψ, (11.12)

where H is a given (possibly unbounded) self-adjoint operator in H called
the Hamiltonian or energy operator. The unknown vectors ψt are called wave
functions and describe the states of the quantum system. Solutions to (11.12)
are given by the exponential formula (rigorously defined via operator calculus):

ψt = exp(−i Ht)ψ. (11.13)

Alternatively the operators in H, which represent observables, are con-
sidered in the Heisenberg picture to evolve according to the Heisenberg
equation

Ẋt = i[H, Xt ], X0 = X, (11.14)

where [H, X ] = H X − X H is the commutator. The solution to this problem
is easily seen to be given by writing down the “dressing” of X :

Xt = exp(i Ht) X exp(−i Ht) . (11.15)

The connection between the Schrödinger and Heisenberg pictures is given by
the relation

(ψt , Xψt ) = (ψ, Xtψ), (11.16)

which is a direct consequence of (11.13) and (11.15). The physical interpreta-
tion of (11.16) signifies the equivalence of the Schrödinger and Heisenberg
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pictures, as the physically measured quantity is not the value of the wave
function itself but precisely the quadratic combination (ψ, Aψ) (where ψ is
a wave function and A an operator) that represent the expected value of the
observable in the state ψ . In order to have a clear probabilistic interpretation
one assumes that the wave functions ψ are normalized, i.e. ‖ψ‖ = 1. This
normalization is preserved by the evolution (11.13). Hence the state space
in the Schrödinger picture is actually the projective space of complex lines
(one-dimensional complex subspaces) in H.

Mathematically equation (11.16) is a duality relation between states and
obervables, and is the quantum counterpart of the usual linear duality between
measures and functions in Markov processes. However, in (11.16) this analogy
is in disguise, as the expression on the l.h.s. is quadratic with respect to the
state. This apparent difference disappears in a more fundamental formulation
of the Schrödinger picture. In this new formulation the states of a quantum
system are represented not by vectors but rather by positive normalized trace-
class operators that in the physics literature are often referred to as density
matrices, i.e. they form the convex set

{A ∈ B1(H) : A ≥ 0, ‖A‖1 = tr A = 1}. (11.17)

The evolution of a state Y is now given by the equation

Ẏt = −i[H, Yt ], Y0 = Y. (11.18)

It is clear that equation (11.14) is dual to equation (11.18), with the respect
to the usual duality given by the trace, implying the relation

tr(Yt X) = tr(Y Xt ) (11.19)

between their solutions.
Notice now that for any vectors ψ, φ ∈ H the operator ψ ⊗ φ, which by

definition acts in H as (ψ ⊗ φ)v = (φ, v)ψ , is a one-dimensional trace-class
operator. In particular, operators of the form ψ ⊗ ψ̄ belong to the set (11.17)
for any normalized ψ . To distinguish this class of density matrices, states of
the type ψ ⊗ ψ̄ are called pure states while those not of this type are called
mixed states (in classical probability a pure state is given by a Dirac point
mass). As in classical probability, pure states are (the only) extremal points
for the state space (11.17). From the spectral representation for self-adjoint
elements of Bc(H) (and the possibility of representing any element as a linear
combination of two self-adjoint elements) it follows that linear combinations of
operators of the type ψ ⊗ ψ̄ are dense both in B1(H) and in Bc(H) (taken with
their respective Banach topologies). In particular, convex linear combinations
of pure states are dense in the set (11.17) of all density matrices.
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It is straightforward to see that if ψt satisfies (11.12) then the family of
one-dimensional operators ψt ⊗ ψ̄t satisfies equation (11.18). Thus the duality
(11.16) is a particular case of (11.19) for pure states.

The following extends the correspondence between the normalization of
vectors and of density matrices.

In the theory of open quantum systems, the evolution of states and observ-
ables is not unitary, but it does have to satisfy a rather strong positivity
condition: not only has it to be positive, i.e. to take positive operators to posi-
tive operators, it also has to remain positive when coupled to another system.
Without going into the details of the physical interpretation (see, however, the
remark below), let us give only the most transparent mathematical definition.
A bounded linear map � : B(H) → B(H) is called completely positive if, for
all n ∈ N and all sequences (X j )

n
j=1, (Y j )

n
j=1 of the elements of B(H), one

has
n∑

i, j=1

Y ∗
i �(X∗

i X j )Y j ≥ 0. (11.20)

Remark 11.6 It is not difficult to show that a bounded linear map � :
B(H) → B(H) is completely positive if and only if it is positive (i.e. it takes
positive operators to positive operators) and if for any n ∈ N the linear mapping
of the space Mn(B(H)) of B(H)-valued n × n matrices given by

A = (ai j ) �→ �n(A) = (�ai j )

is a positive mapping in Mn(B(H)) = B(H⊗Cn). On the one hand, this prop-
erty formalizes the underlying physical intuition indicated above and makes
it obvious that the composition of any two completely positive maps is also
completely positive. On the other hand, definition (11.20) yields a connection
with the notion of positive definite functions and kernels; see e.g. Holevo [99]
for the full story.

Remark 11.7 We are working in the simplest noncommutative case for evo-
lutions in B(H). Generally quantum evolutions act in C∗-algebras, which can
be inserted into B(H) as closed subalgebras. Definition (11.20) is straightfor-
wardly extendable to this setting. The classical probability setting fits into this
model when the corresponding C∗-algebra is commutative. Any such algebra
can be realized as the algebra C(K ) of bounded continuous functions on a
compact space K , which clearly can be considered as the algebra of multipli-
cation operators in L2(K , μ), where the Borel probability measure μ on K
is strictly positive on any open subset of K . In this case complete positivity
coincides with the usual notion of positivity.
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The well-known Stinespring theorem gives a full description of completely
positive maps between C∗-algebras. When applied to B(H) it states that any
completely positive bounded linear map � : B(H) �→ B(H) has the form

�(X) =
∞∑

i=1

V ∗
i X Vi , (11.21)

where the Vi and the sum
∑∞

i=1 V ∗
i Vi belong to B(H); see e.g. Davies [56] for

a proof.
The following definition is fundamental. A quantum dynamical semigroup

in B(H) is a semigroup of completely positive linear contractions �t , t ≥ 0,
in B(H) such that:

(i) �t (I ) ≤ I ;
(ii) all �t are normal (i.e. are ultraweakly continuous mappings);

(iii) �t (X) → X ultraweakly as t → 0 for any X ∈ B(H).

Such a semigroup is called conservative if �t (I ) = I for all t .

Remark 11.8 One can show that the last condition (together with the posi-
tivity assumption) implies an apparently stronger condition that �t (X) → X
strongly as t → 0 for any X ∈ B(H). This is, however, still not the strong
continuity of the semigroup �t (familiar from the theory of Feller processes),
which would mean that �t (X) → X in the norm topology as t → 0 for any
X ∈ B(H).

The crucial Lindblad theorem (see [163]) states that if a dynamic semigroup
is norm continuous and hence has a bounded generator L then such an L has
the form

L(X) = �(X) − 1
2 (�(I )X + X�(I )) + i[H, X ], (11.22)

where H is a self-adjoint element of B(H) and � is a completely positive
mapping in B(H). Vice versa, a bounded operator of the type (11.22) generates
a norm-continuous dynamic semigroup. In view of the Stinespring theorem one
can further specify (11.22) writing it in the form

L(X) =
∞∑
j=1

(
V ∗

j X Vj − 1
2

(
V ∗

j V j X + X V ∗
j V j

))+ i[H, X ], (11.23)

where Vi ,
∑∞

i=1 V ∗
i Vi ∈ B(H). A straightforward manipulation shows that

the corresponding dual evolution on B1(H) (in the Schrödinger picture) is the
semigroup with generator
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L ′(Y ) = � ′(X) − 1
2 (�(I )Y + Y�(I )) − i[H, Y ], (11.24)

or, using (11.23),

L ′(Y ) = 1
2

∞∑
j=1

(
[Vj Y, V ∗

j ] + [Vj , Y V ∗
j ]
)

− i[H, Y ], (11.25)

where L ′ here (and in what follows) denotes the dual operator with respect to
the usual pairing given by the trace.

Concrete physically motivated generators often have the form given by
(11.22) or (11.23) but with unbounded �, Vi or H . In this case the existence of
a corresponding semigroup is not at all obvious. There is an extensive literature
on the construction and properties (say, the conservativity) of such dynamic
semigroups from a given formal unbounded generator of the type (11.22); see
e.g. [48] or [50] and the references therein. However, from the papers [21] and
[22], which consider the quantum analogs of the procedures described in Sec-
tion 1.3, it becomes clear how naturally the nonlinear counterparts of dynamic
semigroups appear as the LLN, i.e. the mean field limit for quantum interacting
particles. Namely, one is led to a nonlinear equation of the form

Ẏt = L ′
Y (Y ) = 1

2

∞∑
j=1

(
[Vj (Y )Y, V ∗

j (Y )] + [Vj (Y ), Y V ∗
j (Y )]

)
− i[H(Y ), Y ]

(11.26)

in B1(H), where the operators Vi and H depend additionally on the current
state Y .

The aim of this section is to give a well-posedness result for such an
equation, which would yield automatically the existence of the corresponding
nonlinear quantum dynamic semigroup in B1(H). For simplicity we consider
the unbounded part of the generator to be fixed, so that it does not depend
on the state (see, however, the remarks below). Our strategy will be the same
as in the above analysis of nonlinear Lévy processes. Namely, we shall work
out a sufficiently regular class of time-nonhomogeneous problems that can be
used in the fixed-point approach to nonlinear situations. But first let us fix a
class of simple nonhomogeneous models with an unbounded generator, for
which the resulting semigroup is strongly continuous. A fruitful additional
idea (suggested by analogy with the classical case) is to concentrate on the
analysis of the semigroup generated by (11.22) in the space Bc(H), where
finite-dimensional projectors are dense. Then the evolution of states in B1(H)

generated by (11.24) acts in the dual space.
Let us fix a (possibly unbounded) self-adjoint operator H0 in H and a dense

subspace D of H that is contained in the domain of H0. Assume further that
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D itself is a Banach space with respect to the norm ‖.‖D ≥ ‖.‖, that H0 has
a bounded norm ‖H0‖D→H as an operator D → H and that the exponents
exp(i H0t) are bounded in D. Let D′ denote the Banach dual of D, so that by
duality H is naturally embedded in D′ and H0 is a bounded operator H �→ D′
with norm

‖H0‖H→D′ ≤ ‖H0‖D→H.

The basic example to have in mind is that where H0 is the Laplacian � in
H = L2(Rd), the space D being the Sobolev space of functions from L2(Rd)

with generalized second derivative also from L2(Rd) and corresponding dual
Sobolev space D′.

Let Dsa
c (H) be the subspace of Bc(H) consisting of self-adjoint operators P

whose image is contained in D and having finite norm

‖P‖Dc(H) = ‖P‖H→D = sup (‖Pv‖D : ‖v‖ = 1) .

On the one hand, when equipped with this norm Dsa
c (H) clearly becomes a real

Banach space. On the other hand, with respect to the usual operator topology,
the space Dsa

c (H) is dense in the subspace of self-adjoint elements of Bc(H)

(linear combinations of one-dimensional operators of type ψ ⊗ ψ̄ with ψ ∈ D
are already dense). Again by duality, any element of Dsa

c (H) extends to a
bounded operator that takes D′ to H (which we shall consistently denote by P
also) having norm

‖P‖D′→H ≤ ‖P‖Dc(H).

Proposition 11.9 (i) Referring to (11.23), let

H = H0 + W,

where W and the Vi belong to B(H), W is self-adjoint and
∑∞

i=1 ‖Vi‖2 < ∞.
Then the operator (11.23) generates a strongly continuous semigroup �t of
completely positive contractions in Bas

c (H) and the operator (11.25) generates
the strongly continuous semigroup �′

t of completely positive contractions in
Bas

1 (H).
(ii) Assume additionally that W and the Vi are also bounded operators in

the Banach space D with
∑∞

i=1 ‖Vi‖2
D < ∞. Then the space Das

c (H) is an
invariant core for �t in Bas

c (H), where �t is a bounded semigroup of linear
operators in the space Das

c (H) equipped with the Banach topology.
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Proof (i) As we are aiming to apply perturbation theory, let us rewrite the
operators (11.23) and (11.25) in the forms

L(X) = i[H0, X ] + L̃(X),

L ′(Y ) = −i[H0, X ] + L̃ ′(Y ).

As is easily seen, under the assumptions in part (i) of the theorem the operators
L̃ and L̃ ′ are bounded in Bas

c (H) and Bas
1 (H) (equipped with their respective

Banach norms), and hence by the perturbation theory theorem (see Theo-
rem 2.7) it is enough to prove (i) for vanishing Vi , W . Thus one needs to show
strong continuity for the contraction semigroups specified by the equations
Ẋ = i[H, X ] and Ẏ = −i[H, Y ] in Bas

c (H) and Bas
1 (H) respectively. In both

cases it is enough to prove this strong continuity for the one-dimensional oper-
ators φ ⊗ φ̄ only, as their combinations are dense. In the case of the second
evolution above, i.e. the expression for Ẏ , one has

‖e−i H0t (φ ⊗ φ̄)ei H0t − φ ⊗ φ̄‖1

= (e−i H0tφ − φ) ⊗ ei H0t φ̄ + φ ⊗ (ei H0t φ̄ − φ̄) ≤ 2‖e−i H0tφ − φ‖,
where we have used Exercise 11.1 below. A similar argument can be given for
the first evolution.
(ii) For vanishing Vi , W the statement follows from the explicit formula
(11.15), with H = H0, for the solutions and the assumption that the opera-
tors exp(i H0t) are bounded in D and hence, by duality, also in D′. In order to
obtain the required statement in the general case from perturbation theory, one
needs to show that L̃ is bounded as an operator in Das

c (H). But this holds true,
because the multiplication of X ∈ Das

c (H) from the right or left by an operator
that is bounded both in D and H is a bounded operator in Das

c (H).

The following extension of Proposition 11.9 to the nonhomogeneous case
is straightforward and we shall omit the proof, which requires the use of
Theorem 2.9 instead of Theorem 2.7.

Proposition 11.10 Under the same assumptions on H0 as in Proposition 11.9
assume that

Ht = H0 + W (t),

where W (t) and the Vi (t) and V ′
i (t) belong to both B(H) and B(D) (the latter

equipped with the Banach topology) and depend on t strongly continuously in
the operator topologies of B(H) and B(D); also, W (t) ∈ Bsa(H) and

∞∑
i=1

‖Vi (t)‖2
D→D < ∞
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uniformly for t from compact intervals. Then the family of operators

Lt (X) = i[Ht , X ]+
∞∑
j=1

[
V ∗

j (t)X Vj (t) − 1
2

(
V ∗

j (t)Vj (t)X + X V ∗
j (t)Vj (t)

)]
(11.27)

generates a strongly continuous backward propagator U s,t of completely pos-
itive contractions in Bas

c (H) such that the space Das
c (H) is invariant, the

operators U s,t reduced to Das
c (H) are bounded and, for any t ≥ 0 and

X ∈ Das
c (H), the function U s,t Y is the unique solution in Das

c (H) of the inverse
Cauchy problem

d

ds
U s,t Y = Ls(U

s,t Y ), s ≤ t, U t,t = Y,

where the derivative is understood in the sense of the norm topology of B(H).

We can now obtain the main result of this section.

Theorem 11.11 Let H0 be as in Proposition 11.9. Assume that to any den-
sity matrix Y, i.e. an operator Y from the set (11.17), there correspond linear
operators W (Y ) and Vi (Y ), i = 1, 2, . . . , that belong to both B(H) and B(D)

(the latter equipped with the Banach topology) in such a way that

‖Z(Y1) − Z(Y2)‖ + ‖Z(Y1) − Z(Y2)‖D ≤ c sup
‖P‖Dc(H)≤1

|tr [(Y1 − Y2)P] |,

where Z stands for W , any Vi or
∑

V ∗
i Vi . If

Ht = H0 + W (Y )

then the Cauchy problem for equation (11.26) is well posed in the sense that
for an arbitrary Y ∈ Bsa

1 (H) there exists a unique weak solution Yt = Tt (Y ) ∈
Bsa

1 (H), with ‖Tt (Y )‖ ≤ ‖Y‖, to (11.26), i.e.

d

dt
tr(PYt ) = tr

[
LYt (P)Yt

]
, P ∈ Dsa

c (H).

The function Tt (Y ) depends continuously on t and Y in the norm topology of
the dual Banach space (Dsa

c (H))′.

Proof This is similar to the proof of Theorem 7.3. In fact, it is a direct
consequence of the abstract well-posedness discussed in Theorem 2.12 and of
Proposition 11.10.
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The solution Tt (Y ) to (11.26) mentioned in the above theorem specifies a
nonlinear quantum dynamic semigroup.

If the Vi (Y ) vanish in (11.26), reducing the situation to one of unitary
evolutions, Theorem 11.11 is just an abstract version of the well-known well-
posedness results for nonlinear Schrödinger equations where the potential
depends continuously on the average of some bounded operator in the current
state; see e.g. Maslov [173], Hughes, Kato and Marsden [101] or Kato [116].
The case of bounded H(Y ), Vi (Y ) depending analytically on Y was analyzed
in Belavkin [21], [22].

Remark 11.12 Theorem 11.11 can be extended in many directions. For
instance, instead of a fixed H0 one might well consider the family H0(Y ),
provided that the subspace D remains fixed. One could possibly extend the
general condition for the existence and conservativity of linear dynamic semi-
groups from Chebotarev and Fagnola [49], [50] to the nonlinear setting. Once
the well-posedness of the nonlinear dynamic semigroup is proved, one can
undertake the analysis of the corresponding quantum mean field limits for
quantum interacting particles, which is similar to the corresponding anal-
ysis in the setting of classical statistical physics developed further in this
book.

The useful fact obtained in the following exercise establishes a correspon-
dence between the normalization of vectors and of density matrices.

Exercise 11.1 Show that ‖ψ ⊗ φ‖1 = ‖ψ‖‖φ‖ for any ψ, φ ∈ H. Hint: this
result is a two-dimensional fact, where the calculation of traces is explicit.

The next exercise stresses the similarity of quantum generators and classical
Markov generators.

Exercise 11.2 Show that the operators L and L ′ in (11.23) and (11.25)
are conditionally positive in the sense that if X (resp. Y ) is positive and
(Xv, v) = 0 (resp. (Yv, v) = 0) for a vector v ∈ H, then (L(X)v, v) ≥ 0
(resp. (L ′(Y )v, v) ≥ 0). Hint: use the fact (which follows e.g. from the spectral
representation) that for a positive X one has Xv = 0 if and only if (Xv, v) = 0.

The final exercise in this section shows the crucial difference from the
analysis of �t in the whole space B(H).

Exercise 11.3 Show that the semigroup of the equation Ẏ = i[H, Y ] with
self-adjoint H may not be strongly continuous in B(H). Hint: choose H with
the discrete spectrum {n2}∞n=1 and the initial Y to be the shift operator on the
corresponding orthonormal basis, i.e. Y takes ei to ei+1.
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11.4 Curvilinear Ornstein–Uhlenbeck processes (linear and
nonlinear) and stochastic geodesic flows on manifolds

In this section we discuss examples of stochastic flows on manifolds. It is
meant for readers who have no objection to a stroll on curvilinear ground.

Remark 11.13 The differential geometry used here is minimal. In fact, one
only needs to have in mind that a compact d-dimensional Riemannian manifold
(M, g) is a compact topological space M such that a neighborhood of any
point has a coordinate system, i.e. is homeomorphic to an open subset of Rd ,
and the Riemannian metric g in local coordinates x is described by a positive
d × d matrix-valued function g(x) = (gi j (x))d

i, j=1, which under the change of
coordinates x �→ x̃ transforms as

g(x) �→ g̃(x̃) =
(
∂x

∂ x̃

)T

g(x(x̃))
∂x

∂ x̃
. (11.28)

Matrices with this transformation rule are called (0, 2)-tensors. The tangent
space to M at a point x is defined as the d-dimensional linear space of the
velocity vectors ẋ at x of all smooth curves x(t) in M passing through x . Their
inner (or scalar) product is defined by g, i.e. it is given by (ẋ1, g(x)ẋ2). The
cotangent space T �

x M at x is defined as the space of linear forms on Tx M . The
vectors from T �

x M are often called co-vectors. The mapping

ẋ �→ p = g(x)ẋ

defines the canonical isometry between the tangent and cotangent spaces,
the corresponding distance on T �

x M being defined as (G(x)p1, p2), where
G(x) = g−1(x). It is clear (from the differentiation chain rule for tangent
vectors and also from the above isomorphism for co-vectors) that under the
change of coordinates x �→ x̃ the tangent and cotangent vectors transform as

ẋ �→ ˙̃x =
(
∂ x̃

∂x

)
ẋ, p �→ p̃ =

(
∂x

∂ x̃

)T

p.

This implies in particular that the products (ẋ1, g(x)ẋ2) and (p1, G(x)p2) are
invariant under this change of coordinates and that the form (det G(x))1/2dp is
the invariant Lebesgue volume in T �

x M . The tangent (resp. cotangent) bundle
T M (resp. T �M) is defined as the union of all tangent (cotangent) spaces.

Finally, it is important to have in mind that any Riemannian manifold (M, g)
can be isometrically embedded into an Euclidean space Rn (of possibly higher
dimension) via a smooth mapping r : M �→ Rn (in older definitions the
manifolds were defined simply as the images of such an embedding). In this
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case the vectors ∂r/∂xi , i = 1, . . . , d , form a basis in the tangent space Tx M
such that, for all i, j = 1, . . . , d ,(

∂r

∂xi
,
∂r

∂x j

)
= gi j . (11.29)

Recall that for a smooth function H on R2d the system of ODEs⎧⎪⎪⎨
⎪⎪⎩

ẋ = ∂H

∂p
,

ṗ = −∂H

∂x

(11.30)

is called a Hamiltonian system with Hamiltonian function (or just Hamilto-
nian) H . In particular, the Newton system of classical mechanics⎧⎨

⎩
ẋ = p,

ṗ = −∂V

∂x
,

(11.31)

is a Hamiltonian system with H(x, p) = p2/2 + V (x), where the function
V is called the potential or the potential energy and p2/2 is interpreted as the
kinetic energy. Free motion corresponds, of course, to the case of constant V .

More general Hamiltonians H appear in many situations, in particular when
one is considering mechanical systems on a non-flat space, i.e. on a man-
ifold. For instance, the analog of the free motion ẋ = p, ṗ = 0 on a
Riemannian manifold (M, g) is called the geodesic flow on M and is defined
as the Hamiltonian system on the cotangent bundle T �M specified by the
Hamiltonian

H(x, p) = 1

2
(G(x)p, p), G(x) = g−1(x) (11.32)

(H again describes the kinetic energy, but in a curvilinear space). The geodesic
flow equations are then ⎧⎪⎨

⎪⎩
ẋ = G(x)p,

ṗ = −1

2

(
∂G

∂x
p, p

)
.

(11.33)

The solutions to the system (11.33) (or more often their projections on M) are
called geodesics on M .

In physics, a heat bath is often used to provide a stochastic input to the sys-
tem of interest. Mathematically this is expressed by adding a homogeneous
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noise to the second equation of the Hamiltonian system, i.e. by changing
(11.30) to ⎧⎪⎪⎨

⎪⎪⎩
ẋ = ∂H

∂p
,

dp = −∂H

∂x
dt + dYt ,

(11.34)

where Yt is a Lévy process. In the most-studied models, Yt stands for Brownian
motion (BM), with variance proportional to the square root of the temperature.
To balance the energy pumped into the system by the noise, one often adds
friction to the system, i.e. a non-conservative force proportional to the velocity.
In the case of initial free motion this yields the system

{
ẋ = p,

dp = −αp dt + dYt
(11.35)

with non-negative matrix α, which is an Ornstein–Uhlenbeck (OU) system
driven by the Lévy noise Yt . Especially well studied are the cases when Yt is
BM or a stable process (see e.g. Samorodnitski and Taqqu [217]). We aim to
construct their curvilinear analogs.

If a random force is not homogeneous, as would be the case on a manifold
or in a nonhomogeneous medium, one is led to consider Yt in (11.34) to be
a process depending on the position x , and this leads naturally to the Lévy
processes depending on a parameter studied in this chapter. In particular the
curvilinear analog of the OU system (11.35) is the process in T �M specified
by the equations ⎧⎪⎪⎨

⎪⎪⎩
ẋ = ∂H

∂p
,

dp = −∂H

∂x
dt − α(x)p dt + dYt (x),

(11.36)

where H is given by (11.32). Assuming for simplicity that the Yt are zero-mean
Lévy processes with Lévy measure absolutely continuous with respect to the
invariant Lebesgue measure on T �

x M and having finite outer first moment
(
∫
|y|>1|y|ν(dy) < ∞), the generator of Yt is given by

Lx
Y f (p)

= 1
2 (A(x)∇,∇) f (p) +

∫
[ f (p + q) − f (p) − ∇ f (p)q] [det G(x)]1/2 dq

ω(x, q)
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for a certain positive ω(x, q). Hence the corresponding full generator of the
process given by (11.36) has the form

L f (x, p) = ∂H

∂p

∂ f

∂x
− ∂H

∂x

∂ f

∂p
−
(
α(x)p,

∂ f

∂p

)
+ 1

2 tr

(
A(x)

∂2 f (x, p)

∂p2

)

+
∫ (

f (x, p + q) − f (x, p) − ∂ f (x, p)

∂p
q

)
[det G(x)]1/2 dp

ω(x, p)
.

(11.37)

Of course, in order to have a correctly defined system on a manifold, this
expression should be invariant under a change of coordinates, which requires
certain transformation rules for the coefficients α, A, ω. This is settled in the
next statement.

Proposition 11.14 The operator (11.37) is invariant under the change of
coordinates

x �→ x̃, p �→ p̃ =
(
∂x

∂ x̃

)T

p

if and only if ω is a function on T �M, α is a (1, 1) tensor and A is a (0, 2)
tensor, i.e.

ω̃(x̃, p̃) = ω(x(x̃), p(x̃, p̃)),

α̃(x̃) =
(
∂x

∂ x̃

)T

α(x(x̃))

(
∂ x̃

∂x

)T

,

Ã(x̃) =
(
∂x

∂ x̃

)T

A(x(x̃))
∂x

∂ x̃
.

(11.38)

Proof Let U denote the functional transformation

U f (x, p) = f (x̃(x), p̃(x, p)) = f

(
x̃(x),

(
∂x

∂ x̃

)T

p

)
.

We have to show that U−1LU = L̃ , where

L̃ f (x̃, p̃) = ∂H

∂ p̃

∂ f

∂ x̃
− ∂H

∂ x̃

∂ f

∂ p̃
−
(
α̃(x̃) p̃,

∂ f

∂ p̃

)
+ 1

2 tr

(
Ã(x̃)

∂2 f (x̃, p̃)

∂ p̃2

)

+
∫ (

f (x̃, p̃ + q̃) − f (x̃, p̃) − ∂ f (x̃, p̃)

∂ p̃
q̃

) [det G̃(x̃)]1/2dq̃

ω̃(x̃, q̃)
.

The invariance of the part containing H is known (since geodesic flow is well
defined). Thus it is sufficient to analyze the case H = 0. Consider the integral
term L int. One has
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L intU f (x, p) =
∫ [

f

(
x̃(x),

(
∂x

∂ x̃

)T

(p + q)

)
− f

(
x̃,

(
∂x

∂ x̃

)T

p

)

− ∂ f (x̃(x), p̃(x, p))

∂ p̃

(
∂x

∂ x̃

)T

q

]
[det G(x)]1/2 dq

ω(x, q)
,

and

U−1L intU f (x̃, p̃)

=
∫ [

f

(
x̃, p̃ +

(
∂x

∂ x̃

)T

q

)
− f (x̃, p̃) − ∂ f (x̃, p̃)

∂ p̃

(
∂x

∂ x̃

)T

q

]

×
[
det G(x(x̃))

]1/2
dq

ω(x(x̃), q)

=
∫ [

f (x̃, p̃ + z) − f (x̃, p̃) − ∂ f (x̃, p̃)

∂ p̃
z

] [det G̃(x̃)]1/2 dz

ω(x(x̃), (∂ x̃/∂x)T z)
,

since, due to (11.28),

[det G̃(x̃)]1/2 = det

(
∂ x̃

∂x

)
[det G(x(x̃))]1/2.

This implies the first equation in (11.38). The other two formulas are obtained
similarly.

Exercise 11.4 Prove the last two formulas in (11.38).

In particular, if one is interested in processes depending only on the Rieman-
nian structure it is natural to take the metric tensor g to be the tensor A and the
function ω to be a function of the energy H ; the tensor α can be taken as the
product g(x)G(x). For instance, (11.36) defines a curvilinear OU process (or
stochastic geodesic flow in the case α = 0), of diffusion type if the generator
of Yt is given by

Lx
Y f (p) = 1

2 (g(x)∇,∇) f (p)

and is of the β-stable type, β ∈ (0, 2), if the generator of Yt is given by

Lx
Y f (p) =

∫
[ f (p + q) − f (p) − ∇ f (p)q] [det G(x)]1/2 dq

(q, G(x)q)(β+1)/2
.

Theorem 11.15 If the Riemannian metric g is twice continuously differen-
tiable, the stochastic system (11.36), with either a diffusive or a β-stable Yt

and with either α = 0 or α = gG, has a unique solution specifying a Markov
process in T �M.
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Proof By localization it is enough to show well-posedness for a stopped
process in a cylinder U × Rd , for any coordinate domain U ⊂ M . By Proposi-
tion 11.14 the system is invariant under the change in coordinates. Finally, by
Theorem 3.11 the process is well defined in U × Rd . Namely, by perturbation
theory one reduces the discussion to the case of Lévy measures with a bounded
support and in this case the coupling is given explicitly by Corollary 3.9.

An alternative way to extend OU processes to a manifold is by embedding
the manifold in a Euclidean space. Namely, observe that one can write dYt =
(∂/∂x)xdYt in Rn , meaning that adding a Lévy-noise force is equivalent to
adding the singular nonhomogeneous potential −xẎt (the position multiplied
by the noise) to the Hamiltonian function. Assume now that a Riemannian
manifold (M, g) is embedded in the Euclidean space Rn via a smooth mapping
r : M �→ Rn and that the random environment in Rn is modeled by the Lévy
process Yt . The position of a point x in Rn is now r(x), so that the analog
of xYt is the product r(x)Yt and the term Yt from (11.34) has as curvilinear
modification the term

(
∂r

∂x

)T

dYt =
⎧⎨
⎩

n∑
j=1

∂r j

∂xi
dY j

t

⎫⎬
⎭

d

i=1

,

which yields the projection of the “free noise” Yt onto the cotangent bundle of
M at x (by (11.29)). In particular, the stochastic (or stochastically perturbed)
geodesic flow induced by the embedding r can be defined by the stochastic
system ⎧⎪⎨

⎪⎩
ẋ = G(x)p,

dp = −1

2

(
∂G

∂x
p, p

)
dt +

(
∂r

∂x

)T

dYt ,
(11.39)

which represents simultaneously the natural stochastic perturbation of the
geodesic flow (11.33) and the curvilinear analog of the stochastically perturbed
free motion ẋ = p, dp = dYt .

Proposition 11.16 Let g(x) and r(x) be twice continuously differentiable
mappings and Yt a Lévy process in Rn specified by the generator equation

LY f (x) = 1
2 (A∇,∇) f (x) + (b,∇ f (x))

+
∫ [

f (x + y) − f (x) − (∇ f (x), y)
]
ν(dy),

with
∫

min(|y|, |y|2)ν(dy) < ∞ (the latter assumption is made for technical
simplification; extension to arbitrary Lévy processes is not difficult). Then the
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stochastic geodesic process is well defined by the system (11.39) and represents
a Markov process in T �M.

Proof The generator L of the process specified by (11.39) has the form
L = L1 + L2 + L3 with

L1 f (x, p) =
(

G(x)p,
∂ f

∂x

)
− 1

2

(
∂G

∂x
(x)p, p

)
∂ f

∂p
,

L2 f (x, p) = 1

2
tr

((
∂r

∂x

)T

A
∂r

∂x
∇2 f

)
+
((

∂r

∂x

)T

b,
∂ f

∂p

)

L3 f (x, p) =
∫ [

f

(
x, p +

(
∂r

∂x

)T

q

)
− f (x, p) − ∂ f

∂p
(x, p)

(
∂r

∂x

)T

q

]

× ν(dq).

Invariance is now checked as in Proposition 11.14. In particular, for an integral
operator A given by

A f (x, p) =
∫ (

f (x, p + ω(x)q) − f (x, p) − ∂ f

∂p
(x, p)ω(x)q

)
ν(dy),

one shows that U−1 AU = Ã if and only if

ω̃(x̃) =
(
∂x

∂ x̃

)T

ω(x(x̃)),

i.e. the columns of the matrix ω are (co-)vectors in T �
x M . The rest of the proof

is the same as for Theorem 11.15; we will omit the details.

Notice that the process defined by system (11.39) depends on the embed-
ding. However, if the free process Yt is a Brownian motion, i.e. if ν = 0, b = 0
and A is the unit matrix, the generator L is now given by

L f (x, p) =
(

G(x)p,
∂ f

∂x

)
− 1

2

(
∂G

∂x
(x)p, p

)
∂ f

∂p
+ 1

2
tr
[
g(x)∇2 f

]
;

it does not depend on the embedding and coincides with the diffusive geodesic
flow analyzed in Theorem 11.15.

One can now obtain the well-posedness of nonlinear curvilinear Ornstein–
Uhlenbeck processes or geodesic flows. Consider, say, a nonlinear system that
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arises from the potentially interacting flows from Theorem 11.15, namely the
system⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Ẋt = ∂H

∂p
(Xt , Pt ),

d Pt = −∂H

∂x
(Xt , Pt ) dt −

∫
∂V (Xt , y)

∂x
LXt (dy)

− α(Xt )Pt dt + dYt (Xt ),

(11.40)

where H(x, p) = (G(x)p, p)/2, V (x, y) is a smooth function on the manifold
M and Lξ means the law of ξ .

Theorem 11.17 Suppose that the “interaction potential” V is smooth and
that the other coefficients of this stochastic system satisfy the assumptions
of Theorem 11.15 and are also thrice continuously differentiable. Then the
solution Xt , Pt is well defined for any initial distribution X0, P0.

Proof This again follows from Theorem 2.12 and a straightforward non-
homogeneous extension of Theorem 11.15, taking in account the regularity
theorem, Theorem 3.17.

Exercise 11.5 Obtain the corresponding nonlinear version of Theorem 4.14.

11.5 The structure of generators

Now we consider the infinitesimal generators of positivity-preserving nonlin-
ear evolutions on measures. In particular, it will be shown that the general class
of evolutions obtained above as the LLN limit for interacting particles, at least
for polynomial generators, also arises naturally just from the assumption of
positivity of the evolution (a nonlinear version of Courrège’s theorem).

Here we shall deal with a nonlinear analog of (6.1), namely

d

dt
(g, μt ) = �(μt )g, (11.41)

which holds for g from a certain dense domain D of C(Rd) if � is a nonlinear
transformation from a dense subset of M(X) to the space of linear functionals
on C(X) with a common domain containing D.

In Section 6.8 the case of bounded generators was discussed. Here we deal
with the general situation. We shall start with an appropriate extension of the
notion of conditional positivity.

Suppose that D is a dense subspace of C∞(X) and K is a closed subset of
X . We shall say that a linear form A : D �→ R is K -conditionally positive if
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A(g) ≥ 0 whenever g ∈ D is non-negative and vanishes in K . The following
obvious remark yields a connection with the standard notion of conditional
positivity. A linear operator A : D �→ B(X) is conditionally positive if the
linear form Ag(x) is {x}-conditionally positive for any x ∈ X . The motivation
for introducing K -conditional positivity is given by the following simple but
important fact.

Proposition 11.18 If the solutions to the Cauchy problem of (6.2) are defined
at least locally for initial measures μ from a subset M ⊂ M(X) (so that
(6.2) holds for all g ∈ D) and preserve positivity, then �(μ) is supp(μ)-
conditionally positive for any μ ∈ M. In this case we shall say for brevity that
�(μ) is conditionally positive in the class M.

Proof Let a non-negative g ∈ D be such that g|K = 0 for K = supp(μ).
Then (g, μ) = 0, and consequently the condition of positivity-preservation
implies that (d/dt)(g, μt ) |t=0= �(μ)g ≥ 0.

Of special interest are evolutions with classes of initial measures containing
the set M+

δ (X) of finite positive linear combinations of Dirac measures (in a
probabilistic setting this allows one to start a process at any fixed point). As a
consequence of Courrège’s theorem, one obtains the following characterization
of conditional positivity for any fixed measure from M+

δ (X).

Proposition 11.19 Suppose that X = Rd and the space D from the
definition above contains C2

c (X). If a linear operator A is x = {x1, . . . , xm}-
conditionally positive, then

A(g) =
m∑

j=1

{
c j g(x j ) + (b j ,∇)g(x j ) + 1

2 (G
j∇,∇)g(x j )

+
∫ [

g(x j + y) − g(x j ) − 1B1(y)(y,∇)g(x j )
]
ν j (dy)

}
(11.42)

for g ∈ C2
c (X), where the G j are positive definite matrices and the ν j are Lévy

measures.

Proof Let us choose as a partition of unity a family of n non-negative
functions χi ∈ C2

c (X), i = 1, . . . , n, such that
∑m

i=1 χi = 1 and each χi

equals 1 in a neighborhood of xi (and consequently vanishes in a neighbor-
hood of any other point xl for which l 
= i). By linearity A = ∑m

i=1 Ai ,
where A j g = A(χ j g). Clearly each functional Ai g is xi -conditionally posi-
tive. Hence, applying a “fixed-point version” (see Remark 2.27) of Courrège’s
theorem to each �i , one obtains the representation (11.42).
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Now let � be a mapping from M(Rd) to linear forms (possibly unbounded)
in C(Rd), with a common domain D containing C2

c (R
d), such that �(μ) is

conditionally positive in M+
δ (R

d). Assume that �(0) = 0 and that �(μ)g
is continuously differentiable in μ for g ∈ D in the sense that the variational
derivative of �(μ; x)g is well defined, continuous in x and weakly continuous
in μ (see Lemma F.1 for the variational derivatives). Then

�(μ)g =
(∫ 1

0

δ�

δμ
(sμ; ·)g ds, μ

)
,

i.e. equation (6.2) can be rewritten as

d

dt
(g, μt ) = (A(μt )g, μt ) = (g, A∗(μt )μt ), (11.43)

for some linear operator A(μ) depending on μ. As we saw in the pre-
vious chapter, this form of nonlinear equation arises from the mean field
approximation to interacting-particle systems, in which

A(μ)g(x) = c(x, μ)g(x) + (b(x, μ),∇)g(x) + 1
2 (G(x, μ)∇,∇)g(x)

+
∫ [

g(x + y) − g(x) − 1B1(y)(y,∇)g(x)
]
ν(x, μ; dy);

(11.44)

here c, b, G, and ν depend continuously on μ and x , each G is a non-negative
matrix and each ν is a Lévy measure.

We shall show that conditional positivity forces A(μ) from (6.1) to have
the form (11.44), assuming additionally that the linearity mapping � is
polynomial, i.e. the equation has the form

d

dt
(g, μt ) =

K∑
k=1

∫
· · ·

∫
(Ak g)(x1, . . . , xk)μt (dx1) · · ·μt (dxk), (11.45)

where each Ak is a (possibly unbounded) operator from a dense subspace D of
C∞(X) to the space Csym(Xk) of symmetric continuous bounded functions of
k variables from X .

Specifying the definition of conditional positivity to this case, we shall say
that a linear map

A = (A1, . . . , AK ) : D �→ (C(X),Csym(X2), . . . ,Csym(X K )) (11.46)

is conditionally positive in M+
δ (R

d) if, for any collection of different points
x1, . . . , xm of X , for any non-negative function g ∈ D such that g(x j ) = 0 for
all j = 1, . . . ,m and for any collection of positive numbers ω j one has
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K∑
k=1

m∑
i1=1

· · ·
m∑

ik=1

ωi1 · · ·ωik Ak g(xi1, . . . xik ) ≥ 0. (11.47)

In particular, a linear operator Ak : D �→ Csym(Xk) is conditionally positive
if (11.47) holds for a family A = (0, . . . , 0, Ak) of the type (11.46).

The following result yields the structure of conditionally positive polyno-
mial nonlinearities.

Theorem 11.20 Suppose again that X = Rd and D contains C2
c (X).

A linear mapping (11.46) is conditionally positive if and only if

Ak g(x1, . . . , xk)

=
k∑

j=1

{
(ck(x j , x \ x j )g(x j )

+ (bk(x j , x \ x j ),∇)g(x j ) + 1
2 (Gk(x j , x \ x j )∇,∇)g(x j )

+
∫ [

g(x j + y) − g(x j ) − 1B1(y)(y,∇)g(x j )
]
νk(x j , x \ x j ; dy)

}
,

(11.48)

for x = (x1, . . . , xk), where each Gk is a symmetric matrix and each νk is
a possibly signed measure on Rd \ {0}, with

∫
min(1, |y|2) |νk |(x, dy) < ∞,

such that

K∑
k=1

k
m∑

i1=1

· · ·
m∑

ik−1=1

ωi1 · · ·ωik−1 Gk(x, xi1 , . . . , xik−1) (11.49)

is positive definite and the measure

K∑
k=1

k
m∑

i1=1

· · ·
m∑

ik−1=1

ωi1 · · ·ωik−1νk(x, xi1 , . . . , xik−1) (11.50)

is positive for any m and any collection of positive numbers ω1, . . . , ωm and
points x, x1, . . . , xm. Moreover, ck, bk, Gk and νk are symmetric with respect
to permutations of all arguments apart from the first and depend continuously
on x1, . . . , xk (the measures νk are considered in the weak topology).

Proof For arbitrary fixed x1, . . . , xm , the functional of g given by

K∑
k=1

m∑
i1=1

· · ·
m∑

ik=1

ωi1 · · ·ωik Ak g(xi1, . . . , xik )
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is (x = (x1, . . . , xm))-conditionally positive and consequently has the form
(11.42), as follows from Proposition 11.19. Using εω j instead of ω j , dividing
by ε and then letting ε → 0 one obtains that

∑m
i=1 A1g(xi ) also has the same

form. As m is arbitrary, this implies on the one hand that A1g(x) has the same
form for arbitrary x (thus giving the required structural result for A1) and on
the other hand that

K∑
k=2

εk−2
m∑

i1=1

· · ·
m∑

ik=1

ωi1 · · ·ωik Ak g(xi1, . . . , xik )

has the required form. Note, however, that by using subtraction we may destroy
the positivity of the matrices G and measures ν. Again letting ε → 0 yields
the same representation for the functional

m∑
i1=1

m∑
i2=1

ωi1ωi2 A2g(xi1, xi2).

As above this implies on the one hand that

ω2
1 A2g(x1, x1) + 2ω1ω2 A2g(x1, x2) + ω2

2 A2g(x2, x2),

and hence also A2g(x1, x1), has the required form for arbitrary x1 (to see this
put ω2 = 0 in the previous expression). Therefore A2g(x1, x2) has this form
for arbitrary x1, x2 (thus giving the required structural result for A2). On the
other hand the same reasoning implies that

K∑
k=3

εk−3
m∑

i1=1

· · ·
m∑

ik=1

ωi1 · · ·ωik Ak g(xi1, . . . , xik )

has the required form. Following this procedure inductively yields the same
representation for all the Ak .

Consequently,

K∑
k=1

m∑
i1=1

· · ·
m∑

ik=1

ωi1 · · ·ωik Ak g(xi1 , . . . , xik )

=
K∑

k=1

k
m∑

l=1

m∑
i1=1

· · ·
m∑

ik−1=1

ωlωi1 · · ·ωik−1
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×
{

ck(xl , xi1 , . . . , xik−1)g(xl) + (bk(xl , xi1 , . . . , xik−1),∇)g(xl)

+ 1
2 (Gk(xl , xi1 , . . . , xik−1)∇,∇)g(xl)

+
∫ [

g(x j + y) − g(x j ) − 1B1(y)(y,∇)g(x j )
]

× νk(xl , xi1 , . . . , xik−1; dy)

}
.

As this functional has to be strongly conditionally positive, the required pos-
itivity property of G and ν follows from Proposition 11.19. The required
continuity follows from the assumption that A maps continuous functions into
continuous functions.

Taking into account explicitly the symmetry of the generators in (11.45)
(note also that in (11.45) the use of nonsymmetric generators or their sym-
metrizations would specify the same equation) allows us to obtain useful
equivalent representation for this equation. This form is also convenient if one
is interested in the strong form of the equation in terms of densities. Namely,
the following statement is obvious.

Corollary 11.21 Under the assumptions of Theorem 11.20, equation (11.45)
can be written equivalently in the form

d

dt
(g, μt ) =

K∑
k=1

k
∫

(A1
k g)(x, y1, . . . , yk−1)μt (dx)μt (dy1) · · ·μt (dyk−1),

(11.51)
where A1

k : C∞(X) �→ Csym(Xk) is by

A1
k g(x, y1, . . . , yk−1)

= ak(x, y1, . . . , yk−1)g(x) + (bk(x, y1, . . . , yk−1),∇g(x))

+ 1
2 (Gk(x, y1, . . . , yk−1)∇,∇)g(x) + �k(y1, . . . , yk−1)g(x), (11.52)

with

�k(y1, . . . , yk−1)g(x)

=
∫ [

g(x + z) − g(x) − χ(z)(z,∇)g(x)
]
νk(x, y1, . . . , yk−1; dz). (11.53)

As we saw in the previous chapter, in models of interacting particles
equation (11.45) often appears in the form

d

dt
(g, μt ) =

K∑
k=1

1

k!
∫

(Bk g⊕)(x1, . . . , xk)μt (dx1) · · ·μt (dxk), (11.54)
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where the linear operators Bk act in C∞(Xk) and

g⊕(x1, . . . , xk) = g(x1) + · · · + g(xn).

Clearly, if the linear operators Bk in C∞(Xk), k = 1, . . . , K , are conditionally
positive in the usual sense then the forms g �→ Bk g⊗(x1, . . . , xn) on C∞(X)

(or a dense subspace of C∞(X)) are {x1, . . . , xn}- conditionally positive. The
inverse also holds.

Corollary 11.22 Let X and D be the same as in Proposition 11.19. A linear
operator Ak : D �→ Csym(Xk) specifies {x1, . . . , xk}-conditionally positive
forms Ak(x1, . . . , xk) if and only if Ak has the form given by (11.48), in which
each Gk (resp. νk) is a positive definite matrix (resp. a Lévy measure), and the
functions ak, bk, ck, νk of variables x1, . . . , xk are symmetric with respect to
permutations not affecting x1. Equivalently, Ak is given by

Ak g(x1, . . . , xk) =
k∑

j=1

ck(x j , x \ x j )g(x j ) + Bk g⊕(x1, . . . , xk), (11.55)

where Bk is a conservative operator in Csym∞ (Xk) that is conditionally positive
(in the usual sense). If Ak g = (1/k!)Bk g⊕ then A1

k = (1/k!)Bkπ in (11.51),
where the lifting operator π is given by πg(x1, . . . , xk) = g(x1).

Proof The first statement is obvious. By Courrège’s theorem applied to
Xk , a conditionally positive Bk in C∞(Xk) is given by

Bk f (x1, . . . , xk) = ã(x1, . . . , xk) f (x1, . . . , xk)

+
k∑

j=1

(b̃ j (x1, . . . , xk),∇x j ) f (x1, . . . , xk))

+ 1
2 (c̃(x1, . . . , xk)∇,∇) f (x1, . . . , xk)

+
∫ [

f (x1 + y1, . . . , xk + yk) − f (x1, . . . , xk)

−
k∑

i=1

1B1(yi )(yi ,∇xi ) f (x1, . . . , xk)
]

× ν̃(x1, . . . , xk; dy1 · · · dyk). (11.56)

Applying this to f = g⊕ and comparing with (11.48) yields the required result.

Corollary 11.23 In the case K = 2 the family (A1, A2) is conditionally
positive in M+

δ (R
d) if and only if A1(x) is x-conditionally positive for all x,
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and A2(x1, x2) is (x1, x2)-conditionally positive for all x1, x2, i.e. if A1 and A2

have the form (11.48), where G1 and G2 (resp. ν1 and ν2) are positive definite
matrices (resp. Lévy measures). In particular, for K = 2 equation (11.45) can
always be written in the form (11.54). In physical language this means that a
quadratic mean field dependence can always be realized by a certain binary
interaction (this is not the case for discrete X; see Exercise 11.7 below).

Proof In the case K = 2 the positivity of (11.49), say, reads as the
positivity of the matrix

c1(x) + 2
m∑

i=1

ωi c2(x, xi ) (11.57)

for all natural m, positive numbers ω j and points x, x j , j = 1, . . . ,m. Hence
c1 is always positive (to see this put ω j = 0 for all j ). To prove the claim,
one has to show that c(x, y) is positive definite for all x, y. But if there exist
x, y such that c(x, y) is not positive definite then, by choosing a large enough
number of points x1, . . . , xm near y, one would get a matrix of the form
(11.57), which is not positive definite (even when all ω j = 1). The positivity of
measures ν is analyzed similarly. This contradiction completes the proof.

Some remarks about and examples of these results are in order. As in the
linear case we shall say that A(μ)g is conservative if A(μ)φn(x) tends to zero
as n → ∞, where φn(x) = φ(x/n) and φ is an arbitrary function from C2

c (R
d)

that equals 1 in a neighborhood of the origin and has values in [0, 1]. For
operators given by (11.44) this is of course equivalent to the condition that c
vanishes.

Remark 11.24 It is clear that, in the mapping (11.46), if only two compo-
nents, say Ai and A j , do not vanish, and A is conditionally positive then both
non-vanishing components Ai and A j are also conditionally positive (take εω j

instead of ω j in the definition and then pass to the limits ε → 0 and ε → ∞).
In the case where there are more than two non-vanishing components in the
family A, the analogous statement is false. Namely, if A is conditionally pos-
itive, the “boundary” operators A1 and AK are conditionally positive as well
(using the same argument as before), but the intermediate operators Ak need
not be, as is shown by the following simple example.

Exercise 11.6 Let A = (A1, A2, A3), where

Ai g(x1, . . . , xi ) = ai
[
�g(x1) + · · · + �g(xi )

]
, i = 1, 2, 3,

with a1 = a3 = 1. Show that if a2 is a small enough negative number then A
is conditionally positive but its component A2 is not. Write down an explicit
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solution to equation (11.45) in this case. Hint: the positivity of (11.49) follows
from

1 + 2a2

m∑
i=1

ωi + 3
( m∑

i=1

ωi

)2 ≥ 0.

Remark 11.25 We have given results for X = Rd , but using localization
arguments (like those for the linear case, see [43]) the same results can be
easily extended to closed manifolds. It is seemingly possible to characterize
the corresponding boundary conditions in the same way (again generalizing
the linear case from [43]), though this is not so straightforward.

Remark 11.26 The basic conditions for the positivity of (11.49), (11.50) can
be written in an alternative, integral, form. For example, the positivity of the
matrices in (11.49) is equivalent (at least for bounded continuous functions c)
to the positivity of the matrices ck given by

K∑
k=1

k
∫

ck(x, y1, . . . , yk−1)μ(dy1) · · ·μ(dyk−1) (11.58)

for all non-negative Borel measures μ(dy). (This can be obtained either from
the limit of integral sums of the form (11.49) or directly from the conditional
positivity of the r.h.s. of (11.51).) Hence the conditions (11.49), (11.50) actu-
ally represent modified multi-dimensional matrix-valued or measure-valued
versions of the usual notion of positive definite functions. For instance, in the
case k = K = 3 and d = 1, (11.58) means that

∫
c3(x, y, z)ω(y)ω(z) dydz

is a non-negative number for any non-negative integrable function ω. The
usual notion of a positive definite function c3 (as a function of the variables
y, z) would require the same positivity for arbitrary (not necessarily positive)
integrable ω.

Remark 11.27 Corollary 11.23 cannot be extended to K > 2. Of course,
if each Ak g(x1, . . . , xm) is {x1, . . . , xm)-conditionally positive then the map-
ping (11.46) is conditionally positive in M+

δ , but not vice versa. In a simple
example of a conditionally positive operator, in the case k = K = 3 without
conditionally positive components, the operator is defined by

A3g(x1, x2, x3) = cos(x2 − x3)�g(x1) + cos(x1 − x3)�g(x2)

+ cos(x1 − x2)�g(x3), (11.59)

where � is the Laplacian operator. Clearly A3g(x1, x2, x3) is not {x1, x2, x3}-
conditionally positive, but the positivity of (11.49) holds. The strong form of
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equation (11.51) in this case is

d

dt
ft (x) = 3� ft (x)

∫
ft (y) ft (z) cos(y − z) dy dz. (11.60)

The “nonlinear diffusion coefficient” given by the integral is not strictly
positive here. Namely, since∫

f (y) f (z) cos(y − z) dydz = 1
2 (| f̂ (1)|2 + | f̂ (−1)|2),

where f̂ (p) is the Fourier transform of f , this expression does not have to be
strictly positive for all non-vanishing non-negative f . However, one can find
an explicit solution to the Cauchy problem of (11.60):

ft = 1√
2πωt

∫
exp

(
− (x − y)2

2ωt

)
f0(y) dy,

where

ωt = ln
[
1 + t (| f̂0(1)|2 + | f̂0(−1)|2

]
.

This is easily obtained by passing to the Fourier transform of equation (11.60),
which has the form

d

dt
f̂t (p) = − 1

2 p2(| f̂t (1)|2 + | f̂t (−1)|2) f̂t (p)

and is solved by observing that ξt = | f̂t (1)|2 + | f̂t (−1)|2 solves the equation
ξ̇t = −ξ2

t and consequently equals (t + ξ−1
0 )−1.

Remark 11.28 There is a natural “decomposable” class of operators for
which (11.45) reduces straightforwardly to a linear problem. Namely, suppose
that k!Ak g = Bk g+ = (B̃k g)+ for all k = 1, . . . , K , for some conservative
conditionally positive B̃k in C∞(X) (in particular B̃k1 = 0). Then (11.51)
takes the form

d

dt
(g, μt ) =

K∑
k=1

1

(k − 1)! (B̃k g, μt )‖μt‖(k−1),

which is a linear equation depending on ‖μt‖ = ‖μ0‖ as parameter.

The following example illustrates the idea of the conditional positivity of
the generator of a Markov evolution in the simplest nonlinear situation.

Exercise 11.7 Of special interest for applications is the case of infinitesimal
generators depending quadratically on μ (see the next section), which leads to
the system of quadratic equations

ẋ j = (A j x, x), j = 1, 2, . . . , N , (11.61)
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where N is a natural number (or more generally N = ∞), the unknown x =
(x1, x2, . . .) is an N -dimensional vector and the A j are given square N × N
matrices. Suppose that

∑N
j=1 A j = 0. Show that the system (11.61) defines a

positivity-preserving semigroup (i.e. if all the coordinates of the initial vector
x0 are non-negative then the solution x(t) is globally uniquely defined and all
coordinates of this solution are non-negative for all times), if and only if for
each j the matrix Ã j obtained from A j by deleting its j th column and j th row
is such that ( Ã jv, v) ≥ 0 for any v ∈ RN−1 with non-negative coordinates.
Hint: this condition expresses the fact that if x j = 0 and the other xi , i 
= j ,
are non-negative, then ẋ j ≥ 0.

11.6 Bibliographical comments

The first chapter introduced Markov models of interacting particles and their
LLN limit, avoiding technical details. A probability model for the deduction
of kinetic equations was first suggested by Leontovich [160], who analyzed
the case of a discrete state space. For some cases where the state space is
continuous, the same approach was developed by Kac [113], McKean [181],
[182] and Tanaka [238], [239]; the last-mentioned paper contained the first
models of not only binary but also kth-order interactions. For coagulation
processes the use of such a method for the deduction of Smoluchovski’s
equation was suggested by Marcus [169] and Lushnikov [165]. For gen-
eral Hamiltonian systems the corresponding procedure was carried out by
Belavkin and Maslov [26]. The deduction of kinetic equations of Boltzmann
type using Bogolyubov chains (see Appendix Appendix J) was suggested in
Bogolyubov [42]. The creation–annihilation operator formalism for the anal-
ysis of Bogolyubov chains was proposed by Petrina and Vidibida [199] and
further developed in Maslov and Tariverdiev [177]. The well-posedness prob-
lem for Bogolyubov chains was studied by several authors; see e.g. Sinai and
Suchov [221] and references therein. The deduction of the general kth-order
interaction equations (1.70) using the Bogolyubov chain approach was carried
out in Belavkin and Kolokoltsov [25]. Belavkin [21], [22] developed quantum
analogs of the kinetic equations describing a dynamic law of large numbers
for particle systems; the evolution of these equations is described by quantum
dynamic semigroups and leads to the type of nonlinear equations discussed in
Section 11.3. Belavkin [21] also suggested an elegant Hamiltonian approach to
the deduction of kinetic equations. Namely, for an evolution of the type (1.68)
let us define the Hamiltonian function
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H(Q, Y ) =
k∑

l=0

1

l!
(
(Il [Pl , Al ]Q⊗)l , Y ⊗l

)
(11.62)

and consider the corresponding infinite-dimensional Hamiltonian system

Ẏ = δH

δQ
, Q̇ = −δH

δY
.

One can easily see that since H(1,Y ) = 0 (by the conservativity of the gen-
erator), the above Hamiltonian system has solutions with Q = 1 identically.
Under this constraint the first Hamiltonian equation, Ẏ = δH/δQ, coincides
with the kinetic equation (1.70). This yields also a natural link with the semi-
classical analysis. Namely, one can easily show (for the details see Belavkin
and Kolokoltsov [25]) that in terms of generating functionals the evolution
(J.7) is given by the following equation in terms of functional derivatives:

h
∂

∂t
�̃ρt (Q) = H

(
Q, h

δ

δQ

)
�̃ρt (Q). (11.63)

Thus the above Hamiltonian system possesses quasi-classical asymptotics. For
a general and accessible introduction to the mathematical theory of interacting
particles we refer to the books of Liggett [162], Kipnis and Landim [120], and
de Masi and Presutti [61], and the volume edited by Accardi and Fagnola [1]
on quantum interactions.

Chapter 2 collected some mostly well-known results of the modern theory of
Markov processes, with the emphasis on the connections with analysis (semi-
groups, evolution equations etc). Special examples were given (for example in
Section 2.4) and more general formulations of some facts were presented (for
example at the end of Section 2.1 and in Section 2.4).

Chapter 3 started with a new development in SDEs driven by nonlinear Lévy
noise extending the author’s paper [137]. The idea here was to solve SDEs with
noise depending on a parameter linked with the position of the solution itself,
that is to say SDEs driven by noise deriving from feedback from the evolution
of the process. Expressed in this general form, this idea had been used already
in Kunita [150] and Carmona and Nualart [46]. However, in our setting the
dependence of the noise on a parameter is expressed through the generator, so
that whether the construction of the process itself varies sufficiently regularly
with the evolution of this parameter becomes a problem. Settling this issue
properly leads to a spectacular application to the theory of Markov processes,
reconciling the analytical theory of general Markov semigroups with the SDE
approach. The resulting construction of Feller processes specified by gen-
eral Lévy–Khintchine-type operators with Lipschitz-continuous coefficients
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actually represents a probabilistic proof of the convergence of a certain
T -product (a chronological product). This T -product has a natural link with
the evolution equation, which can be shown using the method of frozen coef-
ficients, well known in the analysis of � DO. In Section 3.3 we explained
the connection with the usual stochastic calculus, sketching Ito’s approach to
the construction of classical SDEs driven by Lévy and/or Poisson noise, as
explained in detail in Stroock’s monograph [227]. It would seem that Propo-
sition 3.16, on an approximation scheme based on nonlinear functions of
increments, is new.

In Chapter 4 we introduced some analytical approaches to the study of
Markov processes, the most relevant for the following exposition. Sections 4.2
and 4.3 were based on the Appendix to [136] and developed for arbitrary state
spaces an old idea on the construction of countable Markov chains that goes
back to Feller and Kolmogorov; see e.g. Anderson [6] for a modern treat-
ment. The results of Sections 4.4 and 4.5 appear to be new. The last section
reviewed other developments in the theory. For a more substantial treatment of
the subject the reader is referred to the fundamental monograph of Jacob [103].
Among the topics relating to Chapters 3 and 4, but (regrettably) not devel-
oped there, one should mention processes living on domains with a non-empty
boundary and related boundary problems for PDEs and �DEs. The literature
on the boundary-value problem for parabolic equations is of course enormous.
For much less studied generators having both a diffusive and a jump part, one
could consult e.g. Taira [233] or Kolokoltsov [130] for recent results and a
short review.

Chapter 5 presented a systematic development of the Lyapunov or barrier
function method for processes with Lévy–Khintchine-type pseudo-differential
generators having unbounded coefficients (previously used mainly for dif-
fusions and jump-type processes; see e.g. the monographs of Freidlin [78]
or Ethier and Kurtz [74])). Special attention was paid to the description of
appropriate function spaces where the corresponding semigroup is strongly
continuous (yielding a useful extension of the notion of Feller semigroups)
and to the invariant domains of the generator. These aspects are seemingly new,
even in the well-developed theory of diffusions with unbounded coefficients.

Chapters 6 and 7 were devoted to the rigorous mathematical construction of
solutions to kinetic equations. The literature on this subject is extensive; the
review given below is not meant to be exhaustive.

The results in Section 6.2 are mostly well known. However, we put together
various approaches on the level of generality that unify a number of particu-
lar results on bounded generators that serve as starting points for the analysis
of unbounded-coefficient extensions of particular models. Sections 6.3–6.6



11.6 Bibliographical comments 313

followed the author’s paper [132], presenting the unification and extension
of a variety of particular situations analyzed previously by many authors
(see the review below). The existence result of Theorem 6.7 can be essen-
tially improved. Namely, the assumption of the existence of a finite moment
(1 + Eβ, μ) with β > 1 is not needed. To work without this assumption, two
ideas are used. First, if (1+E, μ) < ∞, there exists an increasing smooth func-
tion G on R+ such that (G(1+E), μ) < ∞ (this is a well-known, and not very
difficult, general measure-theoretic result; see e.g. [188] for a proof); second,
one has to work with the barrier function G(1 + E) instead of the moment Lβ .
Mishler and Wennberg [188] give a corresponding treatment of the Boltzmann
equation and Laurencot and Wrzosek [157] consider a coagulation model. The
results in Sections 6.7 and 6.8 are new.

The results in Sections 7.1 and 7.2 are also new; they complement the con-
structions of nonlinear stable-like processes obtained in Kolokoltsov [134]
and extend, to rather general Lévy–Khintchine-type generators, results previ-
ously available for nonlinear diffusions. In Section 7.3 we simply formulated
the results obtained in [137], yielding a universal approach to the probabilis-
tic interpretation of nonlinear evolutions by means of distribution-dependent
SDEs driven by nonlinear Lévy noise. In Section 7.4 we indicated how some
classes of sufficiently regular evolutions with unbounded coefficients can
be treated using the direct nonlinear duality approach applied earlier in the
bounded-coefficient case.

The main streams of developments in nonlinear kinetic equations in the lit-
erature are those devoted to nonlinear diffusions, the Boltzmann equation and
coagulation–fragmentation processes, some basically identical techniques hav-
ing been developed independently for these models. The interplay between
these directions of research is developing quickly, especially in connection
with spatially nontrivial models of interaction. The theory of nonlinear dif-
fusions, pioneered by McKean [181], is well established; see Gärtner [82]
for a review of early developments. New advances are mainly in the study
of the Landau–Fokker–Planck equation, (1.82), which presents a certain diffu-
sive limit for the Boltzmann equation. This nonlinear diffusion equation has a
degeneracy of a kind that is intractable by a direct application of the McKean
approach. The probabilistic analysis of this equation is based on an ingenious
solution in terms of SDEs driven by space–time white noise due to Guérin
[89], [90]; see also [91] for further regularity analysis based on the Malli-
avin calculus. Namely, the starting point of this analysis is a nice observation
that if A = σσ T in (1.82), σ being a d × n matrix, the Landau equation
is solved by the distributions of the solutions to the stochastic differential
equation
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Xt = X0 +
∫ t

0

∫ 1

0
σ(Xs − Ys(α))W

n(dα ds)+
∫ t

0

∫ 1

0
b(Xs − Ys(α)) dα ds,

where W n is the n-dimensional space–time white noise (i.e. a zero-mean
Gaussian Rn-valued random measure on R+ × [0, 1] with EW n

i W n
j (dα ds) =

δ
j
i dα ds), the pair of processes (X, Y ) is defined on the product probability

space (�,F,Ft , P) × ([0, 1],B([0, 1]), dα) and the distributions of X and
Y are taken as coinciding. Analytically, a rigorous treatment of the Landau–
Fokker–Planck equation (1.82) was initiated by Arseniev and Buryak [13]; see
Desvillettes and Villani [65] and Goudon [85], and references therein, for a
wealth of further development.

There is of course plenty of related activity on various nonlinear parabolic
equations, reaction–diffusion equations, etc. arising in various areas in the
natural sciences (nonlinear wave propagation, super-processes, gravity etc.),
which we have not aimed to review; see e.g. Smoller [224], Maslov and
Omel’yanov [176], Dynkin [69] and Biler and Brandolese [37]. Nonlinear
SPDEs driven by space–time white noise are also being actively studied (see
e.g. Crisan and Xiong [55], Kurtz and Xiong [152], [153]), often using approx-
imations of the Ito type. In general, the branching-particle mechanism for
Monte-Carlo-type approximations to the solutions of stochastic equations have
become very popular in applications; see e.g. the monograph Del Moral [64]
and references therein.

The literature on the Boltzmann equation is immense, even if one con-
centrates on the mathematical analysis of the spatially homogeneous model
(and the related mollified equation), which are particular cases of the general
model analyzed in Chapter 6. Let us review only the development of the key
well-posedness facts. The first was obtained by Carleman [45], for the class
of rapidly decreasing continuous functions, by means of quite specific repre-
sentations that are available for the Boltzmann equation. The L1-theory was
developed by Arkeryd [10] using an approach similar to that used later for
coagulation models; it is incorporated in the general results of Sections 6.2
and 6.4. The L∞-theory of solutions was developed by Arkeryd [11] and the
L p-theory by Gustafsson [92], [93]. The above-mentioned works are mostly
concerned with the so-called hard potential interactions with a cutoff, where,
roughly speaking, the collision kernel B(|v|, θ) is bounded by |v|β , β ∈ (0, 1].
Further extensions under various growth and singularity assumptions have
been developed by many authors; see e.g. Mishler and Wennberg [188], Lu
and Wennberg [164] and references therein. The propagation of smoothness in
integral norms, i.e. well-posedness theory in Sobolev spaces, was developed
by Mouhot and Villani [191], and the propagation of smoothness in uniform
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norms, i.e. well-posedness in the spaces of continuously differentiable func-
tions, was developed in Kolokoltsov [133] under the rather general assumption
of polynomially growing collision kernels. Namely, suppose that

B(|v|, θ) = |v|β cosd−2 θh(θ)

in (1.52) for a bounded function h. Then, for any β, d, the energy- and mass-
preserving solution ft to the Boltzmann equation is well defined for any initial
non-negative function f (the density of the initial measure μ) having finite
energy and entropy. It was shown in [133] that there exist bounds, which are
global in time, for the uniform moments supx [ ft (x)(1 + |x |)r ] of the solution
ft (and also for its spatial derivatives) in terms of the initial integral moments∫ [ f (x)(1 + |x |)s] dx . These bounds depend in a nontrivial way on the rela-
tions between the parameters β, d, s, r , but can be obtained in a more or less
explicit form.

The mathematical analysis of Smoluchovski’s coagulation–fragmentation
equation was initiated by Ball and Carr in [17], where an equation with a dis-
crete mass distribution was analyzed subject to additive bounds for the rates.
Various discrete models of interactions were unified in Kolokoltsov [131]:
discrete versions of the results of Section 6.4 were given. Related results
were obtained by Lachowicz [154]. Well-posedness for weak measure-valued
kinetic equations for coagulation, in continuous time and in a general measur-
able space, was obtained by Norris [194]. When coagulation alone is taken into
consideration, Theorems 6.10 and 6.12 yield the Norris well-posedness result.
The method used by Norris was a little different, as it relied heavily on the
monotonicity built into the coagulation model. Using the methods of complex
analysis, Dubovskii and Stewart [68] obtained well-posedness for coagulation–
fragmentation processes in the class of measures with exponentially decreasing
continuous densities. As coagulation evolution does not preserve the num-
ber of particles, the underlying nonlinear process, unlike in the Boltzmann
case, is sub-Markov. However, since the mass is preserved one can “change
the variable” by considering the process to be one of mass evolution, which
then becomes Markovian. This idea was exploited by Deaconu, Fournier and
Tanré [62] to give an alternative probabilistic interpretation of Smoluchovski
evolution yielding naturally a well-posedness result for infinite initial mea-
sure (the scaled number of particles) but finite total mass. Much modern
literature is devoted to the qualitative behavior of coagulation–fragmentation
models, i.e. their gelation (involving the non-conservativity of mass), self-
similarity and long-time behavior, which are not studied in this monograph;
see e.g. Ernst and Protsinis [72], Fournier and Laurencot [77], Lushnikov
and Kulmala [166], da Costa, Roessel and Wattis [52] and references therein.
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Another stream of activity is connected with spatially nontrivial models,
mainly with coagulating particles that move in space according to a Brownian
motion with a parameter depending on the mass; see e.g. Collet and Poupaud
[51] and Wrzosek [249] for discrete mass distributions and [5], [156], [195]
for continuous masses. Finally, we refer to Eibeck and Wagner [70], Kolodko,
Sabelfeld and Wagner [122] and references therein for the extensive work
on numerical solutions to the Smoluchovski equation. Various special classes
of coagulation and fragmentation processes are dealt with in the monograph
Bertoin [34].

The systematic development of the theory of smoothness of solutions to
kinetic equations with respect to the initial data given in Chapter 8 is a novel-
ty of the book. The exposition in this chapter in some places extends and in
some places complements results from the author’s papers [133], [134], [136].
In Bailleul [14] the smoothness results of Section 8.3 were extended to treat
smoothness with respect to a parameter in the coagulation kernel. This sen-
sitivity of the Smoluchovski equation is important in numerical analysis; see
Kraft and Vikhansky [149] and Bailleul [14].

Among the topics related to Part II, but not touched upon, we mention the
development of nonlinear evolutions on lattices (by Zegarlinski in [254] and by
Olkiewicz, Xu and Zegarlinski in [197]), the evolution of nonlinear averages,
in particular with applications to financial market analysis, by Maslov (see
[174], [175]) and the theory of nonlinear Dirichlet forms (see Sipriani and
Grillo [222] and Jost [112]).

Chapter 9 dealt with the dynamic LLN. Section 9.3 contained a unified
exposition of the traditional approach to proving the LLN (one proves the
tightness of particle approximation systems and picks up a converging subse-
quence) for rather general jump-type interactions. It included the basic LLNs
for binary coagulations (see Norris [194]) and for Boltzmann collisions (see
e.g. Sznitman [231] and [232]). Other sections in Chapter 9 were devoted to
estimating the rates of convergence in the LLN for interactions with unbounded
rates, using the smoothness of the kinetic equations with respect to the initial
data. They were based mostly on [134], [136]. The results in Section 9.5 are
new. Convergence estimates in the LLN for Boltzmann-type collisions with
bounded rates supplemented by a spatial movement (the mollified Boltzmann
equation) were obtained by Graham and Méléard [87], [88] using the method
of Boltzmann trees.

Turning to Chapter 10, let us mention first of all that the CLT for inter-
acting diffusions has been thoroughly developed; see Dawson [58] and Giné
and Wellner [83] and references therein. The CLT for coagulation processes
with finite rates and discrete mass was established by Deaconu, Fournier and
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Tanré [63]. For the Boltzmann equation with bounded rates it was obtained
by Méléard [185] in the more general setting of collisions supplemented by
a spatial movement (the mollified Boltzmann equation). The method in these
papers is different from ours; instead of working out analytical estimates of
the smoothness of kinetic equations with respect to the initial data, it is based
on the direct analysis of infinite-dimensional SDEs underlying the limiting
Ornstein–Uhlenbeck (OU) process.

The results on the CLT for stable-like processes from Section 10.2 comple-
ment and improve the results of the author’s paper [134], where non-degenerate
stable-like processes (described by Theorem 4.25 and hence having addi-
tional regularity properties) were analyzed. The results on the Smoluchovski
equation with unbounded rates were based on the author’s paper [136]; the esti-
mates of convergence in the CLT for the Boltzmann equation with unbounded
rates seem to be new.

Interesting applications of the circle of ideas around the CLT limit for evo-
lutionary games can be found in Mobilia, Georgiev and Tauber [189] and
Reichenbach, Mobilia and Frey [208].

The analysis of infinite-dimensional OU processes just touched upon in
Section 10.4 represents a vast area of research, for which one can consult
the above-mentioned papers of Méléard as well as for example Lescot and
Roeckner [161], van Neerven [244], Dawson et al. [60] and references therein.

In Chapter 11 we have considered the various developments, indicating pos-
sible directions and perspectives of further research. Its results are due mostly
to the author.

The controlled nonlinear Markov processes touched upon in a general way
in Section 11.2 are well under investigation in the setting of McKean nonlinear
diffusions; see [100] and references therein.

In Section 11.4 we applied the methods of Chapter 3 to the construction
of Markov processes on manifolds and also extended to Lévy-type noise the
analytical construction of stochastic geodesic flows with Brownian noise sug-
gested in [124]. Geometrical constructions of Ornstein–Uhlenbeck processes
on manifolds driven by Browninan noise were given in [67], [117].

Section 11.5 dealt with a nonlinear counterpart of the notion of conditional
positivity developed in Kolokoltsov [134]. A characterization of “tangent
vectors” in the space of probability laws at the Dirac point measures, see
Proposition 11.19, which follows from the Courrège representation of lin-
ear conditionally positive functionals, was given by Stroock [227]. In this
book Stroock posed the question of characterizing “tangent vectors” to arbi-
trary measures. Theorem 11.20, taken from Kolokoltsov [134], solves this
problem for polynomial vector fields, which can be extended to analytic
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vector fields. The discussion in Section 11.5 established formal links between
general positivity-preserving evolutions and mean field limits for interacting
particles.

The appendices contain some technical material used in the main body of the
text. The results are well known apart from, possibly, some in Appendices E,
G and H.



Appendices

Appendix A Distances on measures

The properties of separability, metrizability, compactness and completeness for
a topological space S are crucial for the analysis of S-valued random processes.
Here we shall recall the basis relevant notions for the space of Borel measures,
highlighting the main ideas and examples and omitting lengthy proofs.

Recall that a topological (e.g. metric) space is called separable if it contains
a countable dense subset. It is useful to have in mind that separability is a
topological property, unlike, say, completeness, which depends on the choice
of distance. (For example, an open interval and the line R are homeomorphic,
but the usual distance is complete for the line and not complete for the interval).
The following standard examples show that separability cannot necessarily be
assumed.

Example A.1 The Banach space l∞ of bounded sequences of real (or
complex) numbers a = (a1, a2, . . .) equipped with the sup norm ‖a‖ =
supi |ai | is not separable, because its subset of sequences with values in
{0, 1} is not countable but the distance between any two such (not coinciding)
sequences is 1.

Example A.2 The Banach spaces C(Rd), L∞(Rd), Msigned(Rd) are not
separable because they contain a subspace isomorphic to l∞.

Example A.3 The Banach spaces C∞(Rd), L p(Rd), p ∈ [1,∞), are
separable; this follows from the Stone–Weierstrass theorem.

Recall that a sequence of finite Borel measures μn is said to converge weakly
(resp. vaguely) to a measure μ as n → ∞ if ( f, μn) converges to ( f, μ) for any
f ∈ C(S) (resp. for any f ∈ Cc(S)). If S is locally compact, the Riesz–Markov
theorem states that the space of finite signed Borel measures is the Banach
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dual to the Banach space C∞(S). This duality specifies the �-weak topology
on measures, where the convergence μn to μ as n → ∞ means that ( f, μn)

converges to ( f, μ) for any f ∈ C∞(S).

Example A.4 Let S = R. The sequence μn = nδn in M(R) converges
vaguely but not �-weakly. The sequence μn = δn converges �-weakly but not
weakly.

Proposition A.5 Suppose that pn, n ∈ N, and p are finite Borel measures
in Rd .

(i) If the pn converge vaguely to p, and the pn(Rd) converge to p(Rd), as
n → ∞ then the pn converge to p weakly (in particular, if pn and p are
probability laws, the vague and the weak convergence coincide).

(ii) pn → p �-weakly if and only if pn → p vaguely and the sequence pn is
bounded.

Proof (i) Assuming that pn is not tight (see the definition before Theo-
rem A.12) leads to a contradiction, since then ∃ ε: ∀ compact set K ∃n :
μn(Rd \ K ) > ε, implying that

lim inf
n→∞ pn(Rd) ≥ p(Rd) + ε.

(ii) This is straightforward.

Proposition A.6 If S is a separable metric space then the space M(S) of
finite Borel measures is separable in the weak (and hence also in the vague)
topology.

Proof A dense countable set is given by linear combinations, with rational
coefficients, of the Dirac masses δxi where {xi } is a dense subset of S.

The following general fact from functional analysis is important for the
analysis of measures.

Proposition A.7 Let B be a separable Banach space. Then the unit ball B�
1

in its dual Banach space B� is �-weakly compact and there exists a complete
metric in B�

1 compatible with this topology.

Proof Let {x1, x2, . . .} be a dense subset in the unit ball of B. The formula

ρ(μ, η) =
∞∑

k=1

2−k |(μ − η, xk)|

specifies a complete metric in B�
1 that is compatible with the �-weak conver-

gence, i.e. ρ(μn, μ) → 0 as n → 0 if and only if (μn, x) → (μ, x) for any
x ∈ B. Completeness and compactness follow easily. To show compactness,
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for example, we have to show that any sequence μn has a converging sub-
sequence. To this end, we first choose a subsequence μ1

n such that (μ1
n, x1)

converges, then a further subsequence μ2
n such that (μ2

n, x2) converges, etc.
Finally, the diagonal subsequence μn

n converges on any of the xi and is
therefore converging.

Remark A.8 The unit ball can be seen to be compact without assuming the
B�

1 separability of B (the so-called Banach–Alaoglu theorem).

Proposition A.9 If S is a separable locally compact metric space then the set
MM (S) of Borel measures with norm bounded by M is a complete separable
metric compact set in the vague topology.

Proof This follows from Propositions A.6 and A.7.

To metricize the weak topology on measures one needs other approaches.
Let S be a metric space with distance d . For P, Q ∈ P(S) define the Prohorov
distance

ρProh(P, Q) = inf{ε > 0 : P(F) ≤ Q(Fε) + ε ∀ closed F},
where Fε = {x ∈ S : infy∈F d(x, y) < ε}.

It is not difficult to show that

P(F) ≤ Q(Fε) + β ⇐⇒ Q(F) ≤ P(Fε) + β,

leading to the conclusion that ρProh is actually a metric.

Theorem A.10 (i) If S is separable then ρ(μn, μ) → 0 as n → ∞ for
μ,μ1, μ2, . . . ∈ P(S) if and only if μn → μ weakly.

(ii) If S is separable (resp. complete and separable) then (P(S), ρProh) is
separable (resp. complete and separable).

Proof See e.g. Ethier and Kurtz [74].

It is instructive to have a probabilistic interpretation of this distance.
One says that a measure ν ∈ P(S × S) is a coupling of the measures μ, η ∈

P(S) if the margins of ν are μ and η, i.e. if ν(A × S) = μ(A) and ν(S × A) =
η(A) for any measurable A or, equivalently, if∫

S×S

[
φ(x) + ψ(y)

]
ν(dxdy) = (φ, μ) + (ψ, η) (A.1)

for any φ,ψ ∈ C(S).

Theorem A.11 Let S be a separable metric space and P, Q ∈ P(S). Then

ρProh(P, Q) = inf
ν

inf{ε > 0 : ν(x, y : d(x, y) ≥ ε) ≤ ε},
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where infν is taken over all couplings of P, Q.

Proof See Ethier and Kurtz [74].

As in the usual analysis, for the study of the convergence of probability laws
the crucial role belongs to the notion of compactness. Recall that a subset of a
metric space is called relatively compact if its closure is compact.

A family � of measures on a complete separable metric space S is called
tight if for any ε there exists a compact set K ⊂ S such that P(S \ K ) < ε for
all measures P ∈ �. The following fact is fundamental (a proof can be found
e.g. in [74], [220] or [114]).

Theorem A.12 (Prohorov’s compactness criterion) A family � of mea-
sures on a complete separable metric space S is relatively compact in the weak
topology if and only if it is tight.

Another convenient way to metricize the weak topology of measures is
using Wasserstein–Kantorovich distances. Namely, let P p(S) be the set of
probability measures μ on S with finite pth moment, p > 0, i.e. such that∫

d p(x0, x)μ(dx) < ∞

for some (and hence clearly for all) x0.
The Wasserstein–Kantorovich metrics Wp, p ≥ 1, on the set of probability

measures P p(S) are defined as

Wp(μ1, μ2) =
(

inf
ν

∫
d p(y1, y2)ν(dy1dy2)

)1/p

, (A.2)

where inf is taken over the class of probability measures ν on S × S that couple
μ1 and μ2. Of course, Wp depends on the metric d. It follows directly from
the definition that

W p
p (μ1, μ2) = inf Ed p(X1, X2), (A.3)

where inf is taken over all random vectors (X1, X2) such that Xi has the law
μi , i = 1, 2. One can show (see e.g. [246]) that the Wp are actually metrics
on P p(S) (the only point that is not obvious being that the triangle inequality
holds) and that they are complete.

Proposition A.13 If S is complete and separable, the infimum in (A.2) is
attained.

Proof In view of Theorem A.12, in order to be able to pick out a converg-
ing subsequence from a minimizing sequence of couplings, one needs to know



Distances on measures 323

that the set of couplings is tight. But this is straightforward: if K is a compact
set in S such that μ1(S \ K ) ≤ δ and μ2(S \ K ) ≤ δ then

ν(S × S \ (K × K )) ≤ ν(S × (S \ K )) + ν((S \ K ) × S) ≤ 2δ,

for any coupling ν.

The main result connecting weak convergence with the Wasserstein metrics
is as follows.

Theorem A.14 If S is complete and separable, p ≥ 1, and μ,μ1, μ2, . . .

are elements of P p(S) then the following statements are equivalent:

(i) Wp(μn, μ) → 0 as n → ∞;
(ii) μn → μ weakly as n → ∞ and for some (and hence any) x0∫

d p(x, x0)μn(dx) →
∫

d p(x, x0)μ(dx).

Proof See e.g. Villani [246].

Remark A.15 If d is bounded then, of course, P p(S)=P(S) for all p. Hence,
changing the distance d to the equivalent d̃ = min(d, 1) allows us to use
Wasserstein metrics as an alternative way to metricize the weak topology of
probability measures.

In the case p = 1 the celebrated Monge–Kantorovich theorem states that

W1(μ1, μ2) = sup
f ∈Lip

|( f, μ1) − ( f, μ2)|,

where Lip is the set of continuous functions f such that | f (x) − f (y)| ≤
‖x − y‖ for all x, y; see [246] or [202].

We shall need also the wasserstein distance between the distributions in the
spaces of the paths (curves) X : [0, T ] �→ S. Its definition depends on the way
in which the distance between paths is measured. The most natural choices are
the uniform and integral measures leading to the distances

Wp,T,un(X1, X2) = inf

(
E sup

t≤T
d p(X1

t , X2
t )

)1/p

,

Wp,T,int(X1, X2) = inf

(
E
∫ T

0
d p(X1

t , X2
t ) dt

)1/p

,

(A.4)

where inf is taken over all couplings of the distributions of the random paths
X1, X2. The estimates in Wp,T,int are usually easier to obtain, but those
in Wp,T,un are stronger. In particular, uniform convergence is stronger than
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Skorohod convergence, implying that the limits in Wp,T,un preserve the Sko-
rohod space of càdlàg paths while the limits in Wp,T,int need not necessarily
do so.

Appendix B Topology on càdlàg paths

The main classes of stochastic processes, i.e. martingales and sufficiently reg-
ular Markov process, have modifications with càdlàg paths, meaning that
they are right continuous and have left limits (the word càdlàg is a French
acronym). This is a quite remarkable fact, in view of the general Kolmogorov
result on the existence of processes on the space of all (even non-measurable)
paths. Suppose that (S, ρ) is a complete separable metric space. The set of S-
valued càdlàg functions on a finite interval [0, T ], T ∈ R+ or on the half-line
R+ is usually denoted by D = D([0, T ], S) or D = D(R+, S) and is called the
Skorohod path space. We shall often write D([0, T ], S) for both these cases,
meaning that T can be finite or infinite.

Proposition B.1 If x ∈ D([0, T ], S) then for any δ > 0 there can exist only
finitely many jumps of x on [0, T ] of a size exceeding δ.

Proof If this were not so then jumps exceeding δ would have an accumu-
lation point on [0, T ].

In the analysis of continuous functions a useful characteristic is the modulus
of continuity

w(x, t, h) = sup{ρ(x(s), x(r)) : r − h ≤ s ≤ r ≤ t}, h > 0.

As one can easily see, a function x ∈ D([0, t], S) is continuous on [0, t] if and
only if limh→0 w(x, t, h) = 0. In the analysis of càdlàg functions a similar role
belongs to the modified modulus of continuity, defined as

w̃(x, t, h) = inf
�

max
k

sup
tk≤r,s<tk+1

ρ(x(r), x(s)),

where the infimum extends over all partitions � = (0 = t0 < t1 < · · ·
< tl < t) such that tk+1 − tk ≥ h for k = 1, . . . , l − 1.

Proposition B.2 (i) The definition of w̃(x, t, h) is not be changed if the
infimum is extended only over partitions with h ≤ tk+1 − tk < 2h. In
particular w̃(x, t, h) ≤ w̃(x, t, 2h) for all x. (ii) If x ∈ D([0, t], S) then
limh→0 w̃(x, t, h) = 0.
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Proof By Proposition B.1, for an arbitrary δ there exists a partition 0 =
t0
0 < t0

1 < · · · < t0
k = t of [0, t] such that inside the intervals Il = [t0

l , t0
l+1) of

the partition there are no jumps with sizes exceeding δ. Let us make a further
partition of each Il , defining recursively

t j+1
l = min(t0

l+1, inf{s > t j
l : |x(s) − x(t j−1

l )| > 2δ}),
with as many j as one needs to reach t0

l+1. Clearly the new partition thus

obtained is finite and all the differences t j
l − t j+1

l are strictly positive, so that
on the one hand

h = min
l, j

(t j
l − t j+1

l ) > 0.

On the other hand, w̃(x, t, h) ≤ 4δ.

The appropriate topology on D is not obvious. Our intuition arising from the
study of random processes suggests that, in a reasonable topology, the conver-
gence of the sizes and times of jumps should imply the convergence of paths.
For example, the sequence of step functions 1[1+1/n,∞) should converge to
1[1,∞) as n → ∞ in D([0, T ],R+) for T > 1. However, the usual uniform
distance

‖1[1+1/n,∞) − 1[1,∞)‖ = sup
y

|1[1+1/n,∞)(y) − 1[1,∞)(y)|

equals 1 for all n not allowing such a convergence in the uniform topology.
The main idea is to make 1[1+1/n,∞) and 1[1,∞) close by introducing a time
change that connects them. Namely, a time change on [0, T ] or R+ is defined
as a monotone continuous bijection of [0, T ] or R+ onto itself. One says that
a sequence xn ∈ D([0, T ], S) converges to x ∈ D([0, T ], S) in the Skorohod
topology J1 if there exists a sequence of time changes λn of [0, T ] such that

sup
s

|λn(s) − s| + sup
s≤t

ρ(xn(λn(s)), x(s)) → 0, n → ∞,

for t = T in the case where T is finite or for all t > 0 in the case where
T = ∞.

For example, for

λn =

⎧⎪⎪⎨
⎪⎪⎩
(1 + 1/n)t, t ≤ 1,

(1 − 1/n)(t − 1) + (1 + 1/n), 1 ≤ t ≤ 2,

t, t ≥ 2,

(B.1)

one has 1[1+1/n,∞)(λn(t)) = 1[1,∞)(t) for all t , so that

sup
s≤t

(|λn(s) − s| + |1[1+1/n,∞)(λn(s)) − 1[1,∞)(s))|
) = 1/n → 0
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as n → ∞ for all t ≥ 2. Thus the step functions 1[1+1/n,∞) converge to 1[1,∞)

in the Skorohod topology of D(R+,R+) as n → ∞.

Proposition B.3 (i) Let

J (x, T ) = sup
t≤T

d(x(t), x(t−))

for T < ∞ and

J (x,∞) =
∫ ∞

0
e−u min(1, J (x, u)) du.

Clearly J (x, T ) = 0 if and only if x is continuous. We claim that the function
J (x, T ) is continuous on D([0, T ], S).

(ii) If xn → x in D([0, T ], S) and the limiting curve x is continuous then
xn → x point-wise.

Proof This is left as an exercise.

It is more or less obvious that the functions

dS(x, y) = inf
λ

sup
s≤T

(
|λ(s) − s| + ρ(x(λ(s)), y(s))

)
for finite T and

dS(x, y) = inf
λ

[
sup
s≥0

|λ(s) − s| +
∞∑

n=1

2−n min

(
1, sup

s≤n
ρ
(

x(λ(s)), y(s)
))]

for infinite T (where inf extends over the set of all time changes) specify a
metric on the sets D([0, T ], S), called Skorohod’s metric, that is compatible
with J1-topology in the sense that xn converges to x in this topology if and
only if dS(xn, x) → 0 as n → ∞. This metric is not very convenient for the
analysis, since the space D([0, T ], S) is not complete in this metric, as the
following shows:

Example B.4 Consider a sequence of indicators 1[1−1/n,1). This sequence is
fundamental (or Cauchy) with respect to the metric dS on D([0, T ],R) for any
T ≥ 1 (because the time changes

λm,n =

⎧⎪⎪⎨
⎪⎪⎩

t (1−1/n)
(1−1/m)

, t ≤ 1 − 1/m,

1 − 1
n + m

n [t − (1 − 1/m)], 1 − 1/m ≤ t ≤ 1

t, t ≥ 1

(B.2)

transform 1[1−1/m,1) to 1[1−1/n,1)) but is not converging. Convince yourself
that this sequence is not fundamental in the metric dP introduced below.
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However, one can improve this situation by measuring the distance between
any time change and the identity map not by a uniform norm as in dS but rather
by the distance of the corresponding infinitesimal increments. More precisely,
one measures the distance between a time change and the identity map by the
quantity

γ (λ) = sup
0≤s<t

∣∣∣∣log
λ(t) − λ(s)

t − s

∣∣∣∣ ,
The corresponding distance,

dP (x, y) = inf
λ

(
γ (λ) + sup

t≤T
ρ
(

x(λ(s)), y(s)
))

for finite T and

dP (x, y) = inf
λ

[
γ (λ) +

∞∑
n=1

2−n min
(

1, sup
s≤n

ρ (x(λ(s)), y(s))
)]

for T = ∞ (where inf is over all time changes with a finite γ (λ)) is
called Prohorov’s metric on D([0, T ], S). Clearly this is again a metric on
D([0, T ], S).

Proposition B.5 The Prohorov metric dP is compatible with the J1-topology
on D([0, T ], S), so that xn → x if and only if dP (xn, x) → 0 as n → 0.

Proof In one direction this is clear, since γ (λn) → 0 implies
sup0≤s≤t |λn(s)−s| → 0 for all t (where one takes into account that λ(0) = 0).
Suppose now that dS(x, xn) → 0 for xn, x ∈ D([0, T ], S). Assume that T is
finite (the modification for T = ∞ being more or less straightforward). Then
for any δ ∈ (0, 1/4) one can choose a partition 0 = t0 < t1 < · · · of [0, T ],
with, for tk+1 − tk ≥ δ,

sup
tk≤r,s<tk+1

ρ(x(r), x(s)) < w̃(x, T, δ) + δ

and time change λ with

sup
0≤t≤T

|λ(t) − t | < δ2, sup
0≤t≤T

ρ
(

x(λ−1(t), xn(t))
)
< δ.

Let λ̃ be the time change obtained from λ by linear interpolation between its
values at the points of the partition tk , k = 0, 1, 2, . . . Then

γ (λ̃) = max
k

∣∣∣∣log
λ(tk+1) − λ(tk)

tk+1 − tk

∣∣∣∣ ≤ max(log(1 + 2δ),− log(1 − 2δ)) ≤ 4δ.
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Moreover, as the composition λ−1 ◦ λ̃ maps each interval [tk, tk+1) to itself,
one has

ρ
(

x(t), xn(λ(t))
)

≤ ρ
(

x(t), x(λ−1 ◦ λ̃(t))
)

+ ρ
(

x(λ−1 ◦ λ̃(t)), xn(λ(t))
)

≤ w̃(x, T, δ) + 2δ.

This implies that dP (x, xn) → 0, as δ can be chosen arbitrarily small (and one
takes into account Proposition B.2).

The following fact is fundamental.

Theorem B.6 (Skorohod–Kolmogorov–Prohorov) (i) The metric space
(D([0, T ], S), dP ) is complete and separable.

(ii) The Borel σ -algebra of D([0, T ], S) is generated by the evaluation maps
πt : x �→ x(t) for all t ≤ T (or t < ∞ in the case T = ∞).

(iii) A set A ⊂ D([0, T ], S) is relatively compact in the J1-topology if and
only if πt (A) is relatively compact in S for each t and

lim
h→0

sup
x∈A

w̃(x, t, h) = 0, t > 0. (B.3)

A (by now standard) proof can be found e.g. in [107], [38] or [74].

Proposition B.7 If S is locally compact, then condition (iii) of the above
theorem implies that there exists a compact set �T such that πt (A) ⊂ �T for
all t ∈ [0, T ].

Proof If w̃(x, T, h) < ε then let � be the union of a finite number of
compact closures of πhk/2(A), hk/2 ≤ T , k ∈ N. Then all intervals of any
partition with [tk, tk+1] ≥ h contain a point hk/2, so that the whole trajectory
belongs to the compact set ∪�ε

kh/2.

We conclude with further remarks on the space D.
An interesting feature of J1-topology is the fact that addition is not con-

tinuous in this topology, i.e. D is not a linear topological space. In fact, let
x = −y = 1[1,∞) be a step function in D(R+,R). Consider the approximat-
ing step functions from the left and from the right, namely xn = 1[1−1/n,∞),
yn = −1[1+1/n,∞). Then x + y = 0 and xn → x , yn → y as n → ∞ in the
J1-topology. However, xn + yn = 1[1−1/n,1+1/n) does not converge to zero.

Another important feature of J1-topology is in the fact that one cannot
approximate discontinuous functions by continuous functions. For instance,
if one tries to approximate the step function x = 1[1,∞) by the broken-line
continuous paths

xn(t) = n(t − 1 + 1/n)1[1−1/n,1) + 1[1,∞) (B.4)
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then xn converges to x pointwise and monotonically but not in J1. In fact, one
can easily see that dS(xn, x) = 1 for all n.

Let us mention that J1 is not the only reasonable topology on D. In fact,
in his seminal paper in 1956, Skorohod introduced four different topologies on
D: the so-called J1, J2, M1 and M2 topologies. The topology M2, for example,
arises from a comparison of the epigraphs {(t, y) : y ≥ x(t)} of paths by means
of the Hausdorff distance. In this topology, the sequence (B.3) converges to the
step function x = 1[1,∞). Though these topologies are of interest sometimes,
J1 is by far the most important. Only J1-topology is used in this book.

Appendix C Convergence of processes in Skorohod spaces

Everywhere in this appendix, S denotes a complete separable metric space with
distance d.

The results of this section are quite standard, though a systematic exposition
of the main tools needed for the study of convergence in Skorohod spaces is
not easy to find in a single textbook. Such a systematic exposition would take
us far from the content of this book, so we have just collected everything that
we need, giving precise references to where the proofs can be found. The basic
references are the books Jacod and Shiryaev [108], Kallenberg [115], Ethier
and Kurtz [74]; see also Dawson [59] and Talay, and Tubaro [239].

Let Xα be a family of S-valued random processes, each defined on its own
probability space with a fixed filtration Fα

t with respect to which it is adapted.
One says that the family Xα possesses the compact containment condition if
for any η, T > 0 there exists a compact set �η,T ⊂ S such that

inf
α

P{Xα(t) ∈ �η,T ∀ t ∈ [0, T ]} ≥ 1 − η. (C.1)

The following is the basic criterion of compactness for distributions on
Skorohod spaces (see Appendix B for the notation w̃).

Theorem C.1 Let Xα be a family of random processes with sample paths in
D(R+, S). Then {Xα} is relatively compact if and only if

(i) for every η > 0 and a rational t ≥ 0 there exists a compact set �η,t ⊂ S
such that

inf
α

P{Xα(t) ∈ �
η
η,t } ≥ 1 − η (C.2)

(where �
η
η,t is the η-neighborhood of �η,t ),

(ii) for every η > 0 and T ≥ 0 there exists a δ > 0 such that

sup
α

P{w̃(Xα, δ, T ) ≥ η} ≤ η.
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Moreover, if (i) and (ii) hold then the compact containment condition holds
also.

Proof See Ethier and Kurtz [74].

The following result (often referred to as the Jakubovski criterion of
tightness) reduces the problem of compactness to real-valued processes.

Theorem C.2 Let Xα be a family of random processes with sample paths in
D(R+, S) possessing the compact containment condition. Let H be a dense
subspace of C(S) in the topology of uniform convergence on compact sets.
Then {Xα} is relatively compact if and only if the family { f ◦ Xα} is relatively
compact for any f ∈ H.

Proof See Ethier and Kurtz [74], Theorem 3.9.1, or Jakubovski [108].

As the conditions of Theorem C.1 are not easy to check, more concrete
criteria have been developed.

A sequence Xn of S-valued random processes (each defined on its own prob-
ability space with a fixed filtration Fn with respect to which it is adapted) is
said to enjoy the one of Aldous conditions, (A), (A′) or (A′′), if

(A) For each N , ε, η > 0 there exist a δ > 0 and n0 such that, for any
sequence of Fn-stopping times {τn} with τn ≤ N ,

sup
n≥n0

sup
θ≤δ

Pn{d(Xn
τn
, Xn

τn+θ ) ≥ η} ≤ ε.

(A′) For each N , ε, η > 0 there exist a δ > 0 and an n0 such that, for any
sequence of pairs of Fn-stopping times {σn, τn} with σn ≤ τn ≤ N ,

sup
n≥n0

Pn{d(Xn
σn
, Xn

τn
) ≥ η, τn < σn + δ} ≤ ε.

(A′′) One has that d(Xn
τn
, Xn

τn+hn
) → 0 in probability as n → ∞ for

any sequence of bounded Fn-stopping times {τn} and any sequence of
positive numbers hn → 0.

Theorem C.3 (Aldous criterion for tightness) Conditions (A), (A′), (A′′)
are equivalent and imply the basic tightness condition (ii) of Theorem C.1.

Proof See Joffe and Métivier [111], Kallenberg [114], Jacod and Shiryaev
[107] or Ethier and Kurtz [74].

As an easy consequence of this criterion we obtain the following crucial
link between semigroup convergence and Skorohod convergence for Feller
processes.
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Theorem C.4 Let S be locally compact and X, X1, X2, . . . be S-valued
Feller processes with corresponding Feller semigroups Tt , T 1

t , T 2
t , . . . If the

compact containment condition holds and the semigroups T n converge to Tt

strongly and uniformly for bounded times then the sequence {Xn} is tight and
the distributions of Xn converge to the distribution of X.

Proof Using Theorems C.1 and C.3 and the strong Markov property of
Feller processes, one only needs to show that d(Xn

0 , Xn
hn
) → 0 in probability

as n → ∞ for any initial distributions μn that may arise from the optional
stopping of Xn and for any positive constants hn → 0. By the compact con-
tainment condition (and Prohorov’s criterion for tightness) we may assume that
μn converges weakly to a certain μ, the law of X0. By the assumed uniformity
in time of semigroup convergence, T n

hn
g → g for any g ∈ C∞(S), implying

that

E[ f (Xn
0 )g(Xn

hn
)] = E( f T n

hn
g)(Xn

0 ) → E( f g)(X0)

for f, g ∈ C∞(S). Consequently, (Xn
0 , Xn

hn
) → (X0, X0) in distribution. Then

d(Xn
0 , Xn

hn
) → d(X0, X0) = 0 in distribution and hence also in probability.

For applications to the dynamic law of large numbers for interacting
particles the following slight modification of this result is often useful.

Theorem C.5 Let S be locally compact, Sn be a family of closed subsets of S
and X, X1, X2, · · · be S, S1, S2, . . . -valued Feller processes with correspond-
ing Feller semigroups Tt , T 1

t , T 2
t , . . . Suppose that the compact containment

condition holds for the family Xn and that the semigroups T n converge to Tt

in the sense that

sup
s≤t

sup
xn∈Sn

|T n
s f (xn) − Ts f (xn)| → 0, n → ∞

for any t > 0 and f ∈ C∞(S). Finally, assume that the sequence xn ∈ Sn

converges to an x ∈ S. Then the sequence of processes {Xn(xn)} (with ini-
tial conditions xn) is tight and the distributions of Xn(xn) converge to the
distribution of X (x).

Proof It is the same as for the previous theorem. Notice that after choosing
a subsequence of laws μn in Sn converging to a law μ in S one has

(T n
t f, μn) − (Tt f, μ) = ((T n

t − Tt ) f, μn) + (Tt f, μn − μ),

implying that (T n
t f, μn) → (Tt f, μ) because the first term in the above

expression tends to zero by our assumption on the convergence of Tn and the
second by the weak convergence of μn .
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The following result allows us to obtain convergence for the solutions of the
martingale problem without assuming the convergence of semigroups and the
local compactness of S.

Theorem C.6 Let Xα be a family of random processes with sample paths in
D(R+, S) and let Ca be a subalgebra in C(S). Assume that for any f from a
dense subset of Ca there exist càdlàg adapted processes Zα such that

f (Xα
t ) −

∫ t

0
Zα

f (s) ds

is an Fα
t -martingale and, for any t > 0,

sup
α

E
(∫ t

0
|Zα

f (s)|p ds

)1/p

< ∞

for a p > 1. Then the family f ◦ Xα is tight in D(R+,R) for any f ∈ Ca.

Proof See Theorem 3.9.4 in Ethier and Kurtz [74].

To formulate other criteria we need the notion of quadratic variation. For two
real-valued processes X and Y the mutual variation or covariation is defined
as the limit in probability

[X, Y ]t

= lim
maxi (si+1−si )→0

n∑
i=1

(Xmin(si+1,t) − Xmin(si ,t))(Ymin(si+1,t) − Ymin(si ,t))

(C.3)

(the limit is over finite partitions 0 = s0 < s1 < · · · < sn = t of the interval
[0, t]). In particular, [X, X ]t is often denoted for brevity by [X ]t and is called
the quadratic variation of X .

Proposition C.7 If [X, Y ] is well defined for two martingales Xt , Yt then
(XY )t − [X, Y ]t is a martingale.

Proof For a partition � = (s = s0 < s1 < · · · < sn = t) of the interval
[s, t] write

[X, Y ]� =
n∑

j=1

(Xs j − Xs j−1)(Ys j − Ys j−1).

Then

(XY )t − (XY )s =
n∑

j=1

(Xs j − Xs j−1)Ys j +
n∑

j=1

(Ys j − Ys j−1)Xs j−1
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= [X, Y ]� +
n∑

j=1

(Ys j − Ys j−1)Xs j−1 +
n∑

j=1

(Xs j − Xs j−1)Ys j−1 , (C.4)

and the expectation of the last two terms vanishes.

Remark C.8 Formula (C.4) suggests a stochastic integral representation for
XY as

(XY )t − (XY )0 = [X, Y ]t +
∫ t

0
Xs− dYs +

∫ t

0
Ys− d Xs,

since the integrals in the above relation are clearly the only reasonable notation
for the limit of the last two terms in (C.4). In stochastic analysis such integrals
are studied systematically.

By a straightforward generalization of Proposition C.7, one obtains that if

X1
t = M1

t +
∫ t

0
b1

s ds, X2
t = M2

t +
∫ t

0
b2

s ds,

where M1
t , M2

t are martingales and bs is a bounded measurable process, then

(X1 X2)t − [X1, X2]t −
∫ t

0
(X1

s b2
s + X2

s d1
s ) ds (C.5)

is a martingale.
One can deduce from (C.3) that if X and Y have locally finite variations

�Xs and �Ys then a.s.

[X, Y ]t =
∑
s≤t

�Xs�Ys (C.6)

(see e.g. Kallenberg [114] or Talay and Tubaro [237] for a proof).
It is also known that if [X, Y ]t is locally integrable then there exists a unique

predictable process with paths of finite variation, denoted by 〈X, Y 〉 and called
the predictable covariation, such that [X, Y ]t − 〈X, Y 〉t is a local martingale;
〈X, X〉t is often denoted for brevity as 〈X〉t .

The following two results are usually referred to as the Rebolledo criteria for
tightness (see e.g. [204] or [73] for the first and [203] or [111] for the second).

Theorem C.9 Let Xn
t be a family of square integrable processes such that

Xn
t = Mn

t + V n
t ,

where the V n
t are predictable finite-variation processes and the Mn

t are mar-
tingales. Then the family Xn

t satisfies the Aldous condition (A) whenever V n
t

and the quadratic variation [Mn
t ] satisfy this condition.
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Theorem C.10 In the above theorem, the quadratic variation [Mn
t ] and the

martingales Mn
t themselves satisfy the Aldous condition (A) whenever the

predictable quadratic variation 〈Mn
t 〉t satisfies this condition.

To apply Rebolledo’s criteria, one has to be able to calculate either the
covariation or the predictable covariation. In the case of a jump process, one
can often use (C.6) effectively. For a Markov process it is often easy to find
the predictable covariation, as we now explain. Let Xt be a Markov process in
Rd solving the martingale problem for an operator L . Let φi (x) denote the i th
coordinate of x ∈ Rd , and suppose that φi and φiφ j belong to the domain of
L , so that

Mi = Xi
t − Xi

0 −
∫ t

0
Lφi (Xs) ds

and

Mi j = Xi
t X j

t − Xi
0 X j

0 −
∫ t

0
L(φiφ j )(Xs) ds

are well-defined martingales. Notice first that

[Xi , X j ]t = [Mi , M j ]t

by (C.6). In the next two lines Mt denotes an arbitrary martingale. From
equation (C.5) one has

Xi
t X j

t − Xi
0 X j

0

= [Xi , X j ]t +
∫ t

0

[
Xi

s L(φ j )(Xs) + X j
s L(φi )(Xs)

]
ds + Mt ,

implying that

[Xi , X j ]t

=
∫ t

0
L(φiφ j )(Xs) ds −

∫ t

0

[
Xi

s L(φ j )(Xs) + X j
s L(φi )(Xs)

]
ds + Mt .

Consequently, by the definition of the predictable covariation,

〈Xi , X j 〉t =
∫ t

0
[L(φiφ j )(Xs) − Xi

s L(φ j )(Xs) − X j
s L(φi )(Xs)] ds, (C.7)

which is the required formula.

Appendix D Vector-valued ODEs

For the sake of completeness we present here in a concise form the basic result
on the smoothness of solutions to Banach-space-valued ODEs (more precisely,
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ODEs on functions with values in a Banach space) with respect to a parameter.
We recall in passing the notion of Gateaux differentiation (see e.g. Martin [170]
for a detailed exposition).

Let B1 and B2 denote Banach spaces with norms ‖.‖1, ‖.‖2. We assume that
M is a closed convex subset of B1. In the examples we have in mind, M stands
for the set of positive elements in B1 (say, M = M(X) in the Banach space
B1 of signed measures on X ).

One says that a mapping F : M �→ B2 is Gateaux differentiable if, for any
Y ∈ M and ξ ∈ B1 such that there exists an h > 0 with Y + hξ ∈ M , the limit

Dξ F(Y ) = lim
h→0+

1

h
[F(Y + hξ) − F(Y )]

exists (in the norm topology of B2); Dξ F(Y ) is called the Gateaux derivative
of F(Y ) in the direction ξ . From the definition it follows that

Daξ F(Y ) = aDξ F(Y )

whenever a > 0 and that

F(Y + ξ) = F(Y ) +
∫ 1

0
Dξ F(Y + sξ) ds (D.1)

whenever Y + ξ ∈ M .

Exercise D.1 Show that if F is Gateaux differentiable and Dξ F(Y ) depends
continuously on Y for any ξ then the mapping Dξ F(Y ) depends linearly on ξ .
Hint: use (D.1) to show additivity and also to show homogeneity with respect
to negative multipliers.

Exercise D.2 Deduce from (D.1) that if Dξ F(Y ) is Lipschitz continuous, in
the sense that

‖Dξ�(Y1) − Dξ�(Y2)‖2 = O(1)‖ξ‖1‖Y1 − Y2‖1

uniformly on Y1, Y2 from any bounded set, then

‖F(Y + ξ) − F(Y ) − Dξ F(Y )‖2 = O(‖ξ‖2
1) (D.2)

uniformly for Y, ξ from any bounded set.

From now on let B1 = B2 = B with norm denoted by ‖.‖.

Theorem D.1 (Differentiation with respect to the initial data) Let �t be
a family of continuous Gateaux differentiable mappings M �→ B depending
continuously on t, such that, uniformly for finite t ,
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‖Dξ�t (Y )‖ ≤ c(‖Y‖)‖ξ‖,
‖Dξ�t (Y1) − Dξ�t (Y2)‖ ≤ c(‖Y1‖ + ‖Y2‖)‖ξ‖‖Y1 − Y2‖ (D.3)

for a continuous function c on R+. Let the Cauchy problem

μ̇t = �t (μt ), μ0 = μ, (D.4)

be well posed in M in the sense that for any μ ∈ M there exists a unique
continuous curve μt = μt (μ) ∈ B, t ≥ 0, such that

μt = μ0 +
∫ t

0
�s(μs) ds (D.5)

and, uniformly for finite t and bounded μ1
0, μ

2
0,

‖μt (μ
1
0) − μt (μ

2
0)‖ ≤ c‖μ1

0 − μ2
0‖ (D.6)

for all pairs of initial data μ1
0, μ

2
0. Finally, let ξt = ξt (ξ, μ) be a continuous

curve in B satisfying the equation

ξt = ξ +
∫ t

0
Dξs�s(μs) ds (D.7)

for a given solution μt = μt (μ) of (D.5). Then

sup
s≤t

1

h
‖μs(μ + hξ) − μs(μ) − hξs‖ ≤ κ(t)h‖ξ‖2 (D.8)

uniformly for bounded ξ and μ, implying in particular that ξt = Dξμt (μ).

Proof Subtracting from the integral equations for μt (μ + hξ) the integral
equations for μt (μ) and hξt yields

μt (μ + hξ) − μt (μ) − hξt

=
∫ t

0
[�s(μs(μ + hξ)) − �s(μs(μ)) − h Dξs�s(μs(μ))] ds.

However, it follows from (D.2) and (D.6) that

‖�s(μs(μ+hξ))−�s(μs(μ))− Dμs (μ+hξ)−μs (μ)�s(μs(μ))‖ = O(h2)‖ξ‖2.

Hence, writing φt = [μt (μ + hξ) − μt (μ) − hξt ]/h and using Exercise D.1
implies that

φt =
∫ t

0
Dhφs�s(μs(μ)) ds + O(h)‖ξ‖2,

which in turn implies (D.8), by Gronwall’s lemma, and the first estimate
in (D.3).
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Theorem D.2 (Differentiation with respect to a parameter) Let �t be a
family of Gateaux differentiable mappings from M to the Banach space L(B)

of bounded linear operators in B satisfying (D.3), where the norm on the l.h.s.
of the inequalities is now understood as the operator norm. Then the solution
to the linear Cauchy problem

Żt = �t (Y )Zt , Z0 = Z ∈ B,

is Gateaux differentiable with respect to Y , and the derivative Dξ Zt (Y ) is the
unique solution of the problem

Ḋξ Zt (Y ) = �t (Y )Dξ Zt (Y ) + Dξ�t (Y )Zt , Dξ Z0(Y ) = 0.

Proof This is the same as for the previous theorem and is left as an
exercise.

Appendix E Pseudo-differential operator notation

The Fourier transform

F f (p) = 1

(2π)d/2

∫
e−i px f (x) dx = 1

(2π)d/2
(e−i p., f )

is known to be a bijection on the Schwarz space S(Rd), the inverse operator
being the inverse Fourier transform

F−1g(x) = 1

(2π)d/2

∫
eipx g(p) dp.

As one easily sees, the Fourier transform takes the differentiation operator to
the multiplication operator, i.e. F( f ′)(p) = (i p)F( f ). This property suggests
a natural definition for fractional derivatives. Namely, one defines a symmetric
fractional operator in Rd of the form∫

Sd−1
|(∇, s)|βμ(ds),

where μ(ds) is an arbitrary centrally symmetric finite Borel measure on the
sphere Sd−1, as the operator that multiplies the Fourier transform of a function
by ∫

Sd−1
|(p, s)|βμ(ds),

i.e. via the equation

F

(∫
Sd−1

|(∇, s)|βμ(ds) f

)
(p) =

∫
Sd−1

|(p, s)|βμ(ds)F f (p).



338 Appendices

Well-known explicit calculations (see e.g. [124] or [217]) show that∫
Sd−1

|(∇, s)|βμ(ds)

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

cβ
∫∞

0

∫
Sd−1

[
f (x + y) − f (x)

] d|y|
|y|1+β

μ(ds),

β ∈ (0, 1),

cβ
∫∞

0

∫
Sd−1

[
f (x + y) − f (x) − (y,∇ f (x))

] d|y|
|y|1+β

μ(ds),

β ∈ (1, 2),

(E.1)

with certain explicit constants cβ and with∫
Sd−1

|(∇, s)|μ(ds) = − 2

π
lim
ε→0

∫ ∞

ε

∫
Sd−1

[
f (x + y) − f (x)

] d|y|
|y|2 μ(ds).

(E.2)
Fractional derivatives constitute a particular case of the so-called pseudo-

differential operators (�DOs). For a function ψ(p) in Rd , called in this
context a symbol, one defines the �DO ψ(−i∇) as the operator taken by
Fourier transform to multiplication by ψ ; this is expressed in the equation

F(ψ(−i∇) f )(p) = ψ(p)(F f )(p). (E.3)

Comparing this definition with the above fractional derivatives, one sees that∫
Sd−1 |(∇, s)|αμ(ds) is the �DO with symbol

∫
Sd−1 |(p, s)|αμ(ds).

The explicit formula for F−1 yields an explicit integral representation for
the �DO with symbol ψ :

ψ(−i∇) f (x) = 1

(2π)d/2

∫
eipxψ(p)(F f )(p) dp.

This expression suggests the following further extension. For a function
ψ(x, p) on Rd one defines the �DO ψ(x,−i∇) with symbol ψ via the formula

ψ(x,−i∇) f (x) = 1

(2π)d/2

∫
eipxψ(x, p)(F f )(p) dp. (E.4)

Appendix F Variational derivatives

We recall here basic definitions for the variational derivatives of functionals on
measures, deduce some of their elementary properties and finally specify the
natural class of functional spaces, on which the derivatives on the dual space
can be defined analogously. Suppose that X is a metric space. For a function F
on M(X), the variational derivative δF(Y )/δY (x) is defined as the Gateaux
derivative of F(Y ) in the direction δx :
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δF(Y )

δY (x)
= Dδx F(Y ) = lim

s→0+

1

s
[F(Y + sδx ) − F(Y )] ,

where lims→0+ means the limit over positive s and D denotes the Gateaux
derivative. The higher derivatives δl F(Y )/δY (x1) · · · δY (xl) are defined induc-
tively.

As follows from the definition, if δF(Y )/δY (.) exists for an x ∈ X and
depends continuously on Y in the weak topology of M(X) then the function
F(Y + sδx ) of s ∈ R+ has a continuous right derivative everywhere and hence
is continuously differentiable, implying that

F(Y + δx ) − F(Y ) =
∫ 1

0

δF(Y + sδx )

δY (x)
ds. (F.1)

From the definition of the variational derivative it follows that

lim
s→0+

1

s
[F(Y + saδx ) − F(Y )] = a

δF

δY (x)

for a positive a, allowing us to extend equation (F.1) to

F(Y + aδx ) − F(Y ) = a
∫ 1

0

δF

δY (x)
(Y + saδx ) ds. (F.2)

It is easy to see that this still holds for negative a provided that Y + aδx ∈
M(X).

We shall need an extension of this identity for measures that are more gen-
eral than the Dirac measure δx . Let us introduce some useful notation. We
shall say that F belongs to Ck

weak(M(X)) = Ck(M(X)), k = 1, 2, . . . , if,
for all l = 1, . . . , k, δl F(Y )/δY (x1) · · · δY (xl) exists for all x1, . . . , xk ∈ Xk ,
Y ∈ M(X), and represents a continuous mapping of k + 1 variables (when
measures are equipped with the weak topology) that are uniformly bounded
on the sets of bounded Y . If X is locally compact, one similarly defines the
spaces Ck

vague(M(X)), which differ from the spaces Ck
weak(M(X)), by assum-

ing that there is continuity in the vague topology and that the derivatives
δl F(Y )/δY (x1) · · · δY (xl) belong to C∞(Xl) uniformly for bounded sets of
Y . If X = Rd , we shall say that F belongs to C1,l

weak(M(X)), l = 1, 2, . . . , if,
for any m = 0, 1, . . . , l, the derivatives

∂m

∂xm

δF(Y )

δY (x)

exist for all x ∈ X , Y ∈ M(X), are continuous functions of their vari-
ables (when measures are equipped with the weak topology) and are uniformly
bounded on the sets of bounded Y .
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Lemma F.1 If F ∈ C1(M(X)) then F is Gateaux differentiable on M(X)

and

Dξ F(Y ) =
∫

δF(Y )

δY (x)
ξ(dx). (F.3)

In particular, if Y, Y + ξ ∈ M(X) then

F(Y + ξ) − F(Y ) =
∫ 1

0

(
δF(Y + sξ)

δY (.)
, ξ

)
ds (F.4)

(note that ξ can be a signed measure).

Proof Using the representation

F(Y + s(aδx + bδy)) − F(Y )

= F(Y + saδx ) − F(Y ) + b
∫ s

0

δF

δY (y)
(Y + saδx + hbδy) dh

for arbitrary points x, y and numbers a, b ∈ R such that

Y + aδx + bδy ∈ M(X)

and also the uniform continuity of δF(Y + sδx + hδy; y) in s, h allows us to
deduce from (F.1) the existence of the limit

lim
s→0+

1

s

[
F(Y + s(aδx + bδy)) − F(Y )

] = a
δF

δY (x)
+ b

δF

δY (y)
.

Extending similarly to an arbitrary number of points, one obtains (F.4) for ξ a
finite linear combination of the Dirac measures.

Assume now that ξ ∈ M(X) and ξk → ξ as k → ∞ weakly in M(X),
where the ξk are finite linear combinations of the Dirac measures with positive
coefficients. We now pass to the limit k → ∞ in equation (F.4) written for
ξ = ξk . As F ∈ C(M(X)), one has

F(Y + ξk) − F(Y ) → F(Y + ξ) − F(Y ), k → ∞.

Next, the difference∫ 1

0

(
δF

δY (.)
(Y + sξk), ξk

)
ds −

∫ 1

0

(
δF

δY (.)
(Y + sξ), ξ

)
ds

can be written as∫ 1

0

(
δF

δY (.)
(Y + sξk), ξk − ξ

)
ds

+
∫ 1

0

[(
δF

δY (.)
(Y + sξk), ξ

)
−
(

δF

δY (.)
(Y + sξ), ξ

)]
ds.
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By our assumptions,

δF

δY (.)
(Y + sξk) − δF

δY (.)
(Y + sξ)

converges to zero as k → ∞ uniformly for x from any compact set. However,
as ξk → ξ this family is tight, so that the integrals in the above formula can
be made arbitrarily small outside any compact domain. Hence both integrals
converge to zero.

To complete the proof of (F.4) let us note that if ξ /∈ M(X) (i.e. ξ is a
signed measure) then the same procedure is applied, but one has to approx-
imate both Y and ξ . Clearly (F.3) follows from (F.4) and the definition of a
Gateaux derivative.

Corollary F.2 If Y, Y +ξ ∈ M(X) and F ∈ C2(M(X)) or F ∈ C3(M(X)),
the following Taylor expansions hold respectively:

F(Y + ξ) − F(Y ) =
(
δF(Y )

δY (.)
, ξ

)
+
∫ 1

0
(1 − s)

(
δ2 F(Y + sξ)

δY (.)δY (.)
, ξ ⊗ ξ

)
ds,

(F.5a)

F(Y + ξ) − F(Y ) =
(

δF

δY (.)
, ξ

)
+ 1

2

(
δ2 F(Y )

δY (.)δY (.)
, ξ ⊗ ξ

)

+ 1

2

∫ 1

0
(1 − s)2

(
δ3 F(Y + sξ)

δY 3(., ., .)
, ξ⊗3

)
ds. (F.5b)

Proof This follows straightforwardly from the usual Taylor expansion.

Lemma F.3 If t �→ μt ∈ M(X) is continuously differentiable in the weak
topology then, for any F ∈ C1(M(X)),

d

dt
F(μt ) = (δF(μt ; ·), μ̇t ). (F.6)

Proof This requires the chain rule of calculus in an infinite-dimensional
setting. The details are left as an exercise.

Another application of the chain rule that is of importance is the following.

Lemma F.4 If F ∈ C1,l
weak(M(Rd)) then

∂

∂xi
F(hδx) = h

∂

∂xi

δF(Y )

δY (xi )
, Y = hδx = hδx1 + · · · + hδxn .

Exercise F.1 Prove Lemma F.4. Hint: formally, this is a chain rule, where
one uses the fact that δ′

x is the generalized function (distribution) acting as
( f, δ′

x ) = f ′(x). For a more rigorous footing one represents the increments of
F by (F.4).
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One often needs also the derivatives of Banach-space-valued functions on
M(X). Let us say that a mapping � : M(X) �→ M(X) has a strong
variational derivative δ�(μ, x) if, for any μ ∈ M(X), x ∈ X , the limit

δ�

δY (x)
= lim

s→0+

1

s
[�(Y + sδx ) − �(Y )]

exists in the norm topology of M(X) and is a finite signed measure on X .
Higher derivatives are defined inductively. We shall say that � belongs to
Cl(M(X);M(X)), l = 0, 2, . . . , if for all k = 1, . . . , l the strong variational
derivative δk�(Y ; x1, . . . , xk) exists for all x1, . . . , xk ∈ Xk , Y ∈ M(X), and
represents a mapping M(X)×Xk �→ Msign(X) that is continuous in the sense
of the weak topology and is bounded on the bounded subsets of Y .

Lemma F.5 Let � ∈ C1(M(X);M(X)) and F ∈ C1(M(X)); then the
composition F ◦ �(Y ) = F(�(Y )) belongs to C1(M(X)), and

δF

δY (x)
(�(Y )) =

∫
δF(Z)

δZ(y)

∣∣∣∣
Z=�(Y )

δ�

δY (x)
(Y, dy). (F.7)

Proof By (F.4),

δF ◦ �

δY (x)
(Y ) = lim

h→0+

1

h
[F(�(Y + hδx )) − F(�(Y ))]

= lim
h→0+

1

h

∫ 1

0
ds

[
δF

δZ(.)
(�(Y ) + s[�(Y + hδx ) − �(Y )], .)�(Y + hδx )

− �(Y )

]

= lim
h→0+

1

h

∫ 1

0
ds
∫

X

[
δF

δZ(y)

(
�(Y ) + sh [δ�(Y, x) + o(1)]

) δ�

δY (x)
(Y, dy)

]
,

yielding (F.7).

The above lemmas are derived under the strong assumption of boundedness.
In practice one often uses their various extensions, in which functions and
their variational derivatives are unbounded or defined on a subset of M(X).
The matter is often complicated by the necessity to work in different weak or
strong topologies. In all these situations the validity of the calculations should
be justified, of course.

Moreover, variational derivatives can be defined also for other functional
spaces. The next statement identifies a natural class.

Proposition F.6 Let a Banach space B with norm ‖.‖B be a subspace of
the space of continuous functions on a complete locally compact metric space
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X (we shall apply it in the case where X is a subset of Rd) such that, for any
compact set K ⊂ X, the mapping f �→ f 1K is a contraction and a continuous
embedding B → C(K ) with a closed image and, for any f ∈ B, one has
f = lim( f 1BR ) in B as R → ∞, where BR is a ball with any fixed center.
Then the Dirac measures δx belong to B� and their linear combinations are
�-weakly dense there. Consequently, the variational derivatives δF/δY can be
defined in the usual way and possess all the above properties.

Proof By the Hahn–Banach theorem, any element φ ∈ B� can be lifted to
an element of (C(K ))� = M(K ) and hence approximated by linear combina-
tions of Dirac measures. Finally, by the assumptions made in the proposition,
any (φ, f ) is approximated by (φR, f ) = (φ, f 1BR ).

Spaces satisfying the conditions of Proposition F.6 are numerous. As exam-
ples, one can take the spaces C∞(X), C f (X), C f,∞(X), their subspaces of
differentiable functions with uniform or integral norms and various weighted
Sobolev spaces.

Appendix G Geometry of collisions

We recall here two points on Boltzmann’s collision geometry. Namely, we
shall deduce the collision inequalities and the Carleman representation for the
collision kernel, in both cases for an arbitrary number of dimensions.

Recall that the Boltzmann equation in weak form, (1.50), can be written as

d

dt
(g, μt ) = 1

2

∫
n∈Sd−1:(n,w−v)≥0

∫
R2d

μt (dv)μt (dw)

× [g(v′) + g(w′) − g(v) − g(w)]B(|v2 − v1|, θ), (G.1)

where θ ∈ [0, π/2] is the angle between n = (v′ − v)/|v′ − v| and w − v, and

v′ = v − n(v − w, n), w′ = w + n(v − w, n),

n ∈ Sd−1, (n, v − w) ≥ 0; (G.2)

this is a natural parametrization of collisions under the conservation laws (1.48)

v + w = v′ + w′, v2 + w2 = (v′)2 + (w′)2.

Unlike in (1.52), which is an adaptation of the general jump-type kinetic equa-
tion, we denote here the input and output pairs of velocities by (v,w) and
(v′, w′), which is more usual in the literature on the Boltzmann equation.
Clearly, equation (G.1) can be rewritten as



344 Appendices

d

dt
(g, μt )

= 1
4

∫
Sd−1

∫
R2d

[g(v′) + g(w′) − g(v) − g(w)]B(|v − w|, θ)dnμt (dv)μt (dw),

(G.3)

if B is extended to the angles θ ∈ [π/2, π ] by using B(|v|, θ) = B(|v|, π −θ).
Also, the symmetry allows us to rewrite (G.1) as

d

dt
(g, μt )

=
∫

n∈Sd−1:(n,w−v)≥0
dn

∫
R2d

μt (dv)μt (dw)[g(v′) − g(v)]B(|v2 − v1|, θ).
(G.4)

For measures with density μ(dx) = f (x)dx , this can be given in the following
strong form:

d

dt
ft (v)

=
∫

n∈Sd−1:(n,w−v)≥0

∫
Rd

[ ft (w
′) ft (v

′) − ft (w) ft (v)]B(|w − v|, θ) dn dw.

(G.5)

A useful tool for the analysis of collisions is supplied by the following
elementary fact.

Proposition G.1 If v′, w′ are the velocities attained after a collision of
particles with velocities v,w ∈ Rd , so that

v′ = v − n(v − w, n), w′ = w + n(v − w, n),

n ∈ Sd−1, (n, v − w) ≥ 0,

then

|v′|2 = |v|2 sin2 θ + |w|2 cos2 θ − σ |v| |w| sin θ cos θ cosφ sinα,

|w′|2 = |v|2 cos2 θ + |w|2 sin2 θ + σ |v| |w| sin θ cos θ cosφ sinα,
(G.6)

where α ∈ [0, π ] is the angle between the vectors v and w, θ ∈ [0, π/2] is the
angle between v′ −v and w−v and φ ∈ [0, π ] is the angle between the planes
generated by v,w and v′ − v,w − v.

Exercise G.1 Prove this statement. Hints: clearly the second equation in
(G.6) is obtained from the first by symmetry, i.e. by changing θ to π/2 − θ .
Furthermore, though (G.6) is formulated in Rd , it is effectively a three-
dimensional statement involving three vectors, v,w, v′ (or the four points
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0, v, w, v′ in the corresponding affine space). Finally, it can be shown by
lengthy but straightforward calculations that the main point is that the vec-
tors v′ − v and v′ − w are perpendicular (because, as follows from (G.2), the
end points of all possible vectors v′ lie on the sphere whose poles are the end
points of v, w).

The form of the collision inequality given below (and its proof) is taken
from Lu and Wenberg [164]. This form is the result of much development and
improvement, the main contributors being, seemingly, Povsner and Elmroth
(see [71]).

Proposition G.2 With the notation of the previous proposition, the following
collision inequality holds for θ ∈ (0, π/2) and any c > 0:

(c + |v′|2)s/2 + (c + |w′|2)s/2 − (c + |v|2)s/2 − (c + |w|2)s/2

≤ 2s+1[(c + |v|2)(s−1)/2(c + |w|2)1/2

+ (c + |w|2)(s−1)/2(c + |v|2)1/2] cos θ sin θ

− min
(

1
4 s(s − 2), 2

)
cos2 θ sin2 θ [(c + |v|2)s/2 + (c + |w|2)s/2]. (G.7)

Proof By (G.6)

|v′|2 ≤ (|v| sin θ + |w| cos θ)2,

|w′|2 ≤ (|v| cos θ + |w| sin θ)2.

Hence

c + |v′|2 ≤ c(sin2 θ + cos2 θ) + (|v| sin θ + |w| cos θ)2

≤
(√

c + |v|2 sin θ +
√

c + |w|2 cos θ

)2

and

c + |w′|2 ≤
(√

c + |v|2 cos θ +
√

c + |w|2 sin θ

)2

.

Using inequality (6.15) one can write

(c + |v′|2)s/2 + (c + |w′|2)s/2

≤ [(c + |v|2)s/2 + (c + |w|2)s/2](sins θ + coss θ)

+ 2s sin θ cos θ(sins−2 θ + coss−2 θ)

× [(c + |v|2)(s−1)/2(c + |w|2)1/2 + (c + |w|2)(s−1)/2(c + |v|2)1/2],
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the last term being bounded by

2s+1 sin θ cos θ
[
(c+|v|2)(s−1)/2(c+|w|2)1/2 + (c+|w|2)(s−1)/2(c+|v|2)1/2

]
owing to the assumption s ≥ 2. Hence, it remains to show the elementary
inequality

sins θ + coss θ ≤ 1 − min
[

1
4 s(s − 2), 2

]
cos2 θ sin2 θ, s > 2.

Exercise G.2 Prove the above inequality, thus completing the proof of the
proposition. Hint: for s ≥ 4 it reduces to the obvious inequality

sins θ + coss +2 cos2 θ sin2 θ ≤ 1;
for s ∈ [2, 4] one simply needs to prove that

aβ + (1 − a)β + β(β − 1)a(1 − a) ≤ 1, a ∈ [0, 1/2], β ∈ [1, 2].

As a second topic in this appendix, we shall discuss a couple of other
representations for the Boltzmann equation that are crucial for its qualitative
analysis.

Namely, writing

n = w − v

|w − v| cos θ + m sin θ, dn = sind−2 θ dθ dm,

with m ∈ Sd−2 and dm the Lebesgue measure on Sd−1, allows us to rewrite
(G.5) as

d

dt
ft (v1) =

∫ π/2

0
dθ

∫
Sd−2

dm
∫

Rd
dw[ ft (w

′) ft (v
′) − ft (w) ft (v)]

× sind−2 θB(|w − v|, θ). (G.8)

Under the symmetry condition

sind−2 θB(|z|, θ) = sind−2(π/2 − θ)B(|z|, π/2 − θ)

the integral in (G.8) is invariant under the transformation θ �→ π/2 −
θ,m �→ −m (or equivalently, v′ �→ w′, w′ �→ v′). Hence, decomposing
the domain of θ into two parts, [0, π/4] and [π/4, π/2], and making the above
transformation in the second integral allows us to represent the Boltzmann
equation in the following reduced form:

d

dt
ft (v) = 2

∫
n∈Sd−1:θ∈[0,π/4]

∫
Rd

[ ft (w
′) ft (v

′) − ft (w) ft (v)]

× B(|w − v|, θ) dn dw. (G.9)
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Next, let us denote by Ev,z the (d − 1)-dimensional plane in Rd that passes
through v and is perpendicular to z − v and by dEv,v′ the Lebesgue measure on

it. Changing the variables w, n in (G.5) to v′ ∈ Rd , w′ ∈ Ev,v′ , so that

dn dw = dn dEv,v′w
′ d|v′ − v| = 1

|v′ − v|d−1
dv′ dEv,v′w

′,

leads to the following Carleman representation of the Boltzmann equation:

d

dt
ft (v) =

∫
Rd

dv′
∫

Ev,v′
dEv,v′w

′[ ft (w
′) ft (v

′) − ft (w) ft (v)] B(|w − v|, θ)
|v − v′|d−1

.

(G.10)

Finally, using the same transformation for (G.9) leads to the following reduced
form of the Carleman representation, the Carleman–Gustafsson representation,
which was proposed in [92]:

d

dt
ft (v) = 2

∫
Rd

dv′
∫
w′∈Ev,v′ :|w′|≤|v−v′|

dEv,v′w
′

× [ ft (w
′) ft (v

′) − ft (w) ft (v)] B(|w − v|, θ)
|v − v′|d−1

. (G.11)

Carleman’s representation and its modification are useful for obtaining point-
wise estimates for solutions to the Boltzmann equation; see e.g. the end of
Section 6.2.

Appendix H A combinatorial lemma

Clearly, for any f ∈ Csym(X2) and x = (x1, . . . , xn) ∈ Xn ,∑
I⊂{1,...,n},|I |=2

f (xI )

= 1
2

∫∫
f (z1, z2)δx(dz1)δx(dz2) − 1

2

∫
f (z, z)δx(dz). (H.1)

The following is a generalization for functions of k variables.

Proposition H.1 For any natural k, f ∈ Csym(Xk) and x = (x1, . . . , xn) ∈
Xn, ∑

I⊂{1,...,n},|I |=k

f (xI ) = 1

k! [( f, δ⊕k
x ) − σ( f )] (H.2)

where σ( f ) is a positive linear mapping on Csym(Xk) given by
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σ( f ) =
k−1∑
m=1

m!
∑

I⊂{1,...,n},|I |=m

∑
l∈I

∫
Xk−m−1

f (xl , xl , xI\l , z)

× δ⊕(k−m−1)
x (dz). (H.3)

Proof Clearly

( f, δ⊕k
x ) =

n∑
i1,...,ik=1

f (xi1 , . . . , xik ) = k!
∑

I⊂{1,...,n},|I |=k

f (xI ) + σ( f ),

where σ( f ) is the sum of the terms f (xi1 , . . . , xik ) in which at least two indices
coincide. Let i , j , i < j , denote the numbers of the first repeated indices there.
Then, by the symmetry of f ,

σ( f ) =
k∑

j=2

j−1∑
i=1

n∑
l=1

∑
J⊂{1,...,n}\l,|J |= j−2

( j − 2)!

×
n∑

i1,...,ik− j =1

f (xl , xl , xJ , xi1 , . . . , xik− j )

=
k∑

j=2

( j − 1)!
n∑

l=1

∑
J⊂{1,...,n}\l,|J |= j−2

∫
Xk− j

f (xl , xl , xJ , z)δ⊕(k− j)
x (dz).

Setting m = j − 1 and I = J ∪ l yields (H.3).

Corollary H.2 For h > 0, f ∈ Csym(Xk) and x = (x1, . . . , xn) ∈ Xn,

hk
∑

I⊂{1,...,n},|I |=k

f (xI ) = 1

k! [( f, (hδx)
⊕k) − σh( f )], (H.4)

where σh( f ) is a positive linear mapping on Csym(Xk) possessing the
estimates ∣∣∣∣σh( f )

k!
∣∣∣∣ ≤ h

2(k − 2)!
∫

Xk−1
P f (y)(hδx)

⊗(k−1)(dy), (H.5)

where P f (y1, . . . , yk−1) = f (y1, y1, y2, y3, . . . , yk−1), and

∣∣∣∣σh( f )

k!
∣∣∣∣ ≤ h

2(k − 2)! ‖ f ‖‖hδx‖k−1. (H.6)
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Proof Multiplying (H.2) by hk yields (H.4) with

σh( f ) =
k−1∑
m=1

hm+1m!
∑

I⊂{1,...,n},|I |=m

∑
l∈I

∫
Xk−m−1

f (xl , xl , xI\l , z)

× (hδx)
⊕(k−m−1)(dz).

(H.7)

Hence, estimating the sum over the subsets I by the sum over all combinations
yields

|σh( f )| ≤ h
k−1∑
m=1

hm+1m
n∑

x1,...,xm=1

∫
f (x1, x1, x2, . . . , xm, z)

× (hδx)
⊕(k−m−1)(dz)

=
k−1∑
m=1

hm
∫

P f (y)(hδx)
⊕(k−1)(dy),

implying (H.5) and hence (H.5).

Exercise H.1 Show that

hk
∑

I⊂{1,...,n},|I |=k

f (xI ) = 1

k! ( f, (hδx )
⊗k) +

k−1∑
l=1

(−h)l(�k
l [ f ], (hδx)

⊗(k−l)),

(H.8)
where the �k

l [ f ] are positive bounded operators taking Csym(Xk) to
Csym(Xk−l). Write down an explicit formula for �k

l [ f ].

Appendix I Approximation of infinite-dimensional
functions

Let B and B∗ be a real separable Banach space and its dual, with duality
denoted by (·, ·) and the unit balls by B1 and B∗

1 . It follows from the Stone–
Weierstrass theorem that finite-dimensional (or cylindrical) functions of the
form F f (v) = f ((g1, v), . . . , (gm, v)) with g1, . . . , gm ∈ B and f ∈ C(Rm)

are dense in the space C(B∗
1 ) of ∗-weakly continuous bounded functions on

the unit ball in B∗. We need a more precise statement (which to date the author
has not found in the literature) that these approximations can be chosen in such
a way that they respect differentiation. It is sufficient for us to discuss the case
B = C∞(X), where X is Rn or a submanifold of Rn , and we will focus our
attention on this case.
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A family P1, P2, . . . of linear contractions in B of the form given by

Pjv =
L j∑

l=1

(wl
j , v)φ

l
j , (I.1)

where φl
j and wl

j are finite linearly independent sets from the unit balls B∗
1 and

B1 respectively, is said to form an approximative identity if the sequence Pj

converges strongly to the identity operator as j → ∞.
To see the existence of such a family, let us choose a finite 1/j net

x1, x2, . . . , xL j in the ball {‖x‖ ≤ j}. Let φl
j be a collection of continuous

non-negative functions such that φ j (x) = ∑
l φ

l
j (x) belongs to [0, 1] every-

where, equals 1 for ‖x‖ ≤ j and vanishes for ‖x‖ ≥ j + 1 and such that each
φl

j equals 1 in a neighborhood of xl
j and vanishes for ‖x − xl

j‖ ≥ 2/j . Then
the operators given by

Pj f (x) =
L j∑

l=1

f (xl
j )φ

l
j (x) =

L j∑
l=1

( f, δxl
j
)φl

j (x)

form an approximative identity in B = C∞(X), which one may check first for
f ∈ C1(Rd) and then, by approximating for all f ∈ C∞(Rd).

Proposition I.1 Suppose that the family P1, P2, . . . of finite-dimensional lin-
ear contractions in B given by (I.1) form an approximative identity in B.
Then:

(i) for any F ∈ C(B∗
1 ) the family of finite-dimensional (or cylinder) func-

tionals Fj = F(P∗
j ) converges to F uniformly (i.e. in the norm topology of

C(B∗
1 ));

(ii) if F is k-times continuously differentiable, i.e. δk F(μ)(v1, . . . , vk) exists
and is a ∗-weakly continuous function of k + 1 variables, then the derivatives
of Fj of order k converge to the corresponding derivatives of F uniformly
on B∗

1 .

Proof (i) Notice that

P∗
j (μ) =

L j∑
l=1

(φl
j , μ)w

l
j .

The required convergence for functions of the form Fg(μ) = exp[(g, μ)],
g ∈ C∞(X), follows from the definition of the approximative identity

Fg(P∗
j (μ)) = exp

[
(Pj g, μ)

]
.
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For arbitrary F ∈ C(B∗
1 ) the statement is obtained through its approximation

by linear combinations of exponential functions Fg (which is possible owing
to the Stone–Weierstrass theorem).
(ii) If F is k-times continuously differentiable then

δFj (μ)

δμ(x)
=

L j∑
l=1

φl
j (x)

δF

δμ(xl
j )
(P�

j μ)

=
(

δF

δμ(xl
j )
(P�

j μ), P�
j δx

)
= Pj

(
δF(P�

j μ)

δμ(.)

)
(x),

and similarly

δk Fj (μ)

δμ(v1) · · · δμ(vk)
=
(

δk F

δμ(v1) · · · δμ(vk)
(P�

j μ), P�
j δv1 ⊗ · · · ⊗ P�

j δvk

)
;

the result then follows from (i).

From Proposition I.1 one easily deduces the possibility of approximating
F ∈ C(B∗

1 ) by polynomials or exponential functionals together with their
derivatives.

Corollary I.2 For any F ∈ C(B∗
1 ) there exist two families Fn ∈ C(B∗

1 ), of
finite linear combinations of the analytic functions of μ ∈ B∗, the first of which
is of the form

exp

⎧⎨
⎩−ε j

L j∑
l=1

[
(φl

j , μ) − ξl

]2

⎫⎬
⎭ , ε j > 0, ξl ∈ Rd ,

and the second of which is of the form∫
g(x1, . . . , xk)μ(dx1) · · ·μ(dxn), g ∈ S(Rd),

such that � j (F) converges to F uniformly on B∗
1 ; if F is differentiable then

the corresponding derivatives also converge.

Proof For any j , clearly the functional Fj (μ) = F(P∗
j (μ)) can be writ-

ten in the form Fj (μ) = f j (y(μ)) where y(μ) = {(φ1
j , μ), . . . , (φ

L j
j , μ)}

and the f j are bounded continuous functions of L j variables. Approximat-
ing f j first by eε� f j and the latter function by a linear combination h j

of Gaussian functions of the type exp[−ε j
∑L j

l=1(yl − ξl)
2], we then define

� j (F(μ)) = h j (y(μ)), which has the required property. One obtains the
polynomial approximation in a similar way, invoking the finite-dimensional
Weierstrass theorem.
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Appendix J Bogolyubov chains, generating functionals
and Fock-space calculus

This appendix is an addendum to Section 1.9 indicating an alternative method
of deducing the basic kinetic equations (historically one of the first methods;
see the comments in Section 11.6) that uses so-called Bogolyubov chains,
called also the BBGKY hierarchy.

The discussion in Section 1.9 suggests that it could be useful to look at the
evolution (1.68) in terms of correlation functions. This is actually the method
normally used in statistical physics. The corresponding equations are called
Bogolyubov chains. A neat and systematic way to obtain these equations is via
Fock-space calculus, using creation and annihilation operators; this also yields
a fruitful connection with similar problems in quantum mechanics.

For an arbitrary Y ∈ M(X) the annihilation operator a−(Y ) is defined by

(a−(Y ) f )(x1, . . . , xn) =
∫

xn+1

f (x1, . . . , xn, xn+1)Y (dxn+1)

on C(SX ) and, for an arbitrary h ∈ C(X), the creation operator a+(h) acts on
C(SX ) as follows:

(a+(h) f )(x1, . . . , xn) =
n∑

i=1

f (x1, . . . , x̌i , . . . , xn)h(xi ), n 
= 0,

(a+(h) f )0 = 0

(the inverted caret on xi indicates that it is removed from the list of arguments
of f ). Their duals are the creation and annihilation operators on Msym(X ),
defined as

(a�−(Y )ρ)(dx1 · · · dxn) = 1

n

n∑
i=1

ρ(dx1 · · · ďx i · · · dxn)Y (dxi ),

(a�+(h)ρ)(dx1 · · · dxn) = (n + 1)
∫

xn+1

ρn+1(dx1 · · · dxn+1)h(xn+1).

These operators satisfy the canonical commutation relations

[a−(Y ), a+(h)] =
∫

h(x)Y (dx)1, [a�+(h), a�−(Y )] =
∫

h(x)Y (dx)1.
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For brevity, we shall write a+ and a�+ for the operators a+(1) and a�+(1)
respectively. The powers of a+(h) and its dual are clearly given by the formulas[

(a+(h))m f
]n

(x1, . . . , xn) = m!
∑

I⊂{1,...,n},|I |=m

f n−m(xĪ )
∏
i∈I

h(xi ),

[
(a�+(h))mρ

]
n (dx1 · · · dxn)

= (n + m)!
n!

∫
xn+1,...,xn+m

ρn+m(dx1 · · · dxn+m)

m∏
j=1

h(xn+ j )

(the first formula holds only for m ≤ n and, for m > n, the power[
(a+(h))m f

]n vanishes).
In terms of canonical creation and annihilation operators, the transforma-

tions ρ �→ μh and g → Sh g = f from Section 1.9 are described by the
formulas

ρ �→ ν = N ! hN ea�+ρ (J.1)

and

f = { f j } �→ g = {g j } = (N !)−1h−N e−a+ f. (J.2)

Next, for an operator D on C(X), the density number operator n(D) (or
gauge operator or second-quantization operator for D) in C(SX ) is defined
by the formula

n(D) f (x1, . . . , xn) =
n∑

i=1

Di f (x1, . . . , xn), (J.3)

where Di acts on f (x1, . . . , xn) regarded as a function of xi . One easily checks
that

[n(A), n(D)] = n([A, D]),
[n(D), a+(h)] = a+(Dh), [a−(Y ), n(D)] = a−(D�Y ).

In particular, if D is a finite-dimensional operator of the form

D =
l∑

j=1

h j ⊗ Y j , h j ∈ C(X), Y ∈ M(X), (J.4)

which acts as D f = ∑l
j=1( f, Y j )h j , then n(D) = ∑l

j=1 a+(h j )a−(Y j ). In
general, however, one cannot express n(D) in terms of a+ and a−.
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The tensor power of the operator n is defined for a possibly unbounded
operator Lk : Csym(X ) → Csym(Xk) as the operator n⊗k(Lk) in Csym(X )

given by the formula

(n⊗k(Lk) f )(x1, . . . , xn) =
∑

I⊂{1,...,n},|I |=k

(Lk fxĪ
)(xI ), (J.5)

where we write

fx1,...,xn (y1, . . . , ym) = f (x1, . . . , xn, y1, . . . , ym),

for an arbitrary f ∈ Csym(X ). This is precisely the transformation from a Bk

of the form (1.65) to the generator of k-ary interaction Ik given by (1.66), so
that

Ik[Pk, Ak] = n⊗k(Bk). (J.6)

Using the formalism of the creation, annihilation and gauge operators, one
may deduce the Bogolyubov-chain equations, i.e. the equations for the correla-
tion functions νh that correspond to the evolution of ρh dual to equation (1.68),
i.e.

ρ̇h(t) = (I h)�[P, A]ρh(t), I h[P, A] = 1

h

k∑
l=1

hl Il [Pl , Al ]. (J.7)

Although we will not carry out this calculation (see the comments in
Section 11.6), let us note that it turns out that the limiting equations, as h → 0,
to the equations for ν and g expressed by (J.1) and (J.2) are given by the
chain of equations (1.91) and (1.92), yielding the method of deducing kinetic
equations from Bogolyubov chains for correlation functions.

Finally, let us mention a method of storing information on many-particle
evolutions using generating functionals. The generating functionals for an
observable f = { f n} ∈ C(X ) and for a state ρ = {ρn} ∈ M(X ) are defined
respectively as functionals � f of Y ∈ M(X) and �̃ρ of Q ∈ C(X), where

� f (Y ) = ( f, Y ⊗̃), �̃ρ(Q) = (Q⊗, ρ). (J.8)

Clearly generating functionals represent an infinite-dimensional analogue of
the familiar generating functions for discrete probability laws.

As follows from the above discussion, the kinetic equation (1.71) yields the
characteristic equation for the evolution of the generating functional �gt of
the observable gt satisfiying (1.92) (the dual limiting equation for correlation
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functions). Namely, if Yt solves (1.71) with initial condition Y0 and gt solves
(1.92) with initial condition g0 then

�gt (Y0) = �g0(Yt ).

This equation represents a natural nonlinear extension of the usual duality
between measures and functions.

Appendix K Infinite-dimensional Riccati equations

The construction of the Ornstein–Uhlenbeck (OU) semigroups from Sec-
tion 10.4 is very straightforward. However, the corresponding process is
Gaussian; hence it is also quite natural and insightful to construct infinite-
dimensional OU semigroups and/or propagators alternatively, via the com-
pletion from its action on Gaussian test functions. In analyzing the latter, the
Riccati equation appears. We shall sketch here this approach to the analysis
of infinite-dimensional OU semigroups, starting with the theory of differential
Riccati equations on symmetric operators in Banach spaces.

Let B and B� be a real Banach space and its dual, duality being denoted as
usual by (., .). Let us say that a densely defined operator C from B to B� (that
is possibly unbounded) is symmetric (resp. positive) if (Cv,w) = (Cw, v)

(resp. if (Cv, v) ≥ 0) for all v,w from the domain of C . By SL+(B, B�) let
us denote the space of bounded positive operators taking B to B�. Analogous
definitions are applied to the operators taking B� to B. The notion of positivity
induces a (partial) order relation on the space of symmetric operators.

The (time-nonhomogeneous differential) Riccati equation in B is defined as
the equation

Ṙt = A(t)Rt + [A(t)Rt ]
� − Rt C(t)Rt , (K.1)

where A(t) and C(t) are given families of possibly unbounded operators from
B to B and from B to B� respectively, and where the solutions Rt are sought in
the class SL+(B�, B). The literature on the infinite-dimensional Riccati equa-
tion is extensive (see e.g. Curtain [53] and McEneaney [181] and references
therein), but it is usually connected with optimal control problems and has a
the Hilbert space setting. We shall give here a short proof of well-posedness
for an unbounded family C(t) in a Banach space using an explicit formula
arising from the “interaction representation” and bypassing any optimization
interpretations and tools, and we then discuss the link with infinite-dimensional
Ornstein–Uhlenbeck processes describing fluctuation limits.
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Before approaching (K.1) we will summarize the main properties of a
simpler reduced equation with vanishing A(t), namely the equation

π̇(t) = −π(t)C(t, s)π(t), t ≥ s. (K.2)

Proposition K.1 Suppose that C(t, s), t ≥ s, is a family of densely defined
positive operators taking B to B� that are bounded and strongly continuous in
t for t > s, their norms being an integrable function, i.e.∫ t

s
‖C(τ, s)‖dτ ≤ κ(t − s) (K.3)

for a continuous κ : R+ �→ R+ vanishing at the origin. Then, for any
πs ∈ SL+(B�, B), there exists a unique global strongly continuous family
of operators π(t, s) ∈ SL+(B�, B), t ≥ s, such that

π(t, s) = πs −
∫ t

s
π(τ, s)C(τ, s)π(τ, s) dτ (K.4)

(the integral is defined in the norm topology). Moreover:
(i) π(t, s) ≤ πs and the image of π(t, s) coincides with that of πs for all

t ≥ s;
(ii) the family π(t, s) depends continuously on t, s and Lipschitz contin-

uously on the initial data in the uniform operator topology (defined by the
operator norm);

(iii) equation (K.2) holds in the strong operator topology for t > s;
(iv) if πs has a bounded inverse π−1

s then all π(t, s) are invertible and

‖π−1(t, s)‖ ≤ ‖π−1
s ‖ + κ(t − s).

Proof The existence of a positive solution for times t − s such that κ(t −
s)‖πs‖ < 1 follows from the explicit formula

π(t, s) = πs

(
1 +

∫ t

s
C(τ, s) dτ πs

)−1

=
(

1 + πs

∫ t

s
C(τ, s) dτ

)−1

πs

(notice that the series representations for both these expressions coincide),
which is obtained from the observation that, in terms of the inverse operator,
equation (K.2) takes the simpler form (d/dt)π−1(t, s) = C(t, s). This implies
also the required bound for the inverse operator. From (K.4) and the positivity
of π(t, s) it follows that π(t, s) ≤ πs . Consequently, for large t − s one can
construct solutions by iterating the above formula. Lipschitz continuity and
uniqueness follow from Gronwall’s lemma, since (K.4) implies that
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‖π1(t, s) − π2(t, s)‖ ≤ ‖π1
s − π2

s ‖+
∫ t

s

[
‖π1(τ, s)‖ + ‖π2(τ, s)‖

]
× ‖C(τ, s)‖‖π1(τ, s) − π2(τ, s)‖ dτ.

(K.5)

Now we return to equation (K.1).

Proposition K.2 (i) Let the domains of all A(t) and C(t) contain a common
dense subspace D in B and depend strongly continuously on t as bounded
operators taking D to B and D to B� respectively (we assume that D is itself
a Banach space with a certain norm);

(ii) let A(t) generate a bounded propagator U t,s with common invariant
domain D so that, for any φ ∈ D, the family U t,sφ is the unique solution in D
of the Cauchy problem

d

dt
U t,sφ = A(t)U t,sφ, U s,sφ = φ

and U t,s is strongly continuous both in B and D;
(iii) let C(t) be positive and let the norm of C(t, s) = (U t,s)�C(t)U t,s ∈

SL+(B, B�) for t > s satisfy (K.3).
Then, for any R ∈ SL+(B�, B) with image belonging to D, the family

Rt = U t,sπ(t, s)(U t,s)�, t ≥ s, (K.6)

where π(t, s) is the solution to (K.2) given by Proposition K.1 with πs = R
and C(t, s) = (U t,s)�C(t)U t,s , is a continuous function t �→ SL+(B�, B),
t ≥ s, in the strong operator topology; the images of the Rt belong to D
and Rt depends Lipschitz continuously on R and satisfies the Riccati equation
weakly, i.e.

d

dt
(Rtv,w) = (A(t)Rtv,w) + (v, A(t)Rtw) − (Rt C(t)Rtv,w) (K.7)

for all v,w ∈ B�. Finally, if R is compact or has a finite-dimensional range
then the same holds for all Rt .

Proof Everything follows by inspection from the explicit formula given
(it is straightforward to check that if π satisfies the required reduced Riccati
equation then the “dressed” operator (K.6) satisfies (K.7)) and Proposition K.1.

Remark K.3 The obstruction to the strong form of the Riccati equation lies
only in the second term of (K.7) and can be easily removed by an appropriate
assumption.
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Remark K.4 The above results were formulated for the usual forward
Cauchy problem. However, in stochastic processes one often has to deal with
the inverse Cauchy problem. Of course, everything remains the same for the
inverse-time Riccati equation

Ṙs = −A(s)Rs − [A(s)Rs]� + RsC(s)Rs, s ≤ t, (K.8)

if A(t) is assumed to generate the backward propagator U s,t , s ≤ t , in B.
Then the family Rs = U s,tπ(s, t)(U s,t )� solves (K.8) with initial condition
Rt = R, where π solves the reduced Riccati equation in terms of the inverse
time π̇s = πsC(s, t)πs with the same initial condition πt = R and C(s, t) =
(U s,t )�C(s)U s,t .

Now we point out how the Riccati equation appears from an analysis of the
backward propagators in C(B�), which are specified by formal generators of
the form

Ot F(Y ) =
(

A(t)
δF

δY (.)
, Y

)
+ 1

2 LC(t)
δ2 F

δY 2(., .)
,

where A(t) and C(t) are as above and LC(t) is the bilinear form corresponding
to C(t), i.e.

LC(t)( f ⊗ g) = (C(t) f, g),

so that

‖C(t)‖B �→B� = sup
‖ f ‖,‖g‖≤1

(C(t) f, g).

In order to give meaning to the above operator Ot it is convenient to reduce
the analysis to the functional Banach spaces B introduced in Proposition F.6.
If R ∈ SL+(B�, B) for such a space B then R can be specified by its integral
kernel (which, with some abuse of notation, we shall denote by the same letter
R). Thus

R(x, y) = (Rδx , δy) = (Rδx )(y),

so that

(R f )(x) =
∫

(Rδx )(y) f (y) dy =
∫

R(x, y) f (y) dy.

Now let

Ft (Y ) = FRt ,φt ,γt (Y ) = exp
[
− 1

2 (Rt Y, Y ) + (φt , Y ) + γt

]
, Y ∈ B�,

(K.9)
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with Rt ∈ SL+(B�, B), φt ∈ B. Then

Ot Ft (Y ) =
(

A(t)(−Rt Y +φt ), Y
)

+ 1
2

(
C(t)(Rt Y −φt ), Rt Y −φt

)
− 1

2 LC(t)Rt ,

implying the following.

Proposition K.5 If a Banach space B is of the kind introduced in Proposi-
tion F.6, if Rs , s ≤ t , satisfies the weak inverse-time Riccati equation

d

ds
(Rsv, v) = −2(A(s)Rsv, v) + (RsC(s)Rsv, v), s ≤ t, (K.10)

and if φs, γs satisfy the system

φ̇s = −A(s)φs + RsC(s)φs,

γ̇s = 1
2 LC(s)(Rs − φs ⊗ φs) (K.11)

then the Gaussian functional Fs solves the equation Ḟs = −Os Fs. If the
assumptions of Proposition K.2 hold for the inverse equation (K.8) (see
Remark K.4) and the first equation in (K.11) is well posed in B, the resolv-
ing operators of the equation Ḟs = −Os Fs form a backward propagator of
positivity-preserving contraction in the closure (in the uniform topology) of
the linear combinations of the Gaussian functionals (K.9) it Rt has images
from D.

Proof This is straightforward from Proposition K.2. The positivity of
the propagators obtained follows from the conditional positivity of Ot or
alternatively can be deduced from the finite-dimensional approximations.

Remark K.6 The propagator constructed in Proposition K.5 does not have
to be strongly continuous. Continuity in time holds only in the sense of
convergence on bounded sets.

For example, in the case of the operator Ot F from (10.16) under the assump-
tions of Theorem 8.14 (the pure coagulation model) the operator A(t) is given
by

A(t) f (x) =
∫ [

f (x + z) − f (x) − f (z)
]

K (x, z)μt (dz),

and generates the propagator U t,r constructed in Chapter 7. Hence one
can apply Proposition K.5 for an alternative construction of the Ornstein–
Uhlenbeck semigroup from Section 10.4.
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weighted, 271
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stochastic differential equation (SDE)
driven by nonlinear Lévy noise, 79
with nonlinear noise, 79, 84

stochastic geodesic flow, 297
induced by embedding, 298
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infinitesimally stochastic matrix, 5
strong convergence, 44
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generator, 45
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critical, 155
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