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Preface

A nonlinear Markov evolution is a dynamical system generated by a measure-
valued ordinary differential equation (ODE) with the specific feature that
it preserves positivity. This feature distinguishes it from a general Banach-
space-valued ODE and yields a natural link with probability theory, both in
the interpretation of results and in the tools of analysis. However, nonlinear
Markov evolution can be regarded as a particular case of measure-valued
Markov processes. Even more important (and not so obvious) is the interpreta-
tion of nonlinear Markov dynamics as a dynamic law of large numbers (LLN)
for general Markov models of interacting particles. Such an interpretation is
both the main motivation for and the main theme of the present monograph.

The power of nonlinear Markov evolution as a modeling tool and its range
of applications are immense, and include non-equilibrium statistical mechan-
ics (e.g. the classical kinetic equations of Vlasov, Boltzmann, Smoluchovski
and Landau), evolutionary biology (replicator dynamics), population and dis-
ease dynamics (Lotka—Volterra and epidemic models) and the dynamics of
economic and social systems (replicator dynamics and games). With cer-
tain modifications nonlinear Markov evolution carries over to the models of
quantum physics.

The general objectives of this book are: (i) to give the first systematic pre-
sentation of both analytical and probabilistic techniques used in the study of
nonlinear Markov processes, semigroups and kinetic equations, thus providing
a basis for future research; (ii) to show how the nonlinear theory is rooted in
the study of the usual (linear) Markov semigroups and processes; and (iii) to
illustrate general methods by surveying some applications to very basic non-
linear models from statistical (classical and quantum) physics and evolutionary
biology.

The book addresses the most fundamental questions in the theory of non-
linear Markov processes: existence, uniqueness, constructions, approximation
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schemes, regularity, LLN limit and probabilistic interpretation. By a proba-
bilistic interpretation of a nonlinear equation or of the corresponding evolution
we mean specification of the underlying random process, whose marginal dis-
tributions evolve according to this equation, or in other words a path-integral
representation for the solutions. This interpretation yields much more than
just time dynamics, as it also specifies the correlations between various peri-
ods of evolution and suggests natural schemes for numerical solution such
as nonlinear versions of the Markov chain Monte Carlo (MCMC) algorithm.
Technically, a probabilistic interpretation is usually linked with an appro-
priate stochastic differential equation (SDE) underlying the given nonlinear
dynamics.

Of course, many important issues are beyond the scope of this book. The
most notable omissions are: (i) the long-term behavior of, and related questions
about, stationary regimes and self-similar solutions; (ii) the effects of irregular
behavior (e.g. gelation for the coagulation process); (iii) the DiPerna—Lions
theory of generalized solutions; and (iv) numerical methods in general (though
we do discuss approximation schemes). All these themes are fully addressed
in the modern literature.

A particular feature of our exposition is the systematic combination of
analytic and probabilistic tools. We use probability to obtain better insight
into nonlinear dynamics and use analysis to tackle difficult problems in the
description of random and chaotic behavior.

Whenever possible we adopt various points of view. In particular we
present several methods for tackling the key results: analytic and probabilis-
tic approaches to proving the LLN; direct and approximative schemes for
constructing the solutions to SDEs; various approaches to the construction of
solutions to kinetic equations, discussing uniqueness via duality, positivity and
the Lyapunov function method; and the construction of Ornstein—Uhlenbeck
semigroups via Riccati equations and SDEs.

An original aim of this book was to give a systematic presentation of all
tools needed to grasp the proof of the central limit theorem (CLT) for coagula-
tion processes from Kolokoltsov [136]. Putting this into a general framework
required a considerable expansion of this plan. Apart from bringing together
results and tools scattered through the journal literature, the main novelties are
the following.

(1) The analysis of nonlinear Lévy processes, interacting degenerate stable-
like processes and nonlinear Markov games is initiated (Sections 1.4, 7.1, 7.2,
11.2,11.3).

(ii) A method of constructing linear and nonlinear Markov processes with
general Lévy—Khintchine-type generators (including flows on manifolds such
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as curvilinear Ornstein—Uhlenbeck processes and stochastic geodesic flows)
via SDEs driven by nonlinear distribution-dependent Lévy-type noise is put
forward. In particular, a solution is suggested to the long-standing problem of
identifying the continuity class of Lévy kernels for which the corresponding
Lévy—Khintchine-type operators generate Feller processes: these kernels must
be continuous in the Wasserstein—Kantorovich metric W, (Chapter 3). A mod-
ification of Feller semigroups suitable for the analysis of linear and nonlinear
processes with unbounded coefficients is proposed (Chapter 5).

(iii) A class of pseudo-differential generators of “order at most one” is sin-
gled out, for which both linear and nonlinear theory can be developed by a
direct analytic treatment (Sections 4.4, 7.2).

(iv) A class of infinite-dimensional Ornstein—Uhlenbeck semigroups and
related infinite-dimensional Riccati equations, which arises as the limit of fluc-
tuations for general mean field and kth-order interactions, is identified and its
analysis is initiated (Chapter 10).

(v) A theory of smoothness with respect to initial data for a wide class of
kinetic equations is developed (Chapter 8).

(vi) This smoothness theory is applied to obtain laws of large numbers
(LLNs) and central limit theorems (CLTs) with rather precise convergence
rates for Markov models of interactions with unbounded coefficients. These
include nonlinear stable-like processes, evolutionary games, processes gov-
erned by Vlasov-type equations, Smoluchovski coagulation and Boltzmann
collision models.

Readers and prerequisites

The book is aimed at researchers and graduate students in stochastic and
functional analysis as applied to mathematical physics and systems biology
(including non-equilibrium statistical and quantum mechanics, evolutionary
games) as well as at natural scientists with strong mathematical backgrounds
interested in nonlinear phenomena in dynamic modeling. The exposition is a
step-by-step account that is intended to be accessible and comprehensible. A
few exercises, mostly straightforward, are placed at the ends of some sections
to illustrate or clarify points in the text.

The prerequisites for reading the book are (i) the basic notions of func-
tional analysis (a superficial understanding of Banach and Hilbert spaces is
sufficient; everything needed is covered in the early chapters of a standard
treatise such as Reed and Simon [205] or Yosida [250]), (ii) abstract mea-
sure theory and the Lebesgue integral (including Lp-spaces and, preferably,
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Fourier transforms) and (iii) probability theory and random processes (elemen-
tary distributions, characteristic functions, convergence of random variables,
conditioning, Markov and Lévy processes, martingales; see e.g. Kallenberg
[114], Shiryayev [220], Jacod and Protter [106], Applebaum [8], Kyprianou
[153]).

The book is designed in such a way that, depending on their background and
interests, readers may choose a selective path of reading. For instance, read-
ers interested only in jump-type processes (including evolutionary games and
spatially trivial Smoluchovski and Boltzmann models) do not need SDEs and
WDO and so can read Sections 2.1, 2.3, 4.2, 4.3, Chapter 6 and Sections 8.3—
8.6 and then look for sections that are relevant to them in Part III. However,
readers interested in nonlinear Lévy processes, diffusions and stable-like pro-
cesses should look at Chapters 2 and 3, Sections 4.4 and 4.7, Chapters 5 and 7,
Sections 8.2, 9.1 and 9.2 and the relevant parts of Sections 10.1 and 10.2.

Plan of the book

In Chapter 1, the first four sections introduce nonlinear processes in the sim-
plest situations, where either space or time is discrete (nonlinear Markov
chains) or the dynamics has a trivial space dependence (the constant-coefficient
case, describing nonlinear Lévy processes). The rest of this introductory chap-
ter is devoted to an informal discussion of the limit of the LLN in Markov
models of interaction. This limit is described by kinetic equations and its anal-
ysis can be considered as the main motivation for studying nonlinear Markov
processes.

As the nonlinear theory is deeply rooted in the linear theory (since infinites-
imal transformations are linear), Part I of the book is devoted to background
material on the usual (linear) Markov processes. Here we systematically
build the “linear basement” for the “nonlinear skyscrapers” to be erected
later. Chapter 2 recalls some particularly relevant tools from the theory of
Markov processes, stressing the connection between an analytical description
(using semigroups and evolution equations) and a probabilistic description.
Chapters 3 to 5 deal with methods of constructing Markov processes that serve
as starting points for subsequent nonlinear extensions. The three cornerstones
of our analysis — the concepts of positivity, duality and perturbation — are
developed here in the linear setting.

Nonlinear processes per se are developed in Part II. Chapters 6 and 7
open with basic constructions and well-posedness results for nonlinear Markov
semigroups and processes and the corresponding kinetic equations. Chapter 8,
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which is rather technical, is devoted to the regularity of nonlinear Markov
semigroups with respect to the initial data. Though these results are of inde-
pendent interest, the main motivation for their development here is to prepare
a sound basis for the analytic study of the LLN undertaken later in the book.

In Part IIT we study the application of nonlinear processes to the dynamic
LLN and the corresponding CLT for fluctuations (Chapters 9 and 10).

In Chapter 11 we sketch possible directions for the further development
of the ideas presented here, namely the stochastic LLN and related measure-
valued processes, nonlinear Markov games, nonlinear quantum dynamic semi-
groups and processes, linear and nonlinear processes on manifolds and, finally,
the analysis of the generators of positivity-preserving evolutions. Section 11.6
concludes with historical comments and a short review of the (immense)
literature on the subject and of related results.

The appendices collect together technical material used in the main text.

I am indebted to Diana Gillooly from CUP and to Ismael Bailleul, who
devoted the time and energy to read extensively and criticize early drafts. I
would also like to thank my colleagues and friends from all over the globe,
from Russia to Mexico, for useful discussions that helped me to understand
better the crucial properties of stochastic processes and interacting particles.



Basic definitions, notation and abbreviations

Kernels and propagators

Kernels and propagators are the main players in our story. We recall here the
basic definitions. A transition kernel from a measurable space (X, F) to a mea-
surable space (Y, G) is a function of two variables, u(x, A), x € X, A € G,
which is F-measurable as a function of x for any A and is a measure in
(Y, G) for any x. It is called a transition probability kernel or simply a prob-
ability kernel if all measures w(x,.) are probability measures. In particular,
a random measure on a measurable space (X, F) is a transition kernel from
a probability space to (X, F). Lévy kernels from a measurable space (X, F)
to R? are defined as above but now each u(x,.) is a Lévy measure on RY,
i.e. a (possibly unbounded) Borel measure such that wu(x, {0}) = O and
[ min(1, y?)u(x, dy) < oo.

For a set S, a family of mappings U"" from S to itself, parametrized by
pairs of numbers r < ¢ (resp. t < r) from a given finite or infinite interval is
called a propagator (resp. a backward propagator) in S if U"! is the identity
operator in S for all # and the following chain rule, or propagator equation,
holds for r < s < t (resp. fort < s < r): USUS" = U"". A family of
mappings 7! from S to itself parametrized by non-negative numbers 7 is said
to form a semigroup (of the transformations of S) if 7° is the identity mapping
in §and T'TS = T'*S for all ¢, s. If the mappings U"" forming a backward
propagator depend only on the differences r — ¢ then the family 7% = U%!
forms a semigroup.

Basic notation

Sets and numbers

N, Z, R, C The sets of natural, integer, real and complex numbers;
Z. Theset NU {0}



Basic definitions, notation and abbreviations XV

R, (resp. R;) The set of positive (resp. non-negative) numbers

No©, Z°°, R, C*° The sets of sequences from N, Z, R, C

C4, RY The complex and real d-dimensional spaces

(x,y)orxy Scalar product of the vectors x, y € R?

|x| or |x||  Standard Euclidean norm /(x, x) of x € R?

Rea,Ima Real and imaginary parts of a complex number a

[x] Integer part of a real number x (the maximum integer not exceeding x)

§?  The d-dimensional unit sphere in R¢+!

B, (x) (resp. By) The ball of radius r centred at x (resp. at the origin)
in R?

Q, 9Q  Closure and boundary respectively of the subset Q in a metric
space

Functions

C(S) (resp. B(S)) For a complete metric space (S, p) (resp. for a
measurable space (S, F)), the Banach space of bounded continuous (resp.
measurable) functions on § equipped with the sup norm || f|| = || fllcs) =
sup, cs |/ ()]

BUC(S) Closed subspace of C(S) consisting of uniformly continuous
functions

Cr(S) (resp. By(S)) For a positive function f on X, the Banach space of
continuous (resp. measurable) functions g on S with finite norm ||g||cf( 5) =
lg/flices) (resp. with B instead of C)

C f,00(8) (resp. Bf,o0(S))  The subspace of Cy(S) (resp. B(S)) consist-
ing of functions g such that the ratio of g and f belongs to Co(S)

Co(S) C C(S) Functions with a compact support

CLip(S) € C(S)  Lipschitz continuous functions f,ie. |f(x) — f(y)| <
kp(x, y) with a constant «

CLip(S)  Banach space under the norm || f|lLip = sup, | f(x)|+ SUP, £y,
Lf) = FOIl/Ix =yl

Coo(S) C C(S) Functions f such that limy—~ f(x) = 0, i.e. for all €
there exists a compact set K : sup, ¢k | f(x)| < € (it is a closed subspace of
C(9) if S is locally compact)

Y™ (Sky or Csym(Sk) Symmetric continuous functions on XX, i.e.
functions invariant under any permutations of their arguments

C*(R?) (sometimes for brevity C¥)  Banach space of k times continu-
ously differentiable functions with bounded derivatives on R? and for which
the norm is the sum of the sup norms of the function itself and all its partial
derivatives up to and including order &
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C lgo (R%) c CK(R?)  Functions for which all derivatives up to and includ-

ing order k are from Cqo (R

LllD(Rd) A subspace of C*(RY) whose derivative of order k is Lipschitz
continuous; it is a Banach space equipped with the norm || f ||Ck = fllck-1+
I1F© lLip

CERY) = Cc(RY) N CHRY)

V= f Vaf) = @f/ox1,....0f/9xqs). f € C'RY)

LP(Q2, F,u)or Lp(2, F, ), p>1 The usual Banach space of (equiv-
alence classes of) measurable functions f on the measure space 2 such that
111y = (f 1717 Co(dx) /7

L p(Rd) The L ,-space that corresponds to Lebesgue measure

L*>°(2, F, P) Banach space of (equivalence classes of) measurable func-
tions f on the measure space 2 with finite sup norm || f|| = esssup,cq | f(x)|

Wl Wl (R?)  Sobolev Banach spaces of integrable functions on R?
whose derlvatlves up to and including order [ (defined in the sense of
dlstrlbutlons) are also integrable and equipped with the norms || f||Wz =
Z o Ife )||L1(Rd)

SRY) = {f € C®RY) : Vk,I € N, [x[*V! f € Coo(R?)}  Schwartz
space of fast-decreasing functions

Measures

M(S) (resp. P(S)) The set of finite Borel measures (resp. probability
measures) on a metric space S

Msigned(§)  Banach space of finite signed Borel measures on S; j1,, —
weakly in M2 (§) means that (f, i) — (f, w) for any f € C(S)

M ¢ (S) for a positive continuous function f on §  The set of Radon mea-
sures on S with finite norm ||M||Mf(5) = supllg\lcfmsl(g’ W), hn — o weakly
in M 7(S) means that (f, u,) — (f, ) for any f € Cp(S);if S is locally
compact and f — oo as x — oo then M ¢(S) is the Banach dual to C s, (S),
so that i, — p *weakly in M (S) means that (f, u,) — (f, n) for any
f€Croo(®)

}Ta (S)  The set of finite linear combinations of Dirac’s §-measures on §
with coefficients hk, k € N

w!  The pushforward of u by the mapping f: wl (A) = u(f~1A) =
wly : f(y) € A}

[v]  For a signed measure v, this is its (positive) total variation measure

(f.8) = [ f(x)g(x)dx  Scalar product for functions f, g on R

(fsm) = [ f)u(dx) Pairing of f € C(S), n € M(S)
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Matrices and operators

1) Indicator function of a set M (equals one or zero according to whether
its argument is in M or otherwise)

1 Constant function equal to one; also, the identity operator

f = 0O(g) This means that | f| < Cg for some constant C

f =0(8)n—oco This means that lim,_, - (f/g) =0

AT or A’ Transpose of a matrix A

A*or A’ Dual or adjoint operator

KerA, SpA,tr A Kernel, spectrum and trace of the operator A

Probability

E,P Expectation and probability of a function or event
E*, P* for x € S (resp. E*, P* for u € P(S)) Expectation and probabil-
ity with respect to a process started at x (resp. with initial distribution )

Standard abbreviations

r.h.s.  right-hand side
L.h.s.  left-hand side

a.s. almost surely
iid.  independent identically distributed
BM Brownian motion

CLT  central limit theorem

LLN law of large numbers

ODE ordinary differential equation
ou Ornstein—Uhlenbeck

SDE  stochastic differential equation
WDO pseudo-differential operator






1

Introduction

Sections 1.1-1.4 introduce nonlinear processes in the simplest situations,
where either space or time is discrete (nonlinear Markov chains) or the
dynamics has trivial space dependence (the constant-coefficient case describ-
ing nonlinear Lévy processes). The rest of the chapter is devoted to an informal
discussion of the law of large numbers (LLN) for particles in Markov models
of interaction. This limit is described by kinetic equations, and its analysis
can be considered as the main motivation for the study of nonlinear Markov
processes.

1.1 Nonlinear Markov chains

A discrete-time discrete-space nonlinear Markov semigroup ®*, k € N, is
specified by an arbitrary continuous mapping ® : X, — X,, where the
simplex

n
Enz{M:(Ml,-n»Mn)ERi: Zuz:l}

i=1

represents the set of probability laws on the finite state space {1, ..., n}. Fora
measure ;& € %, the family X = ®*u can be considered as an evolution of
measures on {1, ..., n}. But it does not yet define a random process, because
finite-dimensional distributions are not yet specified. In order to obtain a pro-
cess we have to choose a stochastic representation for @, i.e. to write it down
in the form

() ={P;()Yi_, = {ZPU(M)M} : (1.1)

i=1 Jj=1
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where P;j(p) is a family of stochastic matrices' depending on p (and so
introducing nonlinearity!), whose elements specify the nonlinear transition
probabilities. For any given ® : ¥, — X, a representation (1.1) exists but
is not unique. There exists a unique representation (1.1) given the additional
condition that all matrices P;; () are one dimensional:

P =®;(u), ij=1...n. (1.2)

Once a stochastic representation (1.1) for a mapping ® is chosen we can nat-
urally define, for any initial probability law u = u°, a stochastic process i,
| € Z, called a nonlinear Markov chain, on {1, ..., n} in the following way.
Starting with an initial position ¢, distributed according to n, we then choose
the next point i according to the law { P;,; (,u)};le. The distribution of i now

becomes ! = & (n):

wh =P =j)=> Pj(wui = ;).

i=1

Then we choose i> according to the law {P,-lj(ul)};le, and so on. The law
governing this process at any given time k is u* = ®%(u); that is, it is given
by the semigroup. Now finite-dimensional distributions will be defined as well.

Namely, for a function f of, say, two discrete variables, we have

n
Ef(ix,icp1) = Y fG )ufPiub).
i,j=1
In other words, this process can be defined as a time-nonhomogeneous Markov
chain with transition probabilities P;; (,uf‘) attime t = k.
Clearly the finite-dimensional distributions depend on the choice of repre-
sentation (1.1). For instance, for the simplest representation (1.2) we have

n
EfGo, i)=Y [, )Hui®;(w),
i,j=1
so that the discrete random variables i and i1 turn out to be independent.

Once a representation (1.1) is chosen, we can also define the transition
probabilities Pl.]; at time ¢ = k recursively as

Py = Y P o) P ().
m=1

! Recall that a d x d matrix Q is called stochastic if all its elements Q;; are non-negative and
such that Y°9_; 0y = 1 forall i.
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The semigroup identity &%+ = ®*¥ @ implies that
k() = Z ()i

and
P,];(M) Zpllm('u)Pk 7 ) I <k

Remark 1.1 In practical examples of the general model (1.1) the transi-
tion probabilities often depend on the law w via such basic characteristics
as its standard deviation or expectation. See e.g. Frank [79], where we can
also find some elementary examples of deterministic nonlinear Markov chains,
for which the transitions are certain once the distribution is known, i.e. where
Pij(pn) = 5;(1.’”) for a given deterministic mapping (i, u) — j(i, ).

We can establish nonlinear analogs of many results known for the usual
Markov chains. For example, let us present the following simple fact about
long-time behavior.

Proposition 1.2 (i) For any continuous ® : ¥, — X, there exists a
stationary distribution, i.e. a measure |1 € %, such that ® () =

(ii) If a representation (1.1) for ® is chosen in such a way that there exist
Jo € [1, n], time ko € N and positive § such that

ko
Pl'jo(llv) >4, (1.3)
forall i, u, then @™ () converges to a stationary measure for any initial .

Proof Statement (i) is a consequence of the Brouwer fixed point prin-
ciple. Statement (ii) follows from the representation (given above) of the
corresponding nonlinear Markov chain as a time-nonhomogeneous Markov
process. O

Remark 1.3 The convergence of Pl.']'.’ (u) as m — oo can be shown by a
standard argument. We introduce the bounds

mj(t, ) = inf Pj(u), Mt ) = sup Py (w),
L

then we deduce from the semigroup property that m ; (¢, u) (resp. M;(t, u)) is
an increasing (resp. decreasing) function of ¢ and finally we deduce from (1.3)
that

M;(t + ko, 1) —mj(t + ko, ) < (1 —5)(Mj(t,u) —mj(t,u)),
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implying the required convergence. (See e.g. Norris [193], Shiryayev [220],
and Rozanov [210] for the time-homogeneous situation.)

We turn now to nonlinear chains in continuous time. A nonlinear Markov
semigroup in continuous time and with finite state space {1, ..., n} is defined
as a semigroup ®’, ¢ > 0, of continuous transformations of X,,. As in the case
of discrete time the semigroup itself does not specify a process. A continuous
Sfamily of nonlinear transition probabilities on {1, ..., n} is afamily P (¢, u) =
{Pij(t, u)}ﬁ =1 of stochastic matrices, depending continuously on # > 0 and
u € X,, such that the nonlinear Chapman—Kolmogorov equation holds:

n n
Z,uiPij(t +s,0) = Z,ukPki(t, W) Pij <S, Z P (2, M)Ml)- (1.4)
i=1 ki I=I

This family is said to yield a stochastic representation for the Markov
semigroup ®’ whenever

() =Y P, 10,4 € By (1.5)
i

If (1.5) holds, equation (1.4) simply represents the semigroup identity
(Dt+s = O P’

Once a stochastic representation (1.5) for the semigroup ®* is chosen, we
can define the corresponding stochastic process starting from © € %, as a
time-nonhomogeneous Markov chain with transition probabilities from time s
to time ¢

pij(svt’ H’) = Pl](t -, (DY(H/))

To show the existence of a stochastic representation (1.5) we can use the same
idea as in the discrete-time case and define P;;(f, u) = dbg (). However, this
is not a natural choice from the point of view of stochastic analysis. A natural
choice would arise from a generator that is reasonable from the point of view
of the theory of Markov processes.

Namely, assuming the semigroup @’ is differentiable in 7 we can define
the (nonlinear) infinitesimal generator of the semigroup ® as the nonlinear
operator on measures given by

d t
A(p) = d—t<1> t=0(#«)~

The semigroup identity for ®' implies that ®' (i) solves the Cauchy problem

d
ECDIW) =A@ (), () =p. (1.6)
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As follows from the invariance of %, under these dynamics, the mapping A
is conditionally positive, in the sense that if u; = 0 for a u € X, then this
implies A;(n) > 0, and it is also conservative in the sense that A maps the
measures from %, to the space of signed measures

n
ESZ{VGR"ZZW:O}.

i=1

We shall say that such a generator A has a stochastic representation if it can
be written in the form

Aj(n) = Zm Qij(n) = (@), (1.7)

i=1

where O(n) = {Q;;j(n)} is a family of infinitesimally stochastic matrices
depending on € X,.” Thus in its stochastic representation the generator
has the form of a usual Markov chain generator, though it depends addition-
ally on the present distribution. The existence of a stochastic representation
for the generator is not as obvious as for the semigroup but is not difficult to
obtain, as shown by the following statement.

Proposition 1.4  Given any nonlinear Markov semigroup ®' on X, that is
differentiable in t, its infinitesimal generator has a stochastic representation.

An elementary proof can be obtained (see Stroock [227]) from the observa-
tion that as we are interested only in the action of Q on p we can choose its
action E,? on the space transverse to x4 in an arbitrary way. Instead of reproduc-
ing this proof we shall give in Section 6.8 a straightforward (and remarkably
simple) proof of the generalization of this fact for nonlinear operators in
general measurable spaces.

In practice, the converse problem is more important: the construction
of a semigroup (a solution to (1.6)) from a given operator A, rather than
the construction of the generator for a given semigroup. In applications,
A is usually given directly in its stochastic representation. This problem
will be one of our central concerns in this book, but in a quite general
setting.

2 A square matrix is called infinitesimally stochastic if it has non-positive (resp. non-negative)
elements on the main diagonal (resp. off the main diagonal) and the sum of the elements of any
row is zero. Such matrices are also called Q-matrices or Kolmogorov matrices.
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1.2 Examples: replicator dynamics, the Lotka—Volterra
equations, epidemics, coagulation

Nonlinear Markov semigroups abound among popular models in the natural
and social sciences, so it is difficult to distinguish the most important exam-
ples. We shall discuss briefly here three biological examples (anticipating our
future analysis of evolutionary games) and an example from statistical mechan-
ics (anticipating our analysis of kinetic equations) illustrating the notions
introduced above of stochastic representation, conditional positivity and so
forth.

The replicator dynamics of the evolutionary game arising from the classical
game of rock—paper—scissors (a hand game for two players) has the form

dx .y )

dr 2 TYn

d

d—f — (2= %)y, (1.8)
dz

E = -z,

(see e.g. Gintis [84], where a biological interpretation can be found also;
the general equations of replicator dynamics are discussed in Section 1.6 of
the present text). The generator of equations (1.8) clearly has a stochastic
representation (1.7) with infinitesimal stochastic matrix

-z 0 Z
oOw=\| x —-x 0], (1.9)
0 y —v

where u = (x, y,z) € X3.
The famous Lotka—Volterra equations describing a biological system with
two species, a predator and its prey, have the form

D = By)

dt ’ (1.10)
Dy s

dt - y y El

where «, B, y, § are positive parameters. The generator of this model is condi-
tionally positive but not conservative, as the total mass x + y is not preserved.
However, owing to the existence of the integral of motion wlogy — By +
y log x — éx, the dynamics (1.10) is pathwise equivalent to the dynamics (1.8);
i.e. there is a continuous mapping taking the phase portrait of system (1.10) to
that of system (1.8).
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One of the simplest deterministic models of an epidemic can be written as a
system of four differential equations:

X (1) = —AX ()Y (@),

L(t) = AX ()Y (1) — aL(1),
Y (1) = aL(t) — pY (),
Z(t) = pY (@),

where X (7), L(t), Y (¢) and Z(¢) denote respectively the numbers of suscep-
tible, latent, infectious and removed individuals at time ¢ and the positive
coefficients A, o, « (which may actually depend on X, L, Y, Z) reflect the rates
at which susceptible individuals become infected, latent individuals become
infectious and infectious individuals are removed. Written in terms of the pro-
portions x = X /o,y =Y/o,l = L/o,z = Z/o, i.e. normalized to the total
mass o0 = X + L + Y + Z, this system becomes

(1.11)

x(1) = —odx(1)y(1),

[(t) = orx(t)y(t) — al(t),
y(@) = al(t) — py(1),

z(1) = py (@),

(1.12)

with x(¢) + y(t) + I(t) + z(t) = 1. Subject to the common assumption that
o), o and p are constants, the r.h.s. is an infinitesimal generator of a nonlinear
Markov chain in X4. Again the generator depends quadratically on its variable
and has an obvious stochastic representation (1.7) with infinitesimal stochastic
matrix

— Ay Ay 0 0

— o o 0

0
= 1.13
e I £ (1.13)

0 0 0 0

where © = (x,1, y, z), yielding a natural probabilistic interpretation for the
dynamics (1.12) as explained in the previous section. For a detailed determin-
istic analysis of this model and a variety of extensions we refer to the book by
Rass and Radcliffe [201].

We turn now to an example from statistical mechanics, namely the dynamics
of coagulation processes with a discrete mass distribution. Unlike the previous
examples, the state space here is not finite but rather countable. As in the linear
theory, the basic notions of finite nonlinear Markov chains presented above
have a straightforward extension to the case of countable state spaces.
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Let x; € Ry denote the amount of particles of mass j € N present in the
system. Assuming that the rate of coagulation of particles of masses i and j is
proportional to the present amounts of particles x; and x ;, with proportionality
coefficients given by positive numbers K;;, one can model the process by the
system of equations

o0
Xj=1 Kikxixk(8§-+k — 8t — b, i=12,..., (1.14)
ik=1

or equivalently
Jj—1 00
)'Cj = %ZK,‘J_[)C,'X/_,' —ZKijka, j=172,... (1.15)
i=1 k=1
These are the much studied Smoluchovski coagulation equations for discrete
masses. The r.h.s. is again an infinitesimal generator in the stochastic form
(1.7) with quadratic dependence on the unknown variables, but now with a
countable state space, the natural numbers, N.

In the next section we introduce another feature (i.e. another probabilistic
interpretation) of nonlinear Markov semigroups and processes. It turns out that
they represent the dynamic law of large numbers (LLN) for Markov models of
interacting particles. In particular, this representation will explain the frequent
appearance of the quadratic r.h.s. in the corresponding evolution equations, as
this quadratic dependence reflects the binary interactions that are most often
met in practice. The simultaneous interactions of groups of k particles would
lead to a polynomial of order k on the r.h.s.

1.3 Interacting-particle approximation for discrete
mass-exchange processes

We now explain the natural appearance of nonlinear Markov chains as a
dynamic law of large numbers in the case of discrete mass-exchange processes,
these include coagulation, fragmentation, collision breakage and other mass-
preserving interactions. Thus for the last time we will work with a discrete
(countable) state space, trying to visualize the idea of the LLN limit for this
easier-to-grasp situation. Afterwards we shall embark on our main journey,
which is devoted to general (mostly locally compact) state spaces.

We denote by Z5° the subset of Z°° with non-negative elements that is
equipped with the usual partial order: N = {ny,na,...} <M ={m,mo,...}
means thatn; < m; forall j. Let R? and Z%°.  denote respectively the sub-

+,fin +.fin
sets of R and Z%° containing sequences with only a finite number of non-zero
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coordinates. We shall denote by {e;} the standard basis in Rf’ﬁn and will occa-
sionally represent sequences N = {ni, na, ...} € Z g
N = Z?OZI nje;j.

Suppose that a particle is characterized by its mass m, which can take only
integer values. A collection of particles is then described by the vector N =
{n1,n2,...} € LY, where the non-negative integer n; denotes the number of
particles of mass j. The state space of our model is the set Zfﬁn of finite
collections of particles. We shall denote by |N| = n1+ny+ - - - the number of
particles in the state N, by u(N) = ny 4+ 2n, + - - - the total mass of particles
in this state and by supp (N) = {j : n; # 0} the support of N considered as a
measure on {1, 2, ...}.

Let W be an arbitrary element of Zfﬁn. By its mass-exchange transforma-
tion we shall mean any transformation of W into an element ® € Zfﬁn such
that u (V) = wu(P). For instance, if W consists of only one particle then this
transformation is pure fragmentation, and if @ consists of only one particle
then this transformation is pure coagulation (not necessarily binary, of course).
By a process of mass exchange with a given profile V = {{r1, ¥, ...} € Zfﬁn
we shall mean the Markov chain on ZS: fn Specified by a Markov semigroup,
on the space B(Zfﬁn) of bounded functions on Zfﬁn, whose generator is
given by

as linear combinations

Gy f(N)=Cy Z Py [f(N =V +®)— F(N)]. (1.16)
D:pu(P)=p (V)

Here CX,’ = Hiesupp(\p) C,lfi" (CLC denotes a binomial coefficient) and {Pq? }
is any collection of non-negative numbers parametrized by & € Zf_‘fﬁn such
that P\f,’ = 0 whenever u(®) #= (). It is understood that Gy f(N) = 0
whenever ¥ < N does not hold. Since mass is preserved this Markov chain is
effectively a chain with a finite state space, specified by the initial condition,
and hence it is well defined and does not explode in finite time. The behavior of
the process defined by the generator (1.16) is as follows: (i) if N > W does not
hold then N is a stable state; (ii) if N > W does hold then any randomly chosen
subfamily W of N can be transformed to a collection ® with the rate Pf,’ LA
subfamily W of N consists of any | particles of mass 1 from a given number
n of these particles, any Y, particles of mass 2 from a given number n; etc.
(notice that the coefficient C 1‘{,’ in (1.16) is just the number of such choices).

More generally, if k is a natural number, a mass-exchange process of order
k, or k-ary mass-exchange process, is a Markov chain on Zf fn defined by the
generator Gy = Z‘I’:I‘IJI <k Gw. More explicitly,
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Gef(Ny= Y Cy Y, PJLFIN=W+®)—f(N)], (1.17)

VW |<k,W=N C:pu(P)=p(¥)

where Pg,’ is an arbitrary collection of non-negative numbers that vanish when-
ever (W) # w(P). As in the case of a single W, for any initial state N this
Markov chain lives on a finite state space of all M with u(M) = w(N) and
hence is always well defined.

We shall now perform a scaling that represents a discrete version of the
general procedure leading to the law of large numbers for Markov models of
interaction: this will be introduced in Section 1.5. The general idea behind
such scalings is to make precise the usual continuous state space idealization
of what is basically a finite model with an extremely large number of points
(for example, water consists of a finite number of molecules but the general
equation of thermodynamics treats it as a continuous medium).

Choosing a positive real & we shall consider, instead of a Markov chain on
Z%° .., a Markov chain on hZ5°. C R* with generator G,}C’ given by

+.fin> +,fin
(GL)(hN)
1
=— > WYy > PP[f(Nh—Wh+ ®h)— f(Nh)].
V|V <k, W <N D (P)=p (V)
(1.18)
This generator can be considered to be the restriction to B(hZS:ﬁn) of an

operator in B(Rfﬁn) which we shall again denote by G,i‘ and which is
defined by

1
GiNHw =+ 3 Co) Yo PY[f6—Vh+oh) = fw)],
W<k D:pu(P@)=p (V)
(1.19)

where the function CG‘, is defined as

l—[ xj(xj—h)---(x; —(¥; — Dh)
1

je€supp (¥) Vit

when x; > (Y; — Dh for all j; CG, vanishes otherwise. Clearly, as & — 0,

the operator given by (1.19) converges on smooth enough functions f to the

operator Ay on B(Rfﬁn) given by

v x P
Acfy= Y % > PS’Z%(@—%), (1.20)

WiW|<k T Dpu(P)=p (W) j=1



1.4 Nonlinear Lévy processes and semigroups 11

where

M= ] A w= 1w

J € supp (W) J € supp (V)

The operator Ay is an infinite-dimensional first-order partial differential oper-
ator. It is well known from the theory of stochastic processes that first-order
partial differential operators generate deterministic Markov processes whose
evolution is given by the characteristics of the partial differential operator Ay.
These characteristics are described by the following infinite system of ordinary
differential equations:

v
B= Y Y PR v, j=12.. 2D

!
V|| <k O:pu(P)=p(¥)

This is the general system of kinetic equations describing the dynamic law of
large numbers for k-ary mass-exchange processes with discrete mass distribu-
tions. In particular, in the case of binary coagulation, the P\g) are non-vanishing
only for |[¥| = 2 and |®| = 1, and one can write Py = K;; = K; fora ¥ con-
sisting of two particles of masses i and j (which coagulate to form a particle
of mass i + j). Hence in this case (1.21) takes the form (1.14).

Let us stress again that the power of the polynomial x¥ in (1.21) corresponds
to the number of particles taking part in each interaction. In particular, the
most common, quadratic, dependence occurs when only binary interactions
are taken into account.

Similarly, equations (1.10) and (1.12) can be deduced as the dynamic law
of large numbers for the corresponding system of interacting particles (or
species).

Of course, the convergence of the generator GZ to Ay for smooth functions
does not necessarily imply the convergence of the corresponding semigroups
or processes (especially for systems with an infinite state space). Additional
arguments are required to justify this convergence. For the general discrete
mass-exchange model (1.21), convergence was proved in Kolokoltsov [130],
generalizing a long series of results for particular cases by various authors;
see the detailed bibliography in Kolokoltsov [130]. We shall not develop this
topic here, as we aim to work with more general models with continuous state
spaces, including (1.21) as an easy special case.

1.4 Nonlinear Lévy processes and semigroups

To open our discussion of processes with uncountable state spaces, which
generalize the nonlinear Markov chains introduced above, we shall define



12 Introduction

the simplest class of nonlinear processes having a Euclidean state space,
namely nonlinear Lévy processes. Serious analysis of these processes will be
postponed to Section 7.1.

A straightforward and constructive way to define a Lévy process is via its
generator, given by the famous Lévy—Khintchine formula. Namely, a Lévy pro-
cess X, is a Markov process in R? with a generator L of Lévy—Khintchine form
given by

Lf(x) = 3(GV, V) f(x) + (b, Vf(x))

+ /[f(x + ) = f) =, VDI Mv(dy),  (1.22)

where G = (Gj;) is a symmetric non-negative matrix, b = (b;) € RY, v(dy)
is a Lévy measure’ and

d 82f " af
(GV, V) f(x) = Z Gijm, b, Vfx) = Zbig.
i J i=1 !

i,j=1
In other words, X; is a stochastic process such that
E(f(X)IX;=x) = (@ fHx),  feCRY,

where @' is the strongly continuous semigroup of linear contractions on
Coo (R generated by L. The generator L has an invariant domain Cgo (R, so
that for any f € C2 (R?) the function ®' f is the unique solution in C2 (R¢)
of the Cauchy problem

ftszt» f0=f~

A Lévy process is not only a time-homogeneous Markov process (the transition
mechanism from time s to time ¢ > s depends only on the difference ¢t — s),
but also a space-homogeneous Markov process, i.e.

T = TP

for any A € R?, where T, is the translation operator Tj f(x) = f(x + A). The
existence (and essentially the uniqueness, up to a modification) of the Lévy
process corresponding to a given L is a well-known fact.

Suppose now that a family A, of Lévy—Khintchine generators is given by

Apf ) = 3GV, V) f(x) + (b(w), V ) (x)

+ /[f(x + ) = f) = (. VNI (. dy), (1.23)

3 Le. a Borel measure in R? such that v{0} = 0 and fmin(l, |y|2)v(dy) < 00.
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thus depending on p € P(R?); for a Borel space X, P(X) denotes the set
of probability measures on X. By the nonlinear Lévy semigroup generated
by A, we mean the weakly continuous semigroup V' of weakly continuous
transformations of P(R?) such that, for any 1 € P(R?) and any f € Cgo (RY),
the measure-valued curve u; = V' () solves the problem

d
E(f’ we) = (A, f, ), t>0, wpo=np. (1.24)

Once a Lévy semigroup has been constructed we can define the correspond-
ing nonlinear Lévy process with initial law p as the time-nonhomogeneous
Lévy process generated by the family L, given by

Lif(0) = Ay f () = HGV (W)Y, V) £ () + BV (). V ) ()
+ /[f(x by — f)
0, V)L (V0. dy), (125

with law g at r = 0.

We shall prove the existence of nonlinear Lévy semigroups in Section 7.1
under mild assumptions about the coefficients of L. Starting from this exis-
tence result we can obtain nonlinear analogs of many standard facts about
Lévy processes, such as transience—recurrence criteria and local time proper-
ties, as presented in e.g. Bertoin [33]. We can also extend the theory to Hilbert-
and Banach-space-valued Lévy processes (see e.g. Albeverio and Riidiger [3]
for the corresponding linear theory). However, we shall not go in this direc-
tion as our main objective here is to study nonlinear processes with variable
coefficients.

1.5 Multiple coagulation, fragmentation and collisions;
extended Smoluchovski and Boltzmann models

We shall now embark on an informal discussion of the methods and tools aris-
ing in the analysis of Markov models of interacting particles and their dynamic
law of large numbers, in the case of an arbitrary (not necessarily countable)
state space. Technical questions about the well-posedness of the evolutions
and the justification of limiting procedures will be addressed in later chapters.
Here the aim is (i) to get a brief idea of the kinds of equation that are worth
studying and the limiting behaviors to expect, (ii) to develop some intuition
about the general properties of these evolutions and about approaches to their
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analysis and (iii) to see how the analysis of various classical models in the nat-
ural sciences (most notably statistical and quantum physics and evolutionary
biology) can be unified in a concise mathematical framework.

The ideas discussed go back to Boltzmann and Smoluchovski and were
developed in the classical works of Bogolyubov, Vlasov, Leontovich, McKean,
Katz, Markus, Lushnikov, Dobrushin and many others. The subject has
attracted attention from both mathematicians and physicists and more recently
from evolutionary biologists. The full model of kth-order interactions lead-
ing to measure-valued evolutions (see (1.73) below) was put forward in
Belavkin and Kolokoltsov [25] and Kolokoltsov [132] and its quantum analog
in Belavkin [21].

Let us stress that in this book our aim is to introduce the law of large numbers
specified by nonlinear Markov processes in the mathematically most direct and
unified way, without paying too much attention to the particulars of concrete
physical models. A review of various relevant and physically meaningful scal-
ing procedures (hydrodynamic, low-density, weak-coupling, kinetic etc.) can
be found in the monograph by Spohn [225]; see also Balescu [16].

By a symmetric function of n variables we mean a function that is invariant
under any permutation of these variables, and by a symmetric operator on the
space of functions of n variables we mean an operator that preserves the set of
symmetric functions.

We denote by X a locally compact separable metric space. Denoting by X°
a one-point space and by X/ the j-fold product X x - -- x X, considered with
the product topology, we denote by X their disjoint union U‘]’.‘;OX /. which is
again a locally compact space. In applications, X specifies the state space of
one particle and X = U?OZOX J stands for the state space of a random number
of similar particles. We denote by Cgym(X) the Banach spaces of symmet-
ric bounded continuous functions on & and by Cgym (X kY the corresponding
spaces of functions on the finite power X*. The space of symmetric (positive
finite Borel) measures is denoted by Mgy (&X). The elements of My (X)
and Csym (X') are respectively the (mixed) states and observables for a Markov
process on X. We denote the elements of A’ by boldface letters, say x, y. For a

finite subset I = {iy, ..., i;} of a finite set J = {1, ..., n}, we denote by |/|
the number of elements in 7, by I its complement J \ I and by x; the collection
of variables x;,, ..., x;,.

Reducing the set of observables to Csym(X) means in effect that our
state space is not X’ (resp. X¥) but rather the factor space SX (resp. SX*)
obtained by factorization with respect to all permutations, which allows the
identification Cyym(X) = C(SX) (resp. Coym(X¥) = C(5X¥)). Clearly
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SX can be identified with the set of all finite subsets of X, the order being
irrelevant.

A key role in the theory of measure-valued limits of interacting-particle
systems is played by the inclusion SX" to M(X) given by

X = (X1, ..., %) > 8y + -+ 8y = b, (1.26)

which defines a bijection between SX and the set M; (X) of finite linear com-
binations of Dirac’s §-measures with natural coefficients. This bijection can be
used to equip SX with the structure of a metric space (complete whenever X
is complete) by “pulling back” any distance on M (X) that is compatible with
its weak topology.

Clearly each f € Csym(&X) is defined by its components (restrictions)
fk on X*, so that for x = (X1,...,x,) € xk c x, say, we can write
fx) = f(x1,...,xx) = fk(xl, ..., Xr). Similar notation will be used for
the components of measures from M (X). In particular, the pairing between
Csym(X) and M(X) can be written as

(f. p) =ff(x>p(dx) = f°po+2/f<x1,...,xn>p<dx1 - dxy),
n=I1

f € Csym(X), pe M(X).

A useful class of measures (and mixed states) on X is given by decompos-
able measures of the form Y ®; such a measure is defined for an arbitrary finite
measure Y (dx) on X by means of its components:

(Y)Y (dxy - -dxy) = YO (dx; - - dxp) = Y(dx1) - - Y(dxy,).

Similarly, decomposable observables (multiplicative or additive) are defined
for an arbitrary Q € C(X) as

(Q®)' (x1, ..o xn) = OF"(x1, . X)) = Q(x1) -+ O(xp), (1.27)
where
(09 (x1, ..., x0) = Q(x) + -+ Ox) (1.28)

(Q® vanishes on X°). In particular, if Q = 1, then Q% = 19 is the number of
particles: 1% (x1, ..., x,) = n.

In this section we are interested in pure jump processes on X', whose
semigroups and generators preserve the space Cgym of continuous symmetric
functions and hence are given by symmetric transition kernels g (x; dy), which
can thus be considered as kernels on the factor space S&X'.
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To specify a binary particle interaction of pure jump type we have to specify
a continuous transition kernel

P%(x1, x2; dy) = {P2(x1, x2; dy1 - - - dym))

from SX? to SX such that P%(x; {x}) = O for all x € X2. By the intensity of
the interaction we mean the total mass

o0
P*(x1, x2) =/XP2(x1,x2;dy) = Z/X P (x1, %25 dyy - - dyp).
m=0

The intensity defines the rate of decay of any pair of particles x1, x2, and the
measure Pk(x 1, x2; dy) defines the distribution of possible outcomes. If we
suppose that any pair of particles, randomly chosen from a given set of n
particles, can interact then this leads to a generator G, of binary interacting
particles, defined in terms of the kernel P2

(G2 f)(xyyeenyxn) = Z /[f(XﬂY)_f(xlw-wxn)]
Ic{l,...n},|1|=2

X P2(x1,dy)

:Z Z /[f(xl—,yl,...,ym)—f(xl,...,xn)]

m=0IC{l,...,n},|1|=2

X P,’Z(XI; dyy...dym).

A probabilistic description of the evolution of a pure jump Markov pro-
cess Z; on X specified by this generator (if this process is well defined!)
is the following.* Any two particles x1, x, (chosen randomly and uniformly
from n existing particles) wait for interaction to occur for a Pz(xl,xz)-
exponential random time. The first pair in which interaction occurs produces
in its place a collection of particles yip, ..., yn according to the distribu-
tion Pn% (x1,x2;dy1 - -dym)/ P2(x, x2). Then everything starts again from the
new collection of particles thus obtained.

Similarly, a k-ary interaction or kth-order interaction of pure jump type is
specified by a transition kernel

PAGer, - i dy) = (PG, o g dyn - dym)) (1.29)

4 See Theorem 2.34 for some background on jump-type processes, and take into account that the
minimum of any finite collection of exponential random variables is again an exponential
random variable.
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from SX* to SX such that P¥(x; {x}) = O for all x € X, where the intensity is
Pk(x]7 L XE) = / Pk(x1,...,xk;dy)

oo
=3 [ Py, 30)
=0

This kernel defines a generator Gy of k-ary interacting particles:

Gr ), - )
- Z [ Loy = fen ] Pxdy) (1.31)

Ic(l,...n) 1=k

To model possible interactions of all orders up to a certain k, we can take the
sum of generators of the type (1.31) forall/ =1, 2, ..., k, leading to a model
with generator given by

k
Gaf =) Gif. (1.32)

=1

To ensure that operators of the type in (1.31) generate a unique Markov
process we have to make certain assumptions. Physical intuition suggests
that there should be conservation laws governing the processes of interaction.
Precise criteria will be given in Part III.

Changing the state space according to the mapping (1.26) yields the corre-
sponding Markov process on M;‘(X ). Choosing a positive parameter i, we
now scale the empirical measures 8y, + - - - 4+, by a factor & and the operator
of k-ary interactions by a factor h¥~!

Remark 1.5 Performing various scalings and analyzing scaling limits is
a basic feature in the analysis of models in physics and biology. Scaling
allows one to focus on particular aspects of the system under study. Scaling
empirical measures by a small parameter % in such a way that the measure
h(8x, + --- + 8y,) remains finite when the number of particles n tends to
infinity realizes the basic idea of a continuous limit, mentioned in Section 1.3
(when the number of molecules becomes large in comparison with their indi-
vidual sizes, we observe and treat a liquid as a continuously distributed mass).
Scaling kth-order interactions by h*—1 reflects the idea that, say, simultaneous
ternary collisions are rarer events than binary collisions. Precisely this scaling
makes these kth-order interactions neither negligible nor overwhelming in the
approximation considered.
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The above scaling leads to the generator AZ defined by

AV (hsg) = h*! Z / [F (héx — hdx, + hdy) — F (hv)]
1l l1=k ¥

x P(xy; dy), (1.33)

which acts on the space of continuous functions F on the set M%(X ) of mea-
sures of the form hv = héxy = hd,, + - + hé,. Allowing interactions of
order < k leads to the generator A}é « given by

k
AL F(hsy) =Y AL F(hdy)
=1
k
= Zhl’l Z / [F (h8x — héx, + hdy) — F(hv)]
=1 X

I1c{1,...n}, |1 |=l
x P(xy; dy). (1.34)

This generator defines our basic Markov model of exchangeable particles with
(h-scaled) k-ary interactions of pure jump type. As we are aiming to take the
limit 7 — 0, with hdx converging to a finite measure, the parameter 4 should
be regarded as the inverse of the number of particles. There also exist important
models with an input (i.e. with a term corresponding to [ = 0 in (1.34)), but
we shall not consider them here.

The scaling introduced before Remark 1.5, which is usual in statistical
mechanics, is not the only reasonable one. In the theory of evolutionary games
(see Section 1.6) or other biological models a more natural scaling is to nor-
malize by the number of particles, i.e. a k-ary interaction term is divided by
n*=1 = (||hv||/h)*! (see e.g. the phytoplankton dynamics model in [9] or
[211]). This leads to, instead of Ah, the operator Z\f given by

AlF(héy) = W1 Z / [F(hv — héyx, + hdy) — F (hv)]
1t l=k X
P(xy; dy)

—_— (1.35)
(LN

or, more generally,

k
AL F(hsy) =Y A} F(hsy). (1.36)
=1
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Applying the obvious relation

> san=1 [ sz

Icf{l,....n},|[1=2

-3 / £z 2)8x(dz). (1.37)

which holds for any f € Csym(XZ) and X = (x1,...,x,) € X", one observes
that the expression for the operator A'21 is

AVF(héy) = -1 /X /X[F(hax — 2h8; + hdy) — F(hdy)]
x P(z, z; dy)(hdx)(dz)
+ 1n! /X /XZ[F(hSX — h8;, — héy, + hdy) — F(héy)]
x P(z1,22; dy) (h8x)(dz1) (hdx)(dz2).  (1.38)

On the linear functions
Fo(n) = fg(y)u(dy) = (g 1
this operator acts according to
A F,(h8y)

! /X /X 165~ 821 2)IP G 221 dY) (o) () () ()

— %h /X /X [g®(y) — %z, D1P(z, z; dy) (hx) (d2).

It follows that if & tends to O and 8y tends to some finite measure w (in other
words, if the number of particles tends to infinity but the “whole mass” remains
finite owing to the scaling of each atom), the corresponding evolution equation
F = A F on linear functionals F = F, tends to the equation

d
E(gv He) = AoFg(iir)
=3 / f [¢®2() — ¢%@] P2(z; dy)uP*(dn),  z= (21, 22),
X Jx2

(1.39)

which is the general kinetic equation for binary interactions of pure jump type
in weak form. “Weak” means that it must hold for all g belonging to Cso(X)
or at least to its dense subspace.
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A similar procedure for the k-ary interaction operator in (1.33), based on the
k-ary extension (H.4), (H.6) (see Appendix H) of (1.37), leads to the general
kinetic equation for k-ary interactions of pure jump type in weak form:

d
= (g, ) = ApF,
yr (8, mr) kFg(ur)

1
= ﬁ/x ka [s°®) — @] Py @n, 2= G,
(1.40)

More generally, for interactions of order at most k, we start from the generator
given in (1.32) and specified by the family of kernels P = {P(x) = P! x),x €
X!, 1=1,..., k}of type (1.30) and obtain the equation

k
d 1
) = M) = 3 [ [ 120 = @] Py ao.

(1.41)

The same limiting procedure with the operator given by (1.35) yields the
equation

d
7 /x 8@ (dz)

1 ®k
=— / / [¢®(y) — g% @] Pk(z;dy)( e ) dz)|lpell. (1.42)
k! S Jxx [PA

In the biological context the dynamics is traditionally written in terms of
normalized (probability) measures. Because for positive p the norm equals
Il = f x m(dx) we see that, for positive solutions i, of (1.42), the norms of
W satisfy the equation

d B 1 e ®k
“hua ——Eka Q(z)(”m”) @Dl (143)
where
0@ = — /X [12(y) — 12@)] P (z: dy). (1.44)

Consequently, rewriting equation (1.42) in terms of the normalized measure
vi = e/ llpe |l yields
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4 f ¢(@(d2) = — / / [¢° — ¢°@] Pz dy)iP (da)
dt X k! X Jxk !

+i 2(2)vi(d2) / / Q& dz).  (1.45)
k' X X Xk

It is worth noting that the rescaling of interactions leading to (1.42) is
equivalent to a time change in (1.40). A particular instance of this reduction
in evolutionary biology is the well-known trajectory-wise equivalence of the
Lotka—Volterra model and replicator dynamics; see e.g. [96].

We shall now consider some basic examples of interaction.

Example 1.6 (Generalized Smoluchovski coagulation model) The clas-
sical Smoluchovski model describes the mass-preserving binary coagulation
of particles. In the more general context, often called cluster coagulation, see
Norris [194], a particle is characterized by a parameter x from a locally com-
pact state space X, where a mapping E : X — Ry, the generalized mass,
and a transition kernel Plz(zl ,22,dy) = K(z1, 22, dy), the coagulation ker-
nel, are given such that the measures K(z1, z2;.) are supported on the set
{y: E(y) = E(z1) + E(z2)}. In this setting, equation (1.39) takes the form

d
7 /X g (dz)

= %/}(3[g(y) —8(z1) — (221K (21, 225 dy) e (dz1) e (dz2).  (1.46)

In the classical Smoluchovski model, we have X = Ry, E(x) = x and
K(x1,x2,dy) = K(x1,x2)8(x1 + x2 — y) for a certain symmetric function
K (x1, x2).

Using the scaling (1.35), which would be more appropriate in a biological
context, we obtain, instead of (1.46), the equation

e (dz1) e (dz2)

d

—/ g(z)m(dz)=f [g(y)—g(z1) —g(22)1K (21, 22, dy)

dr Jx X3 ll el
(1.47)

Example 1.7 (Spatially homogeneous Boltzmann collisions and beyond)
Interpret X = R¥ as the space of particle velocities, and assume that binary
collisions (vy, v2) — (w1, wy) preserve total momentum and energy:

V] 4+ v = wy + wo, v%—}—v%:w%—i—wg. (1.48)
These equations imply that
wy = vy —n(v; — v2,n), wy = vy +n(v; — v2,n)),

(1.49)
nesl (nv;—v) =0
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(see Exercise 1.1 below). Assuming that the collision rates are shift invariant,
i.e. they depend on vy, vy only via the difference vy — vy, the weak kinetic equa-
tion (1.39) describing the LLN dynamics for these collisions takes the form

d
— (g 1) =% / / e (dvy) e (dvy)
dt neSd—1l:(n,vy—v1)>0 JR2

x [g(w1) + g(w2) — g(v1) — g(W2)]1B(v2 —vi,dn)  (1.50)

in which the collision kernel B(v, dn) specifies a concrete physical collision
model. In the most common models, the kernel B has a density with respect
to Lebesgue measure on S~! and depends on v only via its magnitude |v|
and the angle 6 € [0, /2] between v and n. In other words, one assumes
B(v, dn) has the form B(|v|, 8)dn for a certain function B. Extending B to
angles 0 € [ /2, ] by

B(lv|,0) = B(Jv|,m —0) (1.51)

allows us finally to write the weak form of the Boltzmann equation as

d
77 (& ) = %/ / [g(w1) + g(w2) — g(v1) — g(v2)1B(Jv1 — 2], 6)
t sd—1 J g2d

x dnpu(dvi) i (dvz), (1.52)

where wi and w; are given by (1.49), 6 is the angle between v, — v and n and
B satisfies (1.51).

Example 1.8 (Multiple coagulation, fragmentation and collision breakage)
The processes combining the pure coagulation of no more than k particles,
spontaneous fragmentation into no more than k pieces and collisions (or col-
lision breakages) of no more than k particles are specified by the following
transition kernels:

Pll(zl,...,zl,dy) =Ki(z1,...,2dy), [=2,...,k,
called coagulation kernels;
P, (zidyy - -dyn) = Fu(zidyy - -dyn),  m=2,... .k
called fragmentation kernels; and

Pll(zl,...,zl;dy1~--dy1) =Ci(z1,...,25;dy1---dy2), 1=2,...,k,
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called collision kernels. The corresponding kinetic equation (cf. (1.39)) takes
the form

d d
E/g(z)m( 2)

k l
1
:Zﬁ/ le() —g(z1) = — glzm)Ki (21, - - o, asdy) [ T mdz))
[=2 " Y22y j=I1
k
£y / () ++ -+ 8m) — 81 Fin (23 dy - .. dym)ae (d2)
m=2" Vs Ym
k
+ Z/[g(m) +o g —glz) — - — g(z)]
1=2 1
xCilzgs -0 s dyy---dy) [ | meldz)). (1.53)
j=1

Exercise 1.1 Prove equations (1.49) and extend them to collisions in which
k particles v = (vy, ..., v) are scattered to k particles w = (w1, ..., w) that
preserve total energy and momentum, i.e.

2

v+ v = w4+ wy, v%+~--+v,%=w1+-~-+w,%. (1.54)

Deduce the following version of the Boltzmann equation for the simultaneous
collision of k particles:

d 1
) =5 /S i1 /R 820 =2(v.mm) — ¢® ()]

x Br({vi — v} j_ys dmpus (dvy) -+ (dwp), (1.55)
where
F={u=up,....,up) e R*:u; + - +u =0},
S = mer | = m P+ 4 =1,
Spe TV = e st @ <0
Hint: In terms of u = {uy, ..., ux}, defined by w = u + v, conditions (1.54)

mean that u € I" and

k k k
> =Y "ud =2 wj.up) =2w.u)=-2> (vj,u;) = —2(v.u)

j=1 j=1 j=1
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or, equivalently, that u = |ju|ln, n € Sff(k_l)_l and

[ull =2(w,n) = =2(v,n),

implying, in particular, that (v, n) < 0.

1.6 Replicator dynamics of evolutionary game theory

In this section we discuss examples of the kinetic equations that appear in
evolutionary game theory. These models are often simpler, mathematically,
than the basic models of statistical physics (at least from the point of view of
justifying the dynamic law of large numbers), but we want to make precise
their place in the general framework.

We start by recalling the notion of a game with a compact space of strate-
gies, referring for general background to textbooks on game theory; see e.g.
Kolokoltsov and Malafeev [139], [140] or Gintis [84]. A k-person game (in its
normal form) is specified by a collection of k compact spaces Xy, ..., Xi of
possible pure strategies for the players and a collection of continuous payoff
functions Hi,...,Hy on X1 x --- x Xj. One step of such a game is played
according to the following rule. Each playeri,i = 1, ..., k, chooses indepen-
dently a strategy x; € X; and then receives the payoff H;(xy, ..., xx), which
depends on the choices of all k£ players. The collection of chosen strategies
X1, ..., X is called a profile (or situation) of the game. In elementary models
the X; are finite sets. A game is called symmetric if the X; do not depend on
i, so that X; = X, and the payoffs are symmetric in that they are specified by

a single function H (x; yi, ..., yx—1) on X¥ that is symmetric with respect to
the last k — 1 variables yq, ..., yx—1 via the formula
Hi(xl""’xk):H(‘xi7‘x1’"'7‘xi71"xi+17""‘xk)'

Hence in symmetric games the label of the player is irrelevant; only the strategy
is important.
By the mixed-strategy extension of a game with strategy spaces X; and pay-

offs H;,i = 1,...,k, we mean a k-person game with strategy spaces P(X;)
(considered as compact in their weak topology), i = 1, ..., k, and payoffs
H}(P) = /k Hi(x1, ..., x) Pdxy - - - dxg),
X

P=(p1,...,pr) € P(X1) x--- X P(Xg).

Playing a mixed strategy p; is interpreted as choosing the pure strategies ran-
domly with probability law p;. The key notion in the theory of games is that
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of Nash equilibrium. Let
H} (Pllx;)

Hi(x1,...,x,) dp1---dpi—1dpiy1---dpy.

/);1 XX X1 X Xjp1 X% Xy
(1.56)

A situation P = (py, ..., pr) is called a Nash equilibrium if
H}(P) > H}(P|lx;) (1.57)

for all i and x; € X;. For symmetric games and symmetric profiles P =
(p, ..., p), which are of particular interest for evolutionary games, the payoffs

HE(P) =H*<P>=/ H, .0 p®dx -dxe),
Xk

Hf (Plly)= H'(Ply) = |~ H(.x..o0e) p D da - doen)
e

do not depend on i, and the condition of equilibrium is
H*(P) > H*(P||x), x € X. (1.58)

The replicator dynamics (RD) of evolutionary game theory is intended to
model the process in which one approaches equilibrium from a given initial
state by decreasing the losses produced by deviations from equilibrium (thus
adjusting the strategy to the current situation). More precisely, assuming a
mixed profile given by a density f; with respect to a certain reference mea-
sure M on X (f; can be interpreted as the fraction of a large population using
strategy x), the replicator dynamics is defined by

fi(x) = fi(0) [H*(fiM|x) — H*(f;M)]. (1.59)

The aim of this short section is to demonstrate how this evolution appears as a
simple particular case of the LLN limit (1.43) of the scaled Markov model of
type (1.31).

In the evolutionary biological context, particles become species of a certain
large population, and the position of a particle x € X becomes the strategy
of a species. A key feature distinguishing the evolutionary game setting from
the general model developed in preceding sections is that the species produce
new species of their own kind (with inherited behavioral patterns). In the usual
model of evolutionary game theory it is assumed that any k& randomly chosen
species can occasionally meet and play a k-person symmetric game specified
by a payoff function H(x; yi, ..., yki—1) on X¥, where the payoff measures
fitness expressed in terms of the expected number of offspring.
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Remark 1.9 Basic evolutionary models consider binary interactions (k = 2)
with finite numbers of pure strategies, that is, elementary two-player games.
However, arbitrary interaction laws and state spaces seem to be quite relevant
in the biological context; see [201]. Such models would allow the analysis of
animals living in groups or large families.

To specify a Markov model we need to specify the game a little further.
We shall assume that X is a compact set and that the result of the game in
which player x plays against yi, ..., yx—1 is given by the probability rates
H™(x; y1, ..., Vk—1),m = 0, 1, ..., of the number m of particles of the same
type as x that would appear in place of x after this game (i.e. one interaction).
To fit into the original model, the H™ can be chosen arbitrarily as long as the
average change equals the original function H:

oo

H( y1, 0 -1) = ) m = DH™ (x5 y1, -, yie1). (1.60)

m=0

The simplest model is one in which a particle can either die or produce
another particle of the same kind, with given rates H 0 H2: the probabilities
are therefore H / (HY + H?) and H? J(H 0 4+ H?). Under these assumptions
equation (1.60) reduces to

Hx v e Y1) = H2 s y1, 0o vke1) — HOG v, o yie1). (1.61)

In the general case, we have the model from Section 1.5 specified by transition
kernels of the form

PEGz1, .oz dy) = H™ (21522, -+, 26082, (dy1) - - 82, (dym)

m
+H™(z2i 210w [ [ Sy + -
j=1

m
+H" @ an o ae) [ [ 8@y, (162)
j=1

so that

/X (62 — g®@] PX@idy) = ) (m — DIg)H" 1522, . 2) + -+

m=0

+ g@)H" (zk5 215 - -+ 2h—1)]
=g@@H @122, )+
+g(z)H (zks 21y« -+ Zh—1)-
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Owing to the symmetry of H, equation (1.42) takes the form

d d
& [ stoman

el , e\
= (k_1)!/ng(m)H(Zl,zz,...,Zk)<”Mt”) (dzy---dzi), (1.63)

and hence for the normalized measure v; = /|| 14+ || one obtains the evolution

d 1
E/;(g(X)w(dX) = m'/x[H*(Vzllx)—H*(vz)]g(X)w(dx), (1.64)

which represents the replicator dynamics in weak form for a symmetric k-
person game with an arbitrary compact space of strategies. It is obtained here
as a simple particular case of (1.45).

If a reference probability measure M on X is chosen, equation (1.64) can be
rewritten, in terms of the densities f; of v, with respect to M, as (1.59).

Nash equilibria are connected with the replicator dynamics through the
following result.

Proposition 1.10 (i) If v defines a symmetric Nash equilibrium for a symmet-
ric k-person game specified by the payoff H(x; y1, ..., Yk—1) on Xk, where X
is a compact space, then v is a fixed point for the replicator dynamics (1.64).

(ii) If v is such that any open set in X has positive v-measure (i.e. a “pure
mixed” profile) then the converse to statement (i) holds.

Proof (i) By definition, v defines a symmetric Nash equilibrium if and
only if
H*(vllx) < H*(v)
for all x € X. But the set M = {x : H*(v|x) < H*(v)} should have

v-measure zero (otherwise, integrating the above inequality would lead to a
contradiction). This implies that

/X [H*llx) = H*(n)] g(x)vi(dx) =0

for all g.
(i1) Conversely, assuming that the last equation holds for all g implies, because
v is a pure mixed profile, that

H*(v|lx) = H*(v)

on a open dense subset of X and hence everywhere, owing to the continuity
of H. 0
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Exercise 1.2 Consider a mixed-strategy extension of a two-person symmetric
game in which there is a compact space of pure strategies X for each player
and a payoff specified by an antisymmetric function H on X2, i.e. H(x,y) =
—H(y, x). Assume that there exists a positive finite measure M on X such
that f H(x,y)M(dy) = 0 for all x. Show that M specifies a symmetric Nash
equilibrium and that, moreover, the function

L(f) = / In f; (o) M (dx)

is constant on the trajectories of the system (1.59). The function L( f) is called
the relative entropy of the measure M with respect to the measure f; M.
Hint:

d
EL(f’) =/H*(szIIX)M(dX) - H*(fiM),

and both terms on the r.h.s. vanish by the assumptions made.

1.7 Interacting Markov processes; mean field and
kth-order interactions

Here we extend the models of Section 1.5 beyond pure jump interactions
(analytically, beyond purely integral generators).

As shown in Belavkin and Kolokoltsov [25] under rather general assump-
tions, the parts of generators of Feller processes on A that are not of pure jump
type can generate only processes that preserve the number of particles. Hence,
a general Feller generator in SA” has the form B = (B1 B2, .. .), where

ka(xl, Co L XE)

= Akf(-xlv ...,Xk) +/X [f(Y) - f(xlv'“sxk)] Pk(-xlv -»-»xk,dY);
(1.65)

here PX is a transition kernel from SX* to SX and AX generates a symmetric
Feller process in X*. However, with this generator the interaction of a subsys-
tem of particles depends on the whole system: for the operator (0, B2,0,.. D,
say, two particles will interact only in the absence of any other particle). To put
all subsystems on an equal footing, one allows interactions between all subsets
of k particles from a given collection of n particles. Consequently, instead of
B* one is led to a generator of k-ary interactions of the form
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ILPE, AR f (xrs o)
= Y Bif(x.....x)

Ic{l,...n},|I|=k

- > {(Alf)(m,...,xn)

Ic{l,...n}|I|=k

+ / (£ 9 = f 1o i0)] Proxrdy)), (1.66)

where A; (resp. Bj) is the operator A/l (resp. B!/l) acting on the variables
X;. In quantum mechanics the transformation B! +— I is called the second
quantization of the operator B!. The transformation BX + I for k > 1 can
be interpreted as the tensor power of this second quantization (see Appendix J
for Fock-space notation).

The generators of interaction of order at most k& have the form

k
> P A f(xrL L x)

=1

=G NGLx) + Y (AL X)), (1.67)

where G < f is given by (1.32). The corresponding kth-order scaled evolution
on C(SX) is then governed by the equations

k
fo) =1"P,Af@), I"[P,Al= %Zhln[zﬂ, Al (1.68)
=1

Scaling the state space by choosing f on SX to be of the form f(x) =
F (héy), one defines the corresponding generators A];l on C (./\/l;’l'a) by

AL F(héy) = h'™! > BLF (héy), X=(X1,...,x). (1.69)
I1c{1,...n},|1|=l

Using the combinatorial equation (H.4) for Fg(hv) with hv = héy, + -+ +
héy, = hdx, one can write

1
—h' Y (AP =kt Y (Alg®x)

Ic{l,...n},[I1=l Ic{l,...n},|1|=l

1
1
_ ﬁ/(Ag@)(Zl, o [[dzy) + o,

j=1
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where the notation (Ag®)(z1, ..., z) = (A'g®(z1, ..., z7)) is used. The same
limiting procedure as in Section 1.5 now leads to, instead of (1.41), the more
general equation

d
d—t/g(z)uz(dz)

k
1
=> i /X ] {(Ag®)(z> + /X [¢®) — @] Pz dy)} ui (dz). (1.70)
1=1""
More compactly, (1.70) can be written in terms of the operators B¥ as

d ko
o / g (dz) = IZZI o /X ]<Blg@)<zm;®l(dz) (1.71)

or as
d ® ®
d—/g(Z)m(dZ) =/ (Bg¥)(@)u; (dz), (1.72)
t X

where the convenient normalized tensor power of measures is defined, for
arbitrary Y, by

(YO)u(dxy - dxy) = YO (dxy -+ dxy) = %Y(dm) - Y(dxpn).

Finally, one can allow additionally for a mean field interaction, i.e. for the
dependence of the family of operators A and transition kernels P in (1.65) on
the current empirical measure . = hdy. In this case one obtains a generalized
version of (1.70) in which A and P depend additionally on p,:

d -
< (&) = / {(A[m]g@>(z>+ / [g@(y)—g@(z)]P(mz;dy)}u?(dzx
t X X

(1.73)

or, more compactly,

d -
d—(g, i) = / (B[Mz]gea)(Z)M?l(dZ)- (1.74)
t X

This is the weak form of the general kinetic equation describing the dynamic
LLN for Markov models of interacting particles, or interacting Markov
processes, with mean field and kth-order interactions.

If the Cauchy problem for this equation is well posed, its solution p, for a
given o = p can be considered as a deterministic measure-valued Markov
process. The corresponding semigroup is defined as 7T; F (u) = F(u¢). Using
the variational derivatives (F.6) the evolution equation for this semigroup can
be written as
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d SF \® &
d_F(Ml):(AF)(Mt):/ B[u:]( ) @), (dz)
t X

3#1(~)
—f Al ]( oF )®<z> % (d2)
— S GO H

OF ® SF ] i
B P, z; dy)p2(dz). (1.75
+/X2 |:<8,ut(,)> ) (‘Sﬂt()> (z)i| (s z; dy) g (dz). ( )

This is heuristic for the moment, as the assumptions of Lemma F.1 should
be either checked for this case or modified appropriately. The kinetic equa-
tion (1.73) is simply a particular case of (1.75) for the linear functionals
F(p) = Fo(pn) = (g, 1.

For a linear Markov process it is instructive to study the analytic properties
of its semigroup. For instance, knowledge about the domain or an invariant
core is important. A core can often be identified with a certain class of smooth
functions. A similar search for a core for the nonlinear semigroup F (i) spec-
ified by (1.75) leads naturally to the question of the differentiability of u; with
respect to the initial data ;1o. We shall explore this problem in Chapter 8, and
later on its usefulness in relation to the LLN and CLT will be demonstrated.

If the transition kernels P (u, z; dy) preserve the number of particles, the
components

Blf(xl,...,xl):Alf(xl,...,xl)—i-[Xl[f(yl,...,yl)—f(xl,...,xl)]

X Pl(xl, ey X1, dyr - -dyr)
(1.76)

also preserve the number of particles, i.e. B!: Csym(Xl) — Csym(Xl). In par-
ticular, the integral transformations specified by P* can be included in A*. For
instance, in the important case in which only binary interactions that preserve
the number of particles are included, equation (1.74) takes the form

d( )
dt 8> MUt

= [ Blio@uan +3 [ B e dzm @)
(1.77)

for conditionally positive operators B! and B? in C(X) and Cszym(X 2)
respectively.

It is worth stressing that the same kinetic equation can be obtained as the
LLN dynamics for quite different Markov models of interaction. In particular,
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since A and P are symmetric, equation (1.73) (obtained as a limit for com-
plicated interactions allowing for a change in the number of particles) can be
written compactly as

d _
E(g, we) = (Aluelg, me) (1.78)

for a certain conditionally positive operator A in C(X) depending on s as
on a parameter, which represents the mean field limit for a process preserv-
ing the number of particles. However, when analyzing the evolution (1.73) (or
more specifically (1.70)) it is often convenient to keep track of the structure
of the interaction and not to convert it to the concise form (1.78), in partic-
ular because some natural subcriticality conditions can be given in terms of
this structure and may be lost in such a reduction. Having said this we stress
that, when solving kinetic equations numerically using a scheme arising from
particle approximations, we can try various approximations to find the most
appropriate from the computational point of view.

In order to make all our heuristic calculations rigorous, we have to perform
at least two (closely connected) tasks: first, to show the well-posedness of the
Cauchy problem for equation (1.73) under certain assumptions and possibly in
a certain class of measures; second, to prove the convergence of the Markov
approximation processes in M;{& (X) to their solutions. These tasks will be
dealt with in Parts II and III respectively. In the rest of this chapter we shall
discuss briefly further classical examples. We shall also introduce certain tools
and entities (moment measures, correlation functions, the nonlinear martin-
gale problem) that are linked with evolutions of the type (1.73) and, as can be
seen in the physical and mathematical literature, are used for practical calcula-
tions, for the analysis of the qualitative behavior of such evolutions and for the
comparison of theoretical results with experiments and simulations.

1.8 Classical kinetic equations of statistical mechanics:
Vlasov, Boltzmann, Landau

The kinetic equations (1.41),

k
d 1
E(g’ ) = Aj<i Fg(14r) =§ 7 /X/X’ [¢®(y) — g®(z)]Pl(z; dy)u® (dz),

usually appear in spatially homogeneous models of interaction. The richer
model (1.66) allows us to include arbitrary underlying Markov motions, poten-
tial interactions, interdependence of volatility (diffusion coefficients) etc. We
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shall distinguish here some kinetic equations of the type (1.77) that are of par-
ticular interest for physics, showing how they fit into the general framework
discussed above.

Example 1.11 (Vlasov’s equation) As a classical particle is described by
its position and momentum, let X = R?? and both B! and B> be genera-
tors of deterministic dynamics (first-order differential operators). The Viasov
equation in a weak form,

d 0H dg 0H dg
d—(g,l/«t)= —— — — — | i (dx dp)
1 R2

ap 0x dx dp
a
+/ (VV(Xl — x2), —g(M,Pl))
R4d 3p1
X e (dxy dpr) e (dxy dp2) (1.79)

is obtained when B! generates the Hamiltonian dynamics, i.e.
Bl — oH 0 0d0H 0

op dx  Ox dp’

The function H (x, p) is called the Hamiltonian; for example, H = p*/2 —
U (x) for a given single-particle potential U. The generator B> specifies the
potential interaction:

2 _ af of
B f(x1, p1,x2, p2) = VV(x1 —x2) — + VV(x2 — x1) —
ap1 p2

for a given potential V.

Example 1.12 (Boltzmann’s equation) Unlike the spatially homogeneous
Boltzmann model leading to (1.50), the state space of the full model of colli-
sions is R?? as for the Vlasov equation. Assuming that away from collisions
particles move according to the law of free motion and that collisions may
occur when the distance between particles is small, we obtain the mollified
Boltzmann equation

d 9
—(g, ) = (v—g,u>+l/ / n(x1 —x2)
dt ! ax ! 2 R JneSi=1:(n,v1—vp)>0

X B(vy — va, dn)pu, (dxy dvy) e (dxz dva)
x [g(x1,v1 = n(v — v2,n) + g(x2, v2 + n(v) — v2, 1))
— g(x1,v1) — glx2, )], (1.80)
where the mollifier n is a certain non-negative function with compact support.

More interesting, however, is the equation, obtained from (1.80) by a limit-
ing procedure, that describes local collisions that occur only when the positions



34 Introduction

of the particles coincide. Namely, suppose that instead of n we have a fam-
ily n¢ of functions converging weakly to the measure o (x1)3y,—x,dx; with
continuous o':

lim/ f(Gxeq, )0 (xq —xz)dxldx2=/ f(x,x)o(x)dx
de Rd

e—0

for all f € C(R*). Assuming that u;(dx dv) = p(x, dv)dx (with an obvi-
ous abuse of notation) and taking the formal limit as € — 0 in the kinetic
equation (1.80) leads to the Boltzmann equation in weak form:

d
a1 Juo glx, v)us (x, dv)

ad
=f v—g(x,v)m(x,dv)
R4 dx

1
+ _/ / B(vy — va, dn)pu, (x, dvi)py (x, dv)
2 JR2d Jnesd=1:(n,v,—v2)=0

x [g(x,v1 — n(vy — v, n)) + g(x, v2 + n(vy — v2, 1))
—g(x,v) — gx, 1)]. (1.81)

A rigorous analysis of this limiting procedure and the question of the well-
posedness of equation (1.81) are important open problems.

Example 1.13 (Landau-Fokker-Planck equation) The equation
d (g, mr)
d ¢ 8, Ut

- /RZd [%(G(v — )V, V)g) + (b(v — vy, Vg(v))]ﬂt(dv*)ﬂz(dv),
(1.82)

for a certain non-negative matrix-valued field G(v) and a vector field b(v),
is known as the Landau-Fokker—Planck equation. Physically this equation
describes the limiting regime of Boltzmann collisions described by (1.50)
when they become grazing, i.e. when vy is close to v;. We will not describe
this procedure in detail; for further information see Arseniev and Buryak [13],
Villani [245] and references therein.

1.9 Moment measures, correlation functions and the
propagation of chaos

For completeness, we shall introduce here the basic notion used in physics for
describing interacting-particle systems, namely correlation functions, and the
related effect of the propagation of chaos. Despite its wider importance, this
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material is not much used later in the book and is not crucial for understanding
what follows; so this section could be skipped.

Let the measure p = (oo, 1, ...) € Msym(X). The important role in the
analysis of interacting particles is played by the moment measures v of p,
defined as

> (n+m)!
v(dxy .. dxy) =Y ——p(xr - dxy ), (183)
Xm .

where the integral in each term is taken over the variables x,y1, ..., Xp4m. If
X =R? and

Pn(dxy -+ -dxy) = pu(x1, ..., x)dxy - - - dxp,

then the densities of the v, with respect to Lebesgue measure, given by
(n+m)! M)'
Vp (X1, ey Xp) = Z/. PX1, ey X)X - - dXym,

are called the correlation functions of the family of densities {p,}. For large-
number asymptotics one normally uses the scaled moment measures v"* of p,
defined as
(e.¢]
Vi dx) =0 O dxy-evdty - dxnsm)  (1.84)
0 xm m!

for a positive parameter /.

Let us look at this transformation from the functional point of view. For
any gr € C(X¥) let us introduce an observable S g; € Csym(&X) defined by
Shgr(x) = 0 forx € X" with n < k and by

/
Sha =t YT gl x)

i1,..,ig€{l,...,n}

for x € X" with n > k; Z’ means summation over all ordered k-tuples
i1, ..., i of different numbers from {1, ..., n} and Shgo(x) = go. The func-
tion S” has a clear combinatorial interpretation. For instance, if g = 14 for a
Borel set A C X then S" g1(x) is the number (scaled by /) of components of x
lyingin A. If g = 14, - - - 14, for pairwise disjoint Borel sets A; C X then

S"gr(x) = $M 4, (%) - "4, (%)

is the number (scaled by /#¥) of ways to choose one particle from Aj, one
particle from A, and so on from a given collection x. So " defines a func-
tional extension of the well-known problem of counting the number of ways
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to choose a sequence of balls of prescribed colors, say green, blue, red, from a
bag containing a given number of colored balls.
Clearly, if g € Csym(X k) then

Shar) =hkt YT g(x).
1c{1,...,n}:|I|=k

We have seen already that these observables appear naturally when deducing
kinetic equations. The extension of the mapping gx — S”gi to the mapping
C(X) = Cgym(X) by linearity can be expressed as

S'e) =y hlIlg(xp).

Remark 1.14 It can be shown by induction that if f = S"g with g €
Csym (&) then g is unique and is given by

1 —n n—
gOt, o) = —h 3 0 (=),

Lemma 1.15 The mapping p +— v,ﬁ’ Sfrom Mgy (X) to Msym(Xk) is dual
to the mapping gr v+ S"gir. That is, for v defined by (1.84) and g =
(80, 81, -..) € C(X),

(S"gr, p) = (g, v, k=0,1,... (1.85)
and
o0
(g, p) = (g, V") =D (& v). (1.86)
k=0

In particular, if X is a random variable in X that is distributed according to the
probability law p € P(X) then

S" gk (%) = (g, V). (1.87)
Proof We have

S"gx, p) = Z S" @k (X1 -y Xkt Phetm (1 -+ dXpsm)

[
M%i

/
nk 2 g(Xiys ooy Xiy) Pt (dX1 - - - dXptm)
m=0 i1yl €{l,...,m+k}
o0
(m + k)!
= Z hkTg(xl, co oy X) P (X1 - - - dXpem)s
m=0 '

implying (1.85). O
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The crucial property of the moment measures is obtained by observing that
they represent essentially the moments of empirical measures.

Lemma 1.16 Let x be a random variable in X that is distributed according
to the probability law p € P(X); then

E(gi, (h8)%) = (g, vi) + O ()|l £l max |v]'| (1.88)

for gi € Csym(Xk). In particular,

E(g1, hdy) = (g1, 1), (1.89)

E(g2, (h8x)®%) = (g2, V) + 1 / g2(x, )Vl (dx). (1.90)

Proof We have

E(g1, héx) = h/Xgl(xl)Pl(dxl)
+hf2 [g1(x1) + g1(x2)] p2(dxidx) + - -,
X

yielding (1.89). Similarly,

E(g2, (h8)®) = I /X 2(x, X)p1 (dx)

+ h2/2 [g2(x1, x1) + g2(x1, x2)
X
+ g2(x2, x1) + g2(x2, X2) | p2(dx1dxa) + -+,
yielding (1.90). Then (1.88) is obtained by trivial induction. ]

Suppose, now, we can prove that as » — 0 the empirical measures /8y
of the approximating Markov process converge to the deterministic measure-
valued process p; that solves the kinetic equation (1.73). By (1.89) the limiting
measure [; coincides with the limit of the first moment measure v{’. Moreover,
once the convergence of hdx to a deterministic limit is obtained, it is natural
to expect (and often easy to prove) that the tensor powers (hdx)®* converge
to the products /,L?k . Hence, by (1.88) we can then conclude that the moment
measures u,ﬁ‘ converge to the products u,®k. The possibility of expressing the
moment measures as products is a manifestation of the so-called propagation
of chaos property of the limiting evolution.
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Exercise 1.3  Prove the following results. (i) If u, satisfies (1.71) then v, =
(u)® € Mym(X) satisfies the linear equation

I K
d ! i1, +k—1
Evt(dxl-udx[) = ZZCHk—l/ (B] )"

j=lk=1 X[ 1 5mees Xk —1

< Vi doey - dxggeen), (191

where the Cfn are the usual binomial coefficients, B,f is the dual to Bj and
(B,f )*V;(dxy - - - dxp) specifies the action of B’ on variables with indexes from
I cC{l,...,m}

(ii) If the evolution of v, € Mgym(X) is specified by (1.91) then the dual
evolution on C*¥™(X) is given by the equation

g, x) = (Lpg) (et x) = Y Y (Bl gna, .. x),
I1c{l,...1) j¢l
(1.92)

where g;(x1,...,x) = g(x;) and B,{"""jk specifies the action of By on the
variables ji, ..., jk. In particular,

(Lpgh)(xi, .., x) = (BigH )i, ..., x).
Hint: Observe that the strong form of (1.71) is

K
1
Jis(dx) = Z G B ® - @ p(dxdyn - dyi-).

which implies (1.91) by straightforward manipulation. From (1.91) it follows
that

d oo K )
g =330 > > B grxr . xigie)

1=0 k=1 IC{l,...I+k—1},|I|=k—1 j&I

X ve(dxy -+ -dxppr—1)

o0
- Z Z ZB|1\+181(X1,...,xm)vt(dxl...dxm),
m:

which implies (1.92).
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1.10 Nonlinear Markov processes and semigroups;
nonlinear martingale problems

The aim of this chapter was to motivate the analysis of equations describing
nonlinear positivity-preserving evolutions on measures. We can now iden-
tify, in a natural way, nonlinear analogs of the main notions from the theory
of Markov processes and observe how the fundamental connection between
Markov processes, semigroups and martingale problems is carried forward into
the nonlinear setting.

Let M(X) be a dense subset of the space M (X) of finite (positive Borel)
measures on a metric space X, considered in its weak topology. By a nonlinear
sub-Markov (resp. Markov) propagator in M(X) we shall mean any propaga-
tor V" of possibly nonlinear transformations of M(X) that do not increase
(resp. preserve) the norm. If V" depends only on the difference r—r and hence
specifies a semigroup, this semigroup is referred to as nonlinear or generalized
sub-Markov or Markov respectively.

The usual, linear, Markov propagators or semigroups correspond to the
case when all the transformations are linear contractions in the whole space
M (X). In probability theory these propagators describe the evolution of aver-
ages of Markov processes, i.e. processes whose evolution after any given time
¢ depends on the past X<, only via the present position X;. Loosely speaking,
to any nonlinear Markov propagator there corresponds a process whose behav-
ior after any time ¢ depends on the past X<; only through the position X; of
the process and its distribution at z. To be more precise, consider the nonlinear
kinetic equation

d
E(g, we) = (Bluglg, i), (1.93)

where the family of operators B[u] in C(X) depend on u as on a parameter and
each B[u] generates a Feller semigroup. (It was shown above that equations
of this kind appear naturally as LLNs for interacting particles, and, as we shall
see in Section 11.5, also that they arise from the mere assumption of positivity
preservation.) Suppose that the Cauchy problem for equation (1.93) is well
posed and specifies the weakly continuous Markov semigroup 7; in M (X).
Suppose also that for any weakly continuous curve u; € P(X) the solutions
to the Cauchy problem

d
77 (& v = (Bluilg, vo) (1.94)

define a weakly continuous propagator V" [u ], » < t, of linear transforma-
tions in M (X) and hence a Markov process in X. Then, to any u € P(X)
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there corresponds a Markov process X!* in X with distributions p; = T; (1)
for all times ¢ and with transition probabilities pﬁf ;(x, dy) specified by equation
(1.94) and satisfying the condition

/X2 SOy G dy)pr(dx) = (f, VI ) = (fs ). (1.95)

We shall call the family of processes X!* a nonlinear Markov process.

Thus a nonlinear Markov process is a semigroup of the transformations
of distributions such that to each trajectory is attached a “tangent” Markov
process with the same marginal distributions. The structure of these tangent
processes is not intrinsic to the semigroup but can be specified by choosing a
stochastic representation for the generator.

As in the linear case, the process X; with cadlag paths (or the correspond-
ing probability distribution on the Skorohod space) solves the (B[u], D)-
nonlinear martingale problem with initial distribution &, meaning that X is
distributed according to u and that the process

t

M = f(X) — F(Xo) - /0 BILX)If(X)ds, 120 (1.96)

(L(X;) is the law of Xj) is a martingale for any f € D, with respect to the
natural filtration of X,. This martingale problem is called well posed if, for any
initial p, there exists a unique X; solving it.



PART I

Tools from Markov process theory






2
Probability and analysis

In this chapter we recall some particularly relevant tools from the theory of
Markov processes and semigroups, stressing the connection between an analyt-
ical description in terms of evolution equations and a probabilistic description.
To begin with, we introduce the duality between abstract semigroups and prop-
agators of linear transformations, at the level of generality required for further
applications.

2.1 Semigroups, propagators and generators

This section collects in a systematic way those tools from functional analy-
sis that are most relevant to random processes; we consider these in the next
section. Apart from recalling the notions of operator semigroups and their gen-
erators, we shall discuss their nonhomogeneous analogs, i.e. propagators, and
use them to deduce a general well-posedness result for a class of nonlinear
semigroups. For completeness we first recall the notion of unbounded opera-
tors (also fixing some notation), assuming, however, that readers are familiar
with such basic definitions for Banach and Hilbert spaces as convergence,
bounded linear operators and dual spaces and operators.

A linear operator A on a Banach space B is a linear mapping A : D — B,
where D is a subspace of B called the domain of A. We say that the operator
A is densely defined if D is dense in B. The operator A is called bounded if
the norm [|A|| = sup,.p [|Ax|l/llx]l is finite. If A is bounded and D is dense
then A has a unique bounded extension (with the same norm) to an operator
with the whole of B as its domain. It is also well known that a linear operator
A : B — B is continuous if and only if it is bounded. For a continuous linear
mapping A : By — B between two Banach spaces its norm is defined as
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|Ax]| B,
Al B, = sup ———.
x20 lxllB

The space of bounded linear operators By — B; equipped with this norm is a
Banach space itself, often denoted by L(Bj, By).

A sequence of bounded operators A,,n = 1,2, ..., in a Banach space B is
said to converge strongly to an operator A if A, f — Af forany f € B.

A linear operator on a Banach space is called a contraction if its norm does
not exceed 1. A semigroup 7; of bounded linear operators on a Banach space
B is called strongly continuous if |T; f — f|| = Oast — O forany f € B.

Example 2.1 If A is a bounded linear operator on a Banach space then

defines a strongly continuous semigroup.

Example 2.2 The shifts 7; f(x) = f(x + ¢) form a strongly continuous
group of contractions on Cs (R), LY(R) or L2(R). However, it is not strongly
continuous on C(R). Observe also that if f is an analytic function then

o0

fa+n =3 D" P,

n=0

which can be written formally as e’ f (x).

Example 2.3 Let 7(y) be a complex-valued continuous function on R? such
that Re n < 0. Then

T f(y) =" f(y)

is a semigroup of contractions, on the Banach spaces L? (R?), L®(RY),
B(R?), C(RY) or Co(R?), that is strongly continuous on L?(R?) and
Coo(RY) but not on the other three spaces.

An operator A with domain D is called closed if its graph is a closed subset
of B x B, thatis, if x, — x and Ax, — y asn — oo for a sequence
Xp € Dthenx € D and y = Ax. The operator A is called closable if a closed
extension of A exists, in which case the closure of A is defined as the minimal
closed extension of A, that is, the operator whose graph is the closure of the
graph of A. A subspace D of the domain D4 of a closed operator A is called a
core for A if A is the closure of A restricted to D.
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Let 7; be a strongly continuous semigroup of linear operators on a Banach
space B. The infinitesimal generator, or simply the generator, of T; is defined
as the operator A given by

Lf-f
Af = lim ———
! tgl(l) t
and acting on the linear subspace D4 C B (the domain of A) where this limit
exists (in the topology of B). If the 7; are contractions then the resolvent of T;
(or of A) is defined for any A > 0 as the operator R; given by

o0
R.f = f e MT, f dt.
0

For example, the generator A of the semigroup T; f = ¢'" f from Example 2.3
is given by the multiplication operator Af =nf on functions f such that
n*f € CoR?) orn? f € LP(RY).

Theorem 2.4 (Basic properties of generators and resolvents) Let T; be a
strongly continuous semigroup of linear contractions on a Banach space B
and let A be its generator. Then the following hold:

(i) TtDa C Dy foreacht > 0and T,Af = ATy f foreacht > 0, f € Dy.
(ii) T,f = [y AT, f ds + f for f € D.
(iii) Ry is a bounded operator on B, with |R;|| < »~! for any A > 0.
(iv) AR, f — fas )\ — oo.
(v) Ryf € Dy forany f and . > 0 and (A — A)R,f = [, ie. R, =
r—=A)"L
(vi) If f € Da then RyAf = AR, f.
(vii) D4 is dense in B.
(viii) A is closed on D 4.

Proof (i) Observe that for, ¥ € Dg4,
1 1
ATy = 1lim — (T, = 1) | T}y =T, | lim — (T}, — I =T, Ay.
2 (hf})h(h )) 1V t<h1—r>r})h(h ))W tAY
(i) This follows from (i).

(i) We have [|[R, f|| <[5~ e ™[ flldt = 27| £1I.
(iv) This follows from the equation

o o0 €
x/ e MT, f dt :A/ e—“fdz+x/ e M(T, f — f)dt
0 0 0

+a foo (T f — f)d,
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observing that the first term on the r.h.s. is f and the second (resp. third)
term is small for small € (resp. for any € and large 1).
(v) By definition

1 N Y el
AR}‘fZI}ER)E(Th_I)kaZi}I—%Z/O e M (Tranf — Ti f) dt

eAh 1 9] i eAh h "
=1 MT fdt — — MTifdt ) = AR f—f.
tim (S [T nran= S [T an) sk
(vi) This follows from the definitions and (ii).

(vii) This follows from (iv) and (v).

(viii) If f, — f asn — oo for a sequence f, € D and A if f,, — g then

t 1
T,f — f= lim / TsAf,ds =/ Tsgds.
Applying the fundamental theorem of calculus completes the proof. O

Remark 2.5 Forall { € B, the vector ¥/ (t) = fot T, du belongs to D4 and
Ay (t) = Ty — . Moreover, V(1) — ¥ ast — 0 for all ¥ and Ay () —
Ay for y € D4. This observation yields another insightful proof of statement
(vii) of Theorem 2.4 (bypassing the use of the resolvent).

Proposition 2.6 Let an operator A with domain D 4 generate a strongly con-
tinuous semigroup of linear contractions T;. If D is a dense subspace of D 4
that is invariant under all Ty then D is a core for A.

Proof Let D be the domain of the closure of the operator A restricted to
D. We have to show that for ¢ € D there exists a sequence ¥, € D, n € N,
such that ¥, — v and Ay, — Avr. By the remark above it is enough to show
this for ¥ (t) = fé T, du. As D is dense there exists a sequence v, € D
converging to ¥; hence Ay, (t) — Ay (t). To complete the proof it remains
to observe that ¥, (t) € D by the invariance of D. ]

An important tool for the construction of semigroups is perturbation theory,
which can be applied when a generator of interest can be represented as the
sum of a well-understood operator and a term that is smaller (in some sense).
Below we give the simplest result of this kind.

Theorem 2.7 Let an operator A with domain D 4 generate a strongly contin-
uous semigroup Ty on a Banach space B, and let L be a bounded operator
on B. Then A + L with the same domain Dy also generates a strongly
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continuous semigroup ®; on B given by the series

o]

q)t = T‘t + Z / Tt—SmLTYm_sm—l L. TY2_X1 L
m=1 0<s1<--<sm=t

x Ty dsy - - dsp @2.1)

converging in the operator norm. Moreover, @, f is the unique (bounded)
solution of the integral equation

t
O f =T,f + / T, L®, f ds, 22)
0

with a given fo = f. Finally, if D is an invariant core for A that is itself
a Banach space under the norm ||.||p, if the T; are uniformly (for t from a
compact interval) bounded operators D — D and if L is a bounded operator
D — D then D is an invariant core for A + L and the ®; are uniformly
bounded operators in D.

Proof On the one hand, clearly

00 m+1
ALLjo™
1@l < 170+ 30— "—( suwp ITill)
m=1

s€[0,¢]

implying the convergence of the series. Next, we have

O, D, f
oo
=> [0 Ty LTy L+ Ty LTy, dsy - dsy,
0 J0=s1= S5 <t
o0
x Z/O Ty—uy LTy —uy L+ Tuy—uiy LTy, duy - - - duty,
w0 Y 0=u1=-<up <t
o0
= f Tiiv—v LT~y Lo+ Toymuy L Ty iy L
om0 ¥ 05t St STV < S S14T
x Ty dvy -+ -dvpduy - - - duy
o0
= Z/O . Tt+‘rfukLTuk7uk,1 L--- Tuzfu] LTul duy ---duy
k=0 Y V=u1==up=t+t
= q>t+l’fs

showing the main semigroup condition. Equation (2.2) is then a consequence
of (2.1). On the other hand, if (2.2) holds then substituting the Lh.s. of this
equation into its r.h.s. recursively yields
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t t 52
f=Tif+ [ Tettipds+ [ dntit [CdnTa Loy s
0 0 0

N
=T,f+ Z/ Ty LTy, s L+ Toyos LTy, f dsy - dsp
m=1

0<s1<--<sp <t
+ / Ti—sysi LTsyyy—sy L- - Ty 5y L@y, f dsy - - - dsi
0<s|<-=<sy41=t

for arbitrary N. As the last term tends to zero, the series representation (2.1)
follows.
Further, since the terms with m > 1 in (2.1) are O (¢2) for small ¢,

d
—0®,f = — T; Lf,
dt =0 tf d tf+ f

! d
T T, LT fds )| = —
tt=0< tf+/0 i Sf S) dt =0

so that (d/dt)|;—o®, f exists if and only if (d/dt)|,—oT;f exists, and in
this case

d

T er=@riy

t=0

The last statement is obviously true, because the conditions on D ensure that
the series (2.1) converges in the norm topology of D. O

For the analysis of time-nonhomogeneous and/or nonlinear evolutions we
need to extend the notion of a generator to propagators. A backward propagator
U"" of uniformly (for 7, r from a compact set) bounded linear operators on
a Banach space B is called strongly continuous if the family U™" depends
strongly continuously on 7 and r. For a dense subspace D of B that is invariant
under all U"" we say that a family of linear operators A; with common domain
D is a (nonhomogeneous) generator of the propagator U"" on the common
invariant domain D if

d d
TUN=USASL UM =AU tss<r (23)

for all f € D, where the derivative exists in the topology of B and where for
s =t (resp. s = r) it is assumed to be only a right (resp. left) derivative.

Remark 2.8 The principle of uniform boundedness (well known in func-
tional analysis) states that if a family 7;, of bounded linear mappings from a
Banach space X to another Banach space is such that the sets {||7,x||} are
bounded for each x then the family 7,, is uniformly bounded. This implies that
if U" is a strongly continuous propagator of bounded linear operators then the
norms of U"" are bounded uniformly for ¢, r from any compact interval. This
fact is not of particular importance for our purposes, as we can include uniform
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boundedness on compact intervals in the definition. All our constructions of
propagators yield this boundedness directly.

The next result extends Theorem 2.7 to propagators.

Theorem 2.9 Let U"" be a strongly continuous backward propagator of
bounded linear operators in a Banach space B, a dense subspace D C B
is itself a Banach space under the norm |.|p and the U"" are bounded
operators D — D. Suppose that a family of linear operators A; generates
this propagator on the common domain D (so that (2.3) holds). Let L, be
a family of bounded operators in both B and D that depend continuously
on t in the strong topology as operators in B. Then A, + L, generates a
strongly continuous propagator ®"" in B, on the same invariant domain D,
where

o0

th,r — Ut,r + Z/ Ut,Sl le . Us,,,,l,sm LSW,
1

=1 =S| = =Sm=r
x U™ dsy - -dsp. 2.4

This series converges in the operator norms of both B and D. Moreover, ®" f
is the unique bounded solution of the integral equation

p
O =U"Ff +/ U Lg®" fds, (2.5)
1
foragiven f, = f.
Proof This result is a straightforward extension of Theorem 2.7. The only

difference to note is that, in order to obtain

d
dt

g d
l=r[ Ut’XLSCDS’rf ds = E

.
/ UL, ® fds =—L,f
t=r Jt

one uses the continuous dependence of Ly on s (since the L are strongly
continuous in s, the function Ly ®*” f is continuous in s, because the fam-
ily @5 f is compact as the image of a continuous mapping of the interval
[z, r D). O

For a Banach space B or a linear operator A, one usually denotes by B* or
A* respectively its Banach dual. The notation B’, A’ is also used.

Theorem 2.10 (Basic duality) Let U"" be a strongly continuous backward
propagator of bounded linear operators in a Banach space B generated by a
family of linear operators A; on a common dense domain D invariant under
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all U"". Let D be itself a Banach space with respect to a norm ||.|| p such that
the A; are continuous mappings D — B. Then:

(i) the family of dual operators V5! = (U")* forms a weakly continuous
in s, t propagator of bounded linear operators in B* (contractions if the U""
are contractions) such that

d . od L
Zv”g:-v”mg gjﬂ%=AgM%, t<s<r, (2.6

holds weakly in D*, i.e., the second equation, for example, means
d st s,t
d—(f,V’$)=(Asf,V’E), t<s<r feD; 2.7
s

(ii) VSIE is the unique solution to the Cauchy problem (2.7), i.e. if & = &
for a given ¢ € B* and &, s € [t,r], is a weakly continuous family in B*
satisfying

d
7 (- 8) = (A f. &), t<s=<r feD, (2.8)

then & = VS'& fort <s <r;

(iii) U®" f is the unique solution to the inverse Cauchy problem of the sec-
ond equation in (2.3), i.e. if f = f and f; € D fors € [t,r] satisfies the
equation

d
—fi=—Asfs, t=<s=r, (2.9)
ds

where the derivative exists in the norm topology of B, then f; = U%" f.

Proof Statement (i) is a direct consequence of duality.
(ii) Let g(s) = (U*" f, &) for a given f € D. Writing

(USTOT f, E54s) — (UST £, &)
= (Us+8’rf - Usgrf’ %-S—HS) + (Usgrfs ‘i:s-l—(s - gs)

and using (2.3), (2.8) and the invariance of D, allows one to conclude that
d S, r S,r *
%g(S) =—(A;U™ f,6) + (U™ [, ASEs) = 0.

Hence g(r) = (f.&) = g(t) = (U"" f, &), showing that & is uniquely
defined. Similarly we can analyze any other point r’ € (s, r).
(iii) In a similar way to the proof of (ii), this follows from the observation that

d Sitey
a(fs,V §)=0. U

The following simple stability result for these propagators is useful.
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Theorem 2.11 Suppose that we are given a sequence of propagators U},
n = 1,2, ..., with corresponding generators A7, and a propagator U"" with
generator A;. Suppose that all these propagators satisfy the same conditions
as U™ and A; from Theorem 2.10 with the same D and B and with all bounds
uniform in n. Moreover, let

”Alt1 —A/llp—B < &
uniformly for bounded times t, where €, — 0 as n — oc. Then:
1Uy" g = U""gllp = O(enligllp

uniformly for bounded times t, r; Uy" converges to U"" strongly in B; and the
dual propagators V"' converge to V"' weakly in B* and in the norm topology
of D*.

Proof The required estimate follows from the obvious representation

r

(Urll,r _ Ut,r)g — Urtl,SUS,rg

p
= / UM (AT — AU g ds, geD.

s=t t

The other statements follow by the usual approximation argument and duality.

O

The following result represents the basic tool (used in Chapter 6) allowing
us to build nonlinear propagators from infinitesimal linear ones.' Recall that
V! is the dual of U"* given by Theorem 2.10.

Theorem 2.12  Let D be a dense subspace of a Banach space B that is itself
a Banach space such that || fllp > || fllp, and let &€ — A[&] be a mapping
from B* to the bounded linear operator A[E] : D — B, such that

IAIE] — Alnlllp—B = cll§ — nllp-, &,ne B (2.10)

Let M be a bounded subset of B* that is closed in the norm topologies of
both B* and D* and, fora u € M, let C,, ([0, r], M) be the metric space of the
curves & € M, s € [0, r], & = w, that are continuous in the norm D*, with
distance

p&.,n) = sup [I& — nslip

s€[0,r]

Assume finally that, for any @ € M and & € C,, ([0, r], M), the operator
curve Al§;] : D — B generates a strongly continuous backward propagator

! The reader may choose to skip over this result until it is needed.
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of uniformly bounded linear operators U*[€],0 <t < s < r, in B on the
common invariant domain D (where, in particular, (2.3) holds), such that

10" 1€ p—p < ¢, 1,s =, 2.11)

for some constant ¢ > 0; the dual propagators V*'' preserve the set M. Then
the weak nonlinear Cauchy problem

d
77 > ta) = (ALl fs o), mo=p, f €D, (2.12)

is well posed in M. More precisely, for any u € M it has a unique solution
T, () € M, and the transformations T; of M form a semigroup fort € [0, r]
depending Lipschitz continuously on time t and on the initial data in the norm
of D*, i.e.

I7: () = Ty lip~ < c(r, M)l — nllp~, 1T (n) — mllp= < c(r, M)t
(2.13)

Proof Since

(f, (VOrE — viOre ) = (U™ f — UM IERLS )
and

Uil - U0 = v tehu |

t
- / UOSIEN(ALE)] — ALEZ)US (6 ds.
0
and taking into account (2.10) and (2.11), one deduces that

IVEOLE) — vEOLE2 )l pe < U [N — U2 ps g 12 o

< 1e(r, M) sup [i& — &l p+
sel0,r]
(we have used the assumed boundedness of M). This implies that, for ¢ < #
with a small enough 7y, the mapping & + V”O[s] is a contraction in
C, ([0, t], M). Hence by the contraction principle there exists a unique fixed
point for this mapping. To obtain the unique global solution one just has to
iterate the construction on the next interval [fg, 2] and then on [21g, 3#] etc.
The semigroup property of 7; follows directly from uniqueness.
Finally, if T; (n) = u and T;(n) = n; then

Ti(w) — T () = VOl — VO In
= V"L ] = v+ vioIn i — n).
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Estimating the first term as above yields
sup |75 (n) — Ts () p =< c(r, M) [f sup |75 () — Ts(mllp~ + llw — U||D*] ,
s<t S<t

which implies the first estimate in (2.13) for small times; this can then be
extended to all finite times by iteration. The second estimate in (2.13) follows
from (2.7). O

Remark 2.13 For our purposes, basic examples of the set M above are the
following:

(i) One can take M to be the ball of fixed radius in B*;” it is natural to make
this choice when all propagators are contractions;

(ii) if B = Coo(R?) and D = C2 (R?) or D = C (R?) one can often take
M = P(R?), which is closed in the norm topology of D* because it is weakly
(not x-weakly) closed in B* and hence also in D*.

Remark 2.14 If M is closed only in B*, but not in D*, the same argument
as in the previous remark shows that there could exist at most one solution to
(2.12); i.e. uniqueness holds.

We shall need also a stability result for the above nonlinear semigroups 7;
with respect to small perturbations of the generator A.

Theorem 2.15 Under the assumptions of Theorem 2.12 suppose that & +—
A[£] is another mapping, from B* to the bounded operator A[€] : D — B,
satisfying the same condition as A; the corresponding propagators Uts, vst
satisfy the same conditions as U"*, V5!, Suppose that

|AlE] — AlE)lpop <k, E€M (2.14)

for a constant k. Then

IT: (1) = Tyl < e(r, M) (e + [l = 0l p*). (2.15)

Proof As in the proof of Theorem 2.12, denoting 7; () by u; and T, ()
by 7; one can write

e — e = (VO 1= VEOLa D + VEOLA1(w — 1)

and then

sup [l s — sllpr < c(r, M) <t(SUP s — Nslips + &) + llw — 77||D*> ;
s<t

s<t

2 By the Banach—Alaoglu theorem the ball M is weakly closed in B* and hence also in D*
since, for bounded subsets of B*, weak closures in B* and D* coincide and consequently M is
closed in the norm of D*.
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which implies (2.15) in the first place for small times and then for all finite
times by iteration. O

2.2 Feller processes and conditionally positive operators

In this section we recall the basic properties of Feller processes and semi-
groups, fixing our notation and stressing the interplay between analytical and
probabilistic interpretations.

A linear operator L on a functional space is called positive if f > 0 —
Lf > 0. A backward propagator (resp. a semigroup) of positive linear con-
tractions in B(S), C(S) or L p(Rd) is said to be a sub-Markov backward
propagator (resp. a sub-Markov semigroup). It is called a Markov (backward)
propagator (resp. a Markov semigroup) if additionally all these contractions
are conservative, i.e. they take any constant function to itself. The connection
with the theory of Markov processes is given by the following fundamental
fact. For a Markov process X, (defined on a probability space and taking values
in a metric space), the transformations

O f(x) = E(f(X)|Xs = x) (2.16)

form a Markov propagator in the space B(S) of bounded Borel functions. In
particular, if this Markov process is time homogeneous, the family

; f(x) = E(f(X)|Xo = x) = Ex (X)) (2.17)

forms a Markov semigroup.

Usually Markov processes are specified by their Markov transition proba-
bility families py;(x, A) (which are the families of transition kernels from § to
S parametrized by an ordered pair of real numbers r < t), so that

Ps,i(x, A) = (@*'14)(x) = P(X; € A|Xy = x)

or, equivalently,

(@™ ) () Z/Sf(y)ps,z(x,dy), f € B(S).

The basic propagator equation U"*U*" = U"" written in terms of the Markov
transition families

pr,t(xv A) = [pr,t(y’ A)pr,s (x, dy) (2.18)

is called the Chapman—Kolmogorov equation.
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A strongly continuous semigroup of positive linear contractions on Cu(S)
is called a Feller semigroup.

A (homogeneous) Markov process in a locally compact metric space S is
called a Feller process if its Markov semigroup reduced to C(S) is a Feller
semigroup, i.e. if it preserves C(S) and is strongly continuous there.

Theorem 2.16 For an arbitrary Feller semigroup ®; in Co(S) there exists a
(uniquely defined) family of positive Borel measures p;(x, dy) on S, with norm
not exceeding 1, depending vaguely continuously on x, i.e.

xlignx/f(y)pt(xn,dy) =/f(y)pz(x,dy), feCx(S)
and such that
® f(x) = f per.dy) (). (2.19)

Proof Representation (2.19) follows from the Riesz—Markov theorem. The
other properties of p;(x, dy) mentioned in the present theorem follow directly
from the definition of a Feller semigroup. O

Formula (2.19) allows us to extend the operators ®; to contraction operators
in B(S). This extension clearly forms a sub-Markov semigroup in B(S).

Let K1 C K2 C --- be an increasing sequence of compact subsets of §
exhausting S, i.e. S = U, K,,. Let x, be any sequence of functions from C(S)
with values in [0, 1] and such that x(x) = 1 for |x| € K,. Then, for any
f € B(S), one has (by monotone or dominated convergence)

D, f(x) =/pz(x,dy)f(y) =nli)rrolo/py(x,dy)xn(y)f(y)
= lim (P (xa f))(x) (2.20)

(for positive f the limit is actually the supremum over n). This simple equation
is important, as it allows us to define the minimal extension of ®; to B(S)
directly via &,, avoiding explicit reference to p;(x, dy).

Theorem 2.17 If ®; is a Feller semigroup then uniformly, for x from a
compact set,

lim ®, f(x) = f(x),  feCRY),
t—0
where ®; denotes the extension (2.20).

Proof By linearity and positivity it is enough to show this for 0 < f < 1.
In this case, for any compact set K and a non-negative function ¢ € Coo (R?)
that equals 1 in K,
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(f =@ Nk =[fp— P (fP)llk,

and similarly

(I—f—®:0-fHllk =[d = Ho— (A - Ho)llk.

The latter inequality implies that

(@ f— Ik <[P 1 —-1+1— f—O,((1 = /Hp) 11k
== — (1= fHp) k.

Consequently

If =@ fllg < |fé — P:i(fA)1k + (0 = o — Pi((1 = )|k,

which implies the required convergence on the compact set K by the strong
continuity of ®,. O

Corollary 2.18 If ® is a Feller semigroup then the dual semigroup O
on M(X) is a positivity-preserving semigroup of contractions depending
continuously on t in both the vague and weak topologies.

Proof Everything is straightforward from the above definitions except
weak continuity, which follows from the previous theorem since

(f, P —p) = (@, f — f, 1)

= [ @ pouen+ [ @f - Hud:

|x|<K [x|>K
for f € C(RY) the second integral can be made arbitrarily small by choosing
large enough K, and the first integral is then small for small # by Theorem 2.17.
O

A Feller semigroup ®; is called conservative if all measures p;(x, .) in the
representation (2.19) are probability measures or, equivalently, if the natural
extension of @, to B(S) given by (2.20) preserves constants and hence forms
a Markov semigroup in B(S).

Another useful link between the Markov property and continuity is stressed
in the following modification of the Feller property. A C-Feller semigroup in
C(S) is a sub-Markov semigroup in C(S), i.e. it is a semigroup of contractions
@, in C(S) such that 0 < u < 1 implies 0 < ®,u < 1. Note that on the one
hand this definition does not include strong continuity and on the other hand it
applies to any topological space S, not necessarily one that is locally compact
or even metric. Of course, a Feller semigroup ®; is C-Feller if the space C(S)
is invariant under the natural extension (2.20), and a C-Feller semigroup ®; is
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Feller if Co(S) is invariant under all &, and the corresponding restriction is
strongly continuous. It is worth stressing that a Feller semigroup may not be
C-Feller, and vice versa; see the exercises at the end of Section 2.4.

Feller semigroups arising from Markov processes are obviously conserva-
tive. Conversely, any conservative Feller semigroup is the semigroup of a
certain Markov process; this follows from representation (2.19) for the ker-
nels p; and a basic construction of Markov processes based on Kolmogorov’s
existence theorem.

Proposition 2.19 A Feller semigroup is C-Feller if and only if ®; applied
to a constant is a continuous function. In particular, any conservative Feller
semigroup is C-Feller.

Proof By Proposition A.5 the vague continuity and weak continuity of
p:(x,dy) with respect to x coincide under the condition of continuous
dependence of the total mass p;(x, S) on x. O

Theorem 2.20 If X} is a Feller process in R? whose starting point is denoted
by x then (i) X; — X; weakly as x — 'y for any t, and (ii) X — xin
probability as t — 0.

Proof Proposition A.5 implies statement (i) and the weak convergence
X — x ast — 0. In particular, the family of distributions of X, ¢ € [0, 1],
is tight (see the definition before Theorem A.12). Taking this into account, in
order to show the convergence in probability one has to show that, for any
K > ¢ >0,

lin(l)P(e <|X; —x|<K)=0.
t—

Now choosing an arbitrary non-negative function f(y) € Coo(RY) that
vanishes at x and equals 1 for € < ||[x — y|| < K yields

P(e < |X] —x| < K) <Ef(X}) — f(x) =0,
as required. O
Theorem 2.21 Let X; be a Lévy process with characteristic exponent
nw) = i(b,u) — 3(u, Gu) + /Rd[ei(“»y) —1—i(u, y)1g,(»v(dy). (2.21)

Then X, is a Feller process with semigroup ®; such that

®, f(x) = / FGt @y, feCRY, (2.22)
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where p; is the law of X;. This semigroup is translation invariant, i.e.

(@ fHx +2) = (P f(. +2)(x).

Proof Formula (2.22) follows from the definition of Lévy processes as
time-homogeneous and translation-invariant Markov process. Notice that any
fecC (R?) is uniformly continuous. For any such f,

®f(x) — F(x) = / LF G+ 3) — F)1pr(dy)
- / LF G+ y) — FOO1pi(dy)
|y|>K
+/ [f(x+y)— f)]p(dy);
[yI=K

the first (resp. the second) term is small for small # and any K by the stochastic
continuity of X (resp. for small K and arbitrary ¢ by the uniform continuity
of f). Hence ||®;f — f|| — 0ast — 0. To see that &, f € Coo(R?) for
feCx (R?) one writes similarly

®, f(x) = /| e+ / F&+ 0 pidy)
y >

[yI=K

and observes that the second term clearly belongs to Co(R) for any K and
that the first can be made arbitrarily small by choosing large enough K. O

Remark 2.22 A Fourier transform takes the semigroup @, to a multiplication
semigroup,

O f(x) = FU(Ff),  feSRY,

because

1 :
(F®: f)(p) = er*”’x/f(x-ky)%(dy)

1 i
= @i / / e / f@pidy)
= (Ff)(p)e" P,

This yields another proof of the Feller property of the semigroup ®;.

Theorem 2.23 If X; is a Lévy process with characteristic exponent (2.21)
then its generator L is given by
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d

Lf()—Zb +§ G j
j.k=1

axj 8xk

+f <f(x+y) oo - Zy,

on the Schwartz space S of fast-decreasing smooth functions. Moreover, the
Lévy exponent is expressed in terms of the generator by the formula

Ay, (y))v(dy) (223)
]

nu) = e ¥ Lelt, (2.24)
Each space C’O‘O (RY) with k > 2 is an invariant core for L.

Proof Let us first check (2.23) for exponential functions. Namely, for
f) = e,

@ f(x) = / FO+y)pidy) =Y / ') py(dy) = !9 M,
Hence

@, f(x) = n(uye' ™™
=0

Lf(x) = o

is given by (2.23), owing to the elementary properties of exponents. By linear-
ity this extends to functions of the form f(x) = f e g(u)du with g € S.
But this class coincides with S by Fourier’s theorem. To see that C, ]go (RY) is
invariant under @, for any k € N it is enough to observe that the derivative
V;®, f for a function f € Céo (RY) satisfies the same equation as ®, f itself.
Finally, Lf € Coo(R?) for any f € CZ (RY). O

By a straightforward change of variable, one finds that the operator L* is
given by

d
b —— + 4 G
fx) = Z + 3 2 ax] 8xk

a
+ / <f(x -y - f)+ Zyj'—flsl (y))V(dy) (2.25)
R4 = 8XI
is adjoint to (2.23) in the sense that

/Lf(X)g(X)dx =/f(X)L*g(X)dx,

for f, g from the Schwartz space S.
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Remark 2.24 The operator (2.23) is a WDO (see Appendix E) with the sym-
bol n(p), where n is the characteristic exponent (2.21). In fact, by (E.3) one
simply has to check that (FLf)(p) = n(p)(Ff)(p). Since

1

W(L*e_ipl s

(FLf)(p) = (7P, Lf) =

1
(Zn)d/z
this follows from the equation
L*e—ipx — n(p)e—ipx,

which in its turn is a direct consequence of the properties of the exponent
function.

The following are the basic definitions relating to the generators of Markov
processes. One says that an operator A in C(R?) defined on a domain D, (i)
is conditionally positive, if Af (x) > 0 forany f € D4 such that f(x) =0 =
miny f(y); (i) satisfies the positive maximum principle (PMP) if Af(x) <0
for any f € Dy such that f(x) = max, f(y) > 0; (iii) is dissipative if
X —A)fll = Al fll for kA > 0, f € Da; (iv) is local if Af (x) = 0 whenever
f € DaNCe(RY) vanishes in a neighborhood of x; (v) is locally conditionally
positive if Af (x) > 0 whenever f(x) = 0 and has a local minimum there; (vi)
satisfies a local PMP if Af (x) < Oforany f € D4 having alocal non-negative
maximum at x.

For example, the multiplication operator taking u(x) to c(x)u(x), for some
function ¢ € C(R?), is always conditionally positive but it satisfies the PMP
only in the case of non-negative c.

The importance of these notions lies in the following fact.

Theorem 2.25 Let A be a generator of a Feller semigroup ®;. Then

(i) A is conditionally positive,
(ii) A satisfies the PMP on D4,
(iii) A is dissipative.

If moreover A is local and D 4 contains C3° then A is locally conditionally
positive and satisfies the local PMP on CZ°.

Proof This is very simple. For (i), note that

PO~ f@) R
t >

li

A = lim
f *x) t—0 t—0 t

by positivity preservation. For (ii) note that if f(x) = max, f(y) then,
by Exercise 2.2 (see below), ®; f(y) < f(x) for all y, ¢, implying that
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Af(x) < 0. For (iii) choose x to be the maximum point of | f|. By passing to
— f if necessary we can consider f(x) to be positive. Then

A=A I =AfI = Af(x) — Af(x) = Af(x)
by the PMP. O

Let us observe that if S is compact and a Feller semigroup in C(S) is conser-
vative then the constant unit function 1 belongs to the domain of its generator
A, and A1 = 0. Hence it is natural to call such generators conservative. In
the case of noncompact S = RY, we shall say that a generator of a Feller
semigroup A is conservative if Ag,(x) — 0 for any x as n — oo, where
¢n(x) = ¢(x/n) and ¢ is an arbitrary function from Cf(Rd) that equals
I in a neighborhood of the origin and has values in [0, 1]. We shall see at
the end of the next section that the conservativity of a semigroup implies the
conservativity of the generator with partial inverse to be given in Theorem 2.40.

We recall now the basic structural result about generators of Feller processes
by formulating the following fundamental fact.

Theorem 2.26 (Courrege) If the domain of a conditionally positive operator
L (in particular, the generator of a Feller semigroup) in Coo(R?) contains the
space CCZ(Rd) then it has the following Lévy—Khintchine form with variable
coefficients:

Lf(x) = HG@)V, V) f(x) + (b(x), Vf(x)) + c(x) f (x)

+ / LF( 4 ) — f) — (V£ g OIv(x.dy), [ € CARY).
(2.26)

Here G(x) is a symmetric non-negative matrix and v(x, .) is a Lévy measure
on Rd, ie.

/ min(1, |y[*)v(x; dy) < oo, v({0}) =0, (2.27)
Rn

that depends measurably on x. If additionally L satisfies the PMP then
c(x) < 0 everywhere.

The proof of this theorem is based only on standard calculus, though it
requires some ingenuity (the last statement in the theorem being of course
obvious). It can be found in [52], [43] and [105] and will not be reproduced
here. We will simply indicate the main strategy, showing how the Lévy ker-
nel comes into play. Namely, as follows from conditional positivity, Lf (x) for
any x is a positive linear functional on the space of continuous functions with
support in R? \ {0}. Hence, by the Riesz—Markov theorem for these functions,
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Lf(x)=Lf(x)= / FOvix,dy) = / f x4+ yvix, dy)

for some kernel v such that v(x, {x}) = 0. Next, we can deduce from con-
ditional positivity that L should be continuous as a mapping from CCZ(Rd)
to the bounded Borel functions. This in turn allows us to deduce the basic
moment condition (2.27) on v. We then observe that the difference between L
and L must be a second-order differential operator. Finally, one shows that this
differential operator must also be conditionally positive.

Remark 2.27 Actually, when proving Theorem 2.26 (see [43]) one arrives at
a characterization not only for conditionally positive operators but also for con-
ditionally positive linear functionals obtained by fixing the arguments. Namely,
it is shown that if a linear functional (Ag)(x) : CC2 — RY is conditionally pos-
itive at x, i.e. if Ag(x) > 0 whenever a non-negative g vanishes at x, then
Ag(x) is continuous and has the form (2.26) (irrespective of the properties of
Ag(y) at other points y).

Corollary 2.28 If the domain of the generator L of a conservative Feller
semigroup ®; in Coo(RY) contains CC2 then it has the form (2.26) with
vanishing c(x). In particular, L is conservative.

Proof By Theorems 2.25 and 2.26, L has the form (2.26) on CCZ(Rd)
with non-positive c(x). The conservativity of L means that L¢,(x) — 0 for
any x as n — 0o, where ¢, (x) = ¢(x/n) and ¢ is an arbitrary function
from CCZ(Rd ) that equals 1 in a neighborhood of the origin and has values in
[0, 1]. Clearly lim,,— oo L¢p,(x) = c(x). So conservativity is equivalent to the
property that c(x) = 0 identically. Since @, is a conservative Feller semigroup
it corresponds to a certain Markov (actually Feller) process X;. O]

The inverse question whether a given operator of the form (2.26) (or its
closure) actually generates a Feller semigroup, which roughly speaking means
having regular solutions to the equation f = Lf (see the next section), is non-
trivial and has attracted much attention. We shall deal with it in the next few
chapters.

We conclude this section by recalling Dynkin’s formula connecting Markov
processes and martingales.

Theorem 2.29 (Dynkin’s formula) Let f € D, the domain of the generator
L of a Feller process X,;. Then the process

t
M = F(X) = f(Xo) — /0 Lf(X)ds, 120, (228
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is a martingale (with respect to the filtration for which X, is a Markov process)
under any initial distribution v. It is often called Dynkin’s martingale.

Proof

EM/ |1 F) - M)

= E(f 0 - [ e as| £) - (roo - i Lo ds)
’ t+h ’
= &4 (X) —B( / Lf(Xy)ds | F) = f(X)

h
— @y f (X)) — f(X)) — /0 L, £(X,)ds = 0. -

This result motivates the following definition. Let L be a linear operator
givenby L : D — B(RY), D € C(R?). One says that a process X; with
cadlag paths (or the corresponding probability distribution on the Skorohod
space) solves the (L, D)-martingale problem for initial distribution u if X
is distributed according to p and the process (2.28) is a martingale for any
f € D. This martingale problem is called well posed if, for any initial u,
there exists a unique X; solving it. The following result is a direct conse-
quence of Theorem 2.29. It will be used later on in the construction of Markov
semigroups.

Proposition 2.30 (i) A Feller process X; solves the (L, D)-martingale
problem, where L is the generator of X; and D is any subspace of its domain.

(ii) If the (L, D)-martingale problem is well posed, there can exist no more
than one Feller process whose generator is an extension of L.

Exercise 2.1 Let X; be a Markov chain on {1, ..., n} with transition prob-
abilities g;; > 0, i # j, which are defined via the semigroup of stochastic
matrices ®; with generator by given

(Af)i =D (fi — f)gij-
J#
Let N; = N;(i) denote the number of transitions during time ¢ of a process
starting at some point i. Show that N; — fot q(Xs)ds is a martingale, where
qih) = j#1 q1j denotes the intensity of jump /. Hint: To check that EN; =
E fé q(Xs) ds show that the function EN; is differentiable and that

d n
TEWN) =D P(Xi = )gj.
j=1
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Exercise 2.2 Show that if ® is a positive contraction in B(S), where S is
a metric space, thena < f < b for f € B(S) and a,b € R implies that
a < ®f < b. Hint: First settle the case when either a or b vanishes.

2.3 Jump-type Markov processes

In this section we consider in more detail the bounded conditionally positive
operators that correspond probabilistically to pure jump processes.

Proposition 2.31 Let S be a locally compact metric space and on the one
hand let L be a bounded conditionally positive operator from C(S) to B(S).
Then there exists a bounded transition kernel v(x, dy) in S with v(x, {x}) =0
for all x, and a function a(x) € B(S), such that

Lf(x) =/Sf(Z)V(x,dZ)—a(x)f(X). (2.29)

On the other hand, if L is of this form then it is a bounded conditionally positive
operator C(S) — B(S).

Proof If L is conditionally positive in Co(S) then Lf(x) is a positive
functional on Co(S \ {x}) and hence, by the Riesz—Markov theorem, there
exists a measure v(x,dy) on S \ {x} such that Lf(x) = fS f)v(x,dz)
for f € Coo(S \ {x}). As L is bounded, these measures are uniformly
bounded. As any f € Coo(S) can be writtenas f = f(x)x +[f — f(x)x],
where x is an arbitrary function with a compact support and x(x) = 1, it
follows that

Lf(x)= f(x)Lx(x)+ /[f — fx)x1()v(x, dz),

which clearly has the form (2.29). The inverse statement is obvious. O]

Remark 2.32 The condition v(x, {x}) = 0 is natural for a probabilistic inter-
pretation (see below). From the analytical point of view it makes representation
(2.29) unique.

We shall now describe analytical and probabilistic constructions of pure
jump processes, focusing our attention on the most important case, that of
continuous kernels.

Theorem 2.33 Let v(x, dy) be a weakly continuous uniformly bounded tran-
sition kernel in a complete metric space S such that v(x, {x}) = 0 and also
a € C(S). Then the operator defined in (2.29) has C(S) as its domain and
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generates a strongly continuous semigroup Ty in C(S) that preserves positivity
and is given in terms of certain transition kernels p;(x, dy):

T, f(x) =[pt(x,dy)f(y)-

In particular, if a(x) = ||v(x,.)| then T;1 = 1 and T; is the Markov semi-
group of a Markov process that we shall call a pure jump or jump-type Markov
process.

Proof Since L is bounded, it generates a strongly continuous semigroup.
As it can be given by the integral form

Lf(X)=/Sf(Z)\7(x,dz),

where the signed measure V(x, .) coincides with v outside {x} and V(x, {x}) =
—a(x), it follows from the convergence in norm of the exponential series
for T, = e'l that the T, are integral operators. To see that these opera-
tors are positive we can observe that the 7; are bounded from below by
the resolving operators of the equation f (x) = —a(x)f(x), which are pos-
itive. Application of the standard construction for Markov processes (via
Kolmogorov’s existence theorem) yields the existence of the corresponding
Markov process. O

Remark 2.34 An alternative analytical proof can be given by perturbation
theory (Theorem 2.7), considering the integral term in (2.29) as a perturba-
tion. This approach leads directly to the representation (2.32) obtained below
probabilistically. From this approach, to obtain positivity is straightforward.

A characteristic feature of pure jump processes is the property that their
paths are a.s. piecewise constant, as is shown by the following result on the
probabilistic interpretation of these processes.

Theorem 2.35 Let v(x, dy) be a weakly continuous uniformly bounded tran-
sition kernel in a metric space S such that v(x, {x}) = 0. Let a(x) = v(x, §).
Define the following process X;. Starting at a point x, the process remains
there for a random a(x)-exponential time T, i.e. this time is distributed accord-
ing to P(t > t) = exp[—ta(x)], and then jumps to a point y € S distributed
according to the probability law v(x, .)/a(x). Then the procedure is repeated,
now starting from y, etc. Let N;* denote the number of jumps of this process
during a time t when starting from a point x. Then
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P(N = k) :/

O<sy<--<sp<t

/k eI 3y
s

« e_a(yk*I)(Sk_s"")V(yk—z, dyr—1) - e aD Sy dy1)
x e 190 gey o dsy, (2.30)
P(N; > k) = / / [1— e R0y, dyy)
O<s)<--<sp<t J Sk

x e—a(Yk—l)(Sk—Sk—l)v(yk_z’ dyk_1)-- ,e—a(yl)(m—Sl)v(x’ dy1)

x e 1O gy dsy, (2.31)

and N is a.s. finite. Moreover, for a bounded measurable f,

Ef(X)) =) Ef(X )1y

k=0
o0
- Z/ / e 1Ry (v, dyr)
k=0 O<sy<--<sp<t J Sk
x e*“()’k—l)(sk*»"k—l)v(yk_2’ dye_1) - - e*a(yl)(SZ*Sl)v(x’ dyr)
x 140 f(yp)ds - dsy. (2.32)

and there exists (in the sense of the sup norm) the derivative

dt

Ef(X}) = /Sf(z)V(x, dz) —a(x) f(x).
0

1=l

Proof Let 11, 12, ... denote the (random) sequence of the jump times. By
the definition of the exponential waiting time,

P(N,x =0)=P(r; >1) = et
Next, by conditioning,
PN =) =P(my>t—1, 1 <1)
13
Z/ P(ry > 1 — 11|11 = 5)a(x)e ™ ds
0
13
= //P(‘L’z >t —s|tp =5, X(s) = y)v(x, dy)e—sa(x) ds
0Js

‘
://efa(y)(’fs)v(x,dy)efs“(x) ds
0JS
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and

PN > 1) =Py <t—1,711 <1)
t
= f /[1 _ e*a(y)(Zﬂ)]v(x’dy)e**‘“(x) ds;
0Js

similarly, one obtains (2.30), (2.31) for arbitrary k. Denoting M = sup, a(x)
and taking into account the elementary inequality 1 — ¢ < a, a > 0, one
obtains from (2.31)

(Mt)k+l

P(N' > k) < Mk+1t/f dsy--ds; < ,
O<sy<---<sp <t k!

implying the convergence of the series Y ;o , P(N;* > k). Hence, by the Borel-
Cantelli lemma, N} is a.s. finite. In particular, the first equation in (2.32) holds.
Next, we have

t
Ef(X)1y=1 = /0/Sf(y)v(x,dy)e_m(x)P(tz >t —s|Xy=y)ds

t
://e_“(y)(t_s)f(y)v(x,dy)e_‘“’(x)ds
0JS

The other terms of the series (2.32) are computed similarly. The equation
for the derivative then follows straightforwardly, as only the first two terms
of the series (2.32) contribute to the derivative, the rest of the terms being of
order at least 2. O

Remark 2.36 The deduction of the expansion (2.32) given above shows
clearly its probabilistic meaning. As mentioned earlier, it can be obtained
by analytical methods (perturbation theory). We shall consider this approach
further in Section 4.2 when analyzing pure jump processes with unbounded
rates a(x).

Exercise 2.3 If S in Theorem 2.33 is locally compact and a bounded v
(depending weakly continuously on x) is such that limy_, o |’ g V(x,dy) =0
for any compact set K, then an operator L of the form (2.29) preserves the
space Co(S) and hence generates a Feller semigroup.

2.4 Connection with evolution equations

From the definition of the generator and the invariance of its domain it follows
that if ®; is the Feller semigroup of a process X; with a generator L and
domain Dy, then ®; f(x) solves the Cauchy problem
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d
Ef,(x) = Lf;(x), fo= 1. (2.33)

whenever f € Dy, the derivative being taken in the sense of the sup norm of
C(R%). Formula (2.17) yields the probabilistic interpretation of this solution
and an explicit formula.

In the theory of linear differential equations, the solution G (¢, x, xo) of
(2.33) with fy = 8y, = 8(. — xp), i.e. satisfying (2.33) for + > 0 and the
limiting condition in the weak form

lim G(t, ., xo, g) = lim / G(t,x,x0)g(x)dx = g(xo)
t—0 t—0

for any g € Cg°, is called the Green function or heat kernel of the problem
(2.33) (whenever it exists, of course, which may not be the case in general). In
probability language the Green function G (¢, x, x¢) is the density at xq of the
distribution of the process X, that started at x.

Consequently, if the distribution of a Lévy process X; has a density w (¢, y)
then ®;8,,(x) = w(t, xo — x), as follows from (2.22), so that (¢, xg — x) is
the Green function G (t, x, x¢) in this case. The density of the probability law
of X, can be found as the Fourier transform of its characteristic function.

In particular, the Green function for the pseudo-differential (fractional
parabolic) equation

ou

— = (A, Vu(x)) —a|Vu|*

ot
(see Appendix E for fractional derivatives) is given by the so-called stable
density

S(xg — At — x; a,at) = (271)7‘1/ exp[—at|p|* +ip(x + At — x0)1dp.
R4

Together with the existence of a solution one is usually interested in its
uniqueness. The next statement shows how naturally this issue is settled via
conditional positivity.

Theorem 2.37 Let a subspace D C C(RY) contain constant functions, and
let an operator L : D +— C(R?) satisfying the PMP be given. Let T > 0
and u(t,x) € C([0,T] x RY). Assume that u(0,x) is everywhere non-
negative and that u(t,.) € C RHND forallt € [0, T] is differentiable
int fort > 0 and satisfies the evolution equation

ou
— = Lu, te(0,T].
ot

Then u(t, x) > 0 everywhere.
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Proof Suppose thatinfu = —a < 0. Fora § < «/T consider the function
vs = u(t, x) + 6t.

Clearly this function also has a negative infimum. Since v tends to a posi-
tive constant §t as x — 00, v has a global negative minimum at some point
(fo, xo) which lies in (0, 7] x R?. Hence (dv/at)(tg, x0) < 0 and, by the PMP,
Lv(ty, x9) > 0. Consequently we have, on the one hand,

d
<a—j - Lv) (t0, x0) < 0.

On the other hand, from the evolution equation and PMP we deduce that

% ) oo = (2t (oxo) 4 8 =8
— — Lv ,X0) 2 | — — » Xl = 0.
a1 05 A0 a1 u 0, A0

This contradiction completes the proof. O

Corollary 2.38 Under the same conditions on D and L as in the above the-
orem, assume that f € C([0, T] x RY) and g € Coo(R?). Then the Cauchy
problem

du

m =Lu+ f, u(0, x) = g(x), (2.34)
can have at most one solution u € C ([0, T x R?) such that u(t, .) € Coo(R?)
forallt € [0, T].

Now we shall touch upon the problem of reconstructing a Feller semigroup
from a rich enough class of solutions to the Cauchy problem (2.33).

Theorem 2.39 Let L be a conditionally positive operator in Coo(R?) satis-
fying the PMP, and let D be a dense subspace of C (Rd) containing CC2 (Rd)
and belonging to the domain of L. Suppose that Uy, t > 0, is a family of
bounded (uniformly for t € [0, T]for any T > 0) linear operators in Coo(R?)
such that U; preserves D and that U; f for any f € D is a classical solution of
(2.33) (i.e. it holds for all t > 0, the derivative being taken in the sense of the
sup norm of C(R?)). Then U, is a strongly continuous semigroup of positive
operators in Co defining a unique classical solution U, € Coo(R?) of (2.33)
forany f € D.

Proof Uniqueness and positivity follow from the previous theorem, if one
takes into account that by Courrége’s theorem, Theorem 2.26, the operator L
naturally extends to constant functions preserving the PMP. However, unique-
ness implies the semigroup property, because Uy and U,U; solve the same
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Cauchy problem. Finally, to prove strong continuity observe that if ¢ € D then
(since L and Uy commute by Theorem 2.4)

t t
U,¢—¢=/ LUS¢ds=f U,L¢ ds,
0 0

and

IUi¢ — @Il < tsup |UsllI Lo
sS<t

Since D is dense, the case of arbitrary ¢ is dealt with by the standard
approximation procedure. O

The next result gives a simple analytical criterion for conservativity. It also
introduces the very important formula (2.35) for the solution of nonhomoge-
neous equations, which is sometimes called the du Hamel principle.

Theorem 2.40 (i) Under the assumptions of the previous theorem assume in
addition that D is a Banach space itself, under a certain norm ||¢||p > ||o||
such that L is a bounded operator taking D to Coo(RY) and the operators U,
are bounded (uniformly for t from compact sets) as operators in D. Then the
function

t
u="Ug +/ Ui—s fsds (2.35)
0

is the unique solution to equation (2.34) in Coo (R?).

(ii) Let L be uniformly conservative in the sense that || L¢y,|| — Oasn — oo
for ¢, (x) = ¢(x/n), n € N, and for any ¢ € Cg(Rd) that equals 1 in a
neighborhood of the origin and has values in [0, 1]. Then U; is a conservative
Feller semigroup.

Proof (i) Uniqueness follows from Theorem 2.37. Since the U; are uni-
formly bounded in D it follows that the function u from (2.35) is well defined
and belongs to D for all z. Next, straightforward formal differentiation shows
that u satisfies (2.34). To prove the existence of the derivative one writes

ag

) 1 t ) 1 t+6
E = LUf + gl_r)%g/o (Urys—s — Ur—5)ps ds + ;1_13}) g[ Utys—sps ds.

The first limit here exists and equals L fot U; _s¢, ds. However,
1 t+36 1 t+5
611_% 3 t Urys—spsds = ¢ + (SIER) 3 /t (Uts5—s¢s — Pr) ds,

and so the second limit is seen to vanish.
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(i) Clearly the function ¢, solves the problem

o w1 0, x) =
E - u— ¢l’l’ M( 7-x) _¢(-x)’

and hence by (i)
t
On(x) = Uy +‘/0 Ui—sLon ds.

As n — oo the integral on the r.h.s. of this equation tends to zero in Coo (R?)
and ¢, (x) tends to 1 for each x. Hence

lim U;¢pn(x) = 1, x e RY,
n—00

implying that in a representation of the type (2.19) for U, (which exists due
to the positivity of U;) all measures p,(x, dy) are probability measures. This
completes the proof. O

We conclude this section with some simple exercises illustrating various
versions of the Feller property.

Exercise 2.4 Let X; be a deterministic process in R solving the ODE % = x3.

Show that (i) the solution to this equation with initial condition X (0) = x is

1 172 1
X t = - A 9 _’
x (1) = sgn(x) (_2t+x_2> |x] < NeT

(ii) the corresponding semigroup has the form

1
(Xx (1), x| < —,

@ f(x) = 2 (2.36)
0, > —,
¥z

in Co(R) and is Feller and (iii) the corresponding measures from representa-
tion (2.19) are

1
§(Xx (@) — ), x| < —=,

pi(x,dy) = \/IZ (2.37)
0, x| > —,
V21

implying that this Feller semigroup is not conservative, as its minimal
extension takes the constant 1 to the indicator function of the interval
-1/ V2, 1/ /2t). (It is instructive to see where the criterion of conservativity
from Theorem 2.40 breaks down in this example.)
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Exercise 2.5 Let X, be a deterministic process in R solving the ODE
% = —x>. Show that (i) the solution to this equation with initial condition
X(0)=xis

1 1/2
X, (1) = sgn(x) <m> )

(ii) the corresponding semigroup is conservative and C-Feller but not Feller,
as it does not preserve the space Coo (RY).

Exercise 2.6 Let X, be a deterministic process in Ry solving the ODE x =
—1 and “killed” at the boundary {x = 0}, i.e. it vanishes at the boundary at
the moment it reaches it. Show that the corresponding semigroup on Coo(R4)
(which is the space of continuous functions on Ry tending to zero both for
x — oo and x — 0) is given by (2.19) with

S(x —t—y), X >t,

2.38
0, x <t, ( )

pi(x,dy) = {
and is Feller but not conservative, as its minimal extension to C(Ry) (which
stands for killing at the boundary) takes the constant 1 to the indicator
1j;,00). However, if, instead of a killed process, one defines a corresponding
stopped process that remains at the boundary {x = 0} once it reaches it, the
corresponding semigroup is given on Coo (R ) by (2.19) with

(S(.X—t_y)v X >1,

5(»). Y <1 (2.39)

Dt (X, dy) = {
This is a conservative Feller semigroup on Coo(R.) that constitutes an exten-
sion (but not a minimal one) of the previously constructed semigroup for the
killed process.

Exercise 2.7 This exercise is designed to show that the stopped process from
the previous exercise does not give a unique extension of a Feller semigroup on
Coo(R4) t0 Coo (Ry). Namely, consider a mixed “stopped and killed” process
in which a particle moves according to the equation x = —1 until it reaches the
boundary, where it remains for a f-exponential random time and then vanishes.
Show that such a process specifies a non-conservative Feller semigroup on
Coo(R}) given by

fx—1), X >,

F(0)e =) x <t. (2.40)

D f(x) = {
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Probabilistic constructions

We develop here the theory of stochastic differential equations (SDEs) driven
by nonlinear Lévy noise, aiming at applications to Markov processes. To make
the basic ideas clearer, we start with symmetric square-integrable Lévy pro-
cesses and then extend the theory to more general cases. One tool we use is
the coupling of Lévy processes. To avoid interruptions to the exposition, the
relevant results on coupling are collected in Section 3.6.

3.1 Stochastic integrals and SDEs driven by nonlinear
Lévy noise

Suppose that Y () is a family of symmetric square-integrable Lévy processes
in R with cadlag paths, depending on a parameter n € R” and specified by
their generators L,, where

Lyf(x)= %(G(n)V, V) f(x) + /[f(x +y) = fx) =, V) )], dy)
3.D
and

v(m({0}) =0, sup <tf G(n) + / lyPv(r, dy)) =« <oo. (32
n

Our first objective is to define the stochastic integral fot aydY (&) for random
processes o and £. We start with piecewise-constant « and &. To simplify the
notation we assume that they are constant on intervals with binary rational
bounds. More precisely, suppose that (€2, F, P) is a filtered probability space
with a filtration F; that satisfies the usual conditions of completeness and right
continuity. Let 7y = 27%. Processes of the form
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/ml t/nl
a =Y & lGnGronn &= ElGgginm,  (33)
j=0 Jj=0

where o/ and £/ are F; -measurable R?- and R"-valued random variables,
will be called simple. Our stochastic integral for such «, & is defined as

' /wl ‘
/ o dYs () = Y o Yaningr. 1)) — Vi) ). (3.4)
0

j=0

However, for this formula to make sense for random &, some measure-theoretic
reasoning is required, since a natural question arises: on which probability
space is this process defined? Everything would be fine if all Lévy processes
Ys(x) were defined on a single probability space and depended measurably on
x. Can this be done? Of course each Y(n) exists on, say, D(Ry, Rd). But if
one uses the normal Kolmogorov construction and defines Ys(x) on the infi-
nite product space [ [, c.g» D(R4, RY) then what is the mechanism that ensures
measurability with respect to x?

To move ahead, we apply the following randomization and conditional inde-
pendence and randomization lemmas (see Lemma 3.22 and Proposition 6.13
respectively in Kallenberg [114]):

Lemma 3.1 Let u(x, dz) be a probability kernel from a measurable space X
to a Borel space Z. Then there exists a measurable function f : X x[0, 1] - Z
such that if 0 is uniformly distributed on [0, 1] then f(X, 0) has distribution
u(x,.) forevery x € X.

Lemma 3.2 Let &, n,¢ be random variables with values in measurable
spaces Z, X, U respectively, where Z is Borel. Then & is n-conditionally inde-
pendent on ¢ if and only if € = f(n,0) a.s. for some measurable function
f X x[0,1] - Z and some random variable 0, uniformly distributed on
[0, 1], that is independent of n and ¢.

In order to apply these results we need to compare the Lévy measures. To
this end, we introduce an extension of the Wasserstein—Kantorovich distance to
unbounded measures. Namely, let M, (Rd ) denote the class of Borel measures
won RY \ {0}, not necessarily finite but with finite pth moment (i.e. such that
f |y1”u(dy) < oo). For a pair of measures vy, vy in ./\/l,,(Rd) we define the
distance W), (v1, v2) using (A.2):

1/p
Wp(vi, v2) = (ilulf/ ly1 — szPV(dyldyz)> ,
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where inf is now taken over all v € M ,,(RZd ) such that condition (A.1),
/S S [61(x) + ¢2 () | vdxdy) = (¢1,v1) + (¢2. 12),
X

holds for all ¢, ¢ satisfying ¢; (.)/].|? € C (RY). Itis easy to see that for finite
measures this definition coincides with the usual definition.

Remark 3.3 Although the measures v; and v, are infinite, the distance
Wp(v1, v2) is finite. In fact, let a decreasing sequence of positive numbers e,ll
be defined by writing vi = Y_,7, v}, where the probability measures v] have
their support in the closed shells {x € R? : 6;]1 <|x| < erll_]} (with eé = 00).
The quantities €5 and v} are defined similarly. Then the sum ) ;2 | vi ® V5 is

a coupling of v; and v, having a finite value of f [y1 — y2|Pvi(dy)va(dyr).

Moreover, by the same argument as for finite measures (see [201], [246] or
Proposition A.13), we can show that whenever the distance W), (v1, 1) is finite
the infimum in (A.2) is achieved, i.e. there exists a measure v € M, (R*) such
that

l/p
Wy (i1, n2) = <f ly1 — yzlpv(dyldy2)> . (3.5)

We now make the following crucial assumption about the family Y (x):

2172
{tr[\/Gm - VG| } W20, ), (2, ) < kallx =l (3.6)

for some constant k> and any xj,xy € RY. By Proposition 3.19 below the
mapping from x € R” to the law of the Lévy process Y;(x) is then continuous
and hence measurable. Consequently, by Lemma 3.1 (with Z the complete
metric space D(R4, R?), a Borel space) one can define the processes Y (x) as
measurable functions of x living on the standard probability space [0, 1] with
Lebesgue measure. This makes expression (3.4) well defined. However, this is
still not quite satisfactory for our purposes as this construction does not take
into account the dependence of the natural filtration of Y (x) on x. To settle this
issue, let f¥(x,w) € D([0, %], RY), x € RY, w € [0, 1], s € [0, 7], be the
function from Lemma 3.1 constructed for the parts of the Lévy processes Yy (x)
lying on an interval of length 7. In particular, for each x € RY the random
process fsk (x,.), defined on the standard probability space ([0, 1], B([0, 1]))
with Lebesgue measure, is a Lévy process on the time interval s € [0, 7].
As the basic probability space for the construction of the integral in (3.5) we
choose the space 2 x [0, 1]°° with product o-algebra and product measure
(each interval [0, 1] being equipped with Lebesgue measure).
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Let us now define the process (3.4) as the random process on the probabil-
ity space @ x [0, 1]°° (with points denoted by (w, 81, 82, ...)) given by the
formula

‘ /m) _
/0 o dYs (6@, (8,)) = Y o (@) flinimr o & @).8).  B.T)

j=0

and let .7-':1 * be the filtration on Q x [0, 1]1°° that is generated by &;, a¢,
for a;dYs (&), T <t. The following statement summarizes the basic properties
of the simple integral in (3.7).

Theorem 3.4 Let (3.2), (3.6) hold for the family of Lévy generators given
by (3.1), let o, & be simple processes of the form (3.3) and let a be bounded
by a constant A. Then (3.7) defines a cadlag process on the probability space
Q x [0, 1]%° having the following properties.

(i) It is adapted to the filtration f;x’g.

(ii) The random process f_k(Sj (w), 8;) conditioned either on Sj or on the
o-algebra f;yrf is distributed in the same way as the Lévy process Y (§7).

(iii) The process given in (3.7) is a square-integrable f;x’s-martingale (note
that it is not assumed to be a martingale with respect to its own natural
filtration), and

. 2
E( f asdmss)) < A%y, (3.8)
0

(iv) Definition (3.7) is unambiguous with respect to the choice of partition
length ti. Namely, if one writes the processes (3.3) as

[1/7]
o = Z ol Ajrr.@j+Dr]l T H@j+D o 2G4+ D)
j=0
[#/7k]

&= ) E1jm@ithun + L@+ Dug 204 Do
j=0

(3.9)

then the integral (3.7) has the same distribution as a similar integral for the
processes (3.9) defined with respect to partitions of length tj1.

(v) Let &, & be another pair of simple processes with the same bound A as
for ;. Then

t t
W2, ( /0 odY, (o). /O &sdn(ss)) 510
< AAZGWS (€ E) + A W3, (0, @),
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where the distance W ; un is defined in (A.4), and where distances in R? are
Euclidean.

Proof (i) This is obvious.
(ii) On the one hand, fX(&/(w), §;) conditioned on £/ is distributed in the
same way as the Lévy process Y. D) by construction but, on.the other hand,
&/ (w), 8;) is &/ -conditionally independent of ; and of [ ™ ayd Yy (&) by
Lemma 3.2, implying that the distributions of f’ k & (w), 8 ;) conditioned on
either £/ or F, ;f are the same.
(iii) To prove the martingale property it is enough to show that

E ( / ad, (&)
0

and it is sufficient to show this for jrz < v <t < (j + 1)1, for any j. But the
latter follows from (ii), because all these Lévy processes have zero expectation.
Next, by conditioning and statement (ii) one has

T
fg’s> :/ adeS(%‘S)’ T =< t’
0

[t/7]

‘ 2
E (/ adeS(ES)> =
0 .
]_

2
j k
Z E (Ol], fmin(rk,t—jrk)(éj’ )) )
=0

implying (3.8) by assumption (3.2) and also by statement (ii).

(iv) By conditioning with respect to the collection of the random variables
ol £/ the statement reduces to the i.i.d. property of increments of Lévy
processes.

(v) By (iv) we can define both processes using partitions of the same length,
say k. Suppose first that the curves o, &; are not random. Then the terms in the
sum (3.7) are independent. Doob’s maximum inequality allows us to estimate
the Lh.s. of (3.10) as follows:

[t/7] 2
- i ek ' ~j rk zj
2 E infE (0‘] Jincei—jr &5 ) = & Fninge i ju 67 '))
e

[t/tk] 2
<4 ) (o =& Elff o @& )
j=0
[t/tk]
+4A% Y fEL fini— e €7+ ) = Finca—jan €72 O
j=0

where the infimum is taken over all couplings of f¥(&/,.) and f¥(&/,.) that
yield a Lévy process in R*¢ (and hence a martingale), so that Doob’s maximum
inequality is applicable. This implies that
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t t
W2, ( /0 a,dY, (&), fo &sdmés))

t t
< 4A%3 / (& — &) ds + 4 f (o — G5)* ds
0 0

< 4A2K22t sup(&s — és)z + 4kt sup(og — &s)z
s<t S<t
by assumption (3.6) and estimate (3.8). This in turn implies the general esti-
mate (3.10) by conditioning with respect to the collection of the random
variables o/, £/. ]

Recall now that any left-continuous square-integrable adapted process can
be approximated in L2 (on each bounded interval [0,]) by simple left-
continuous processes. We can now define the stochastic integral driven by
nonlinear Lévy noise, fol asdY (&), for any left-continuous adapted (more
generally, predictable) square-integrable processes «, £ with bounded «: it is
the limit, in the sense of distribution on the Skorohod space of cadlag paths,
of the corresponding integral over the simple approximations of « and &. We
summarize below the basic properties of this integral.

Theorem 3.5 (Stochastic integral driven by nonlinear Lévy noise) Ler
(3.2), (3.6) hold for the family Y defined by (3.1) and (3.2). Then the above
limit exists and does not depend on the approximation sequence, there exists
a filtered probability space on which the processes &, oy, fé asdYs (&) are
defined as adapted processes, the integral fé osdYs (&) is a square-integrable
martingale with cadlag paths such that estimate (3.8) holds and, for any
s, the increments f; ardY: (&) and [ azdY; (&) are olér, a0, T < s}
conditionally independent. Finally, for any other pair of processes &, & with
the same bound A for &, estimate (3.10) holds.

Proof (i) The existence of the limit and its independence of the approx-
imation follows from Theorem 3.4 and estimates (3.8), (3.10). Notice that
the weak convergence deduced from convergence with respect to the met-
ric W, is stronger than Skorohod convergence. As the required o-algebras
F:, one then can choose the o-algebras generated by the limiting processes
Er.ar, [y asdY (&) forT <. O

Remark 3.6 For the purpose of constructing Markov processes, assuming
the existence of a finite second moment of the relevant Lévy measure is satis-
factory because, using perturbation theory, we can always reduce any given
generator to a generator whose Lévy measure has compact support. It is
natural, however, to ask whether the above theory extends to general Lévy
measures. In fact it does. The main idea is to substitute the metric W> by an
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appropriate equivalent metric on R?. The natural choice for Lévy measures
is either of the metrics pg or pg, to be introduced in Section 3.6. Alterna-
tively, one can treat the part of a Lévy process having a finite Lévy measure
separately, since it is defined as a Lebesgue integral, in the usual way.

Let us now consider an SDE driven by nonlinear Lévy noise and having the
form

t t
X, =x+ / a(X,_)dY,(g(Xs_)) + f b(X,L)ds. (1)
0 0

Theorem 3.7 (SDE driven by nonlinear Lévy noise) Let (3.2), (3.6) hold
for the family (3.1). Let b, g, a be bounded Lipschitz-continuous functions, the
first two of which are from R" to R" and the third of which is from R" ton x d
matrices, with a common Lipschitz constant k. Let x be a random variable that
is independent of the Ys(z). Then the solution to (3.11) exists in the sense of
distribution" and is unique.

Proof This is based on the contraction principle in the complete metric
space M»(t) of the distributions on the Skorohod space of cadlag paths & €
D([0, t], Rd) with finite second moment W» ; yn(§, 0) < oo and with metric
W2 t.un. For any & € M»(2), let

t 1
(&) =x+f0 a(Es—)dYs(g(Ss—)H-/o b(&s-)ds.

By Theorem 3.5, for an arbitrary coupling of the pair of processes £!, €2, we
have

W3, am(PED, @(ED)
t
<k [ [sa%1ee) - P

+8k1la(8)) — a@)P +2bE) — bEDP] ds
<kt (8A%K3 + 8k + 2) Esup(e)! — £2)2,

s<t
implying that

W3 un(@ED, D(62)) < k1 (8A%K3 + 81 +2)W3 (€, &),
Thus the mapping & +— ®(§) is a contraction in M (¢) for IK(8A2K22 + 8k +
2) < 1. This implies the existence and uniqueness of a fixed point and hence

of a solution to (3.11) for this ¢. For large ¢ this construction can be extended
by iteration. O

! Thus the equation implies the coincidence of the distributions.
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Our main motivation for analyzing equation (3.11) lies in the fact that the
solution to the particular case

t

X, =x —i—/otdYs(XS_) +/O b(X,_)ds (3.12)
specifies a Markov process with generator given by
Lf(x) = 3(G)V, V) f(x) + (b(x), V f(x))
+/[f(x-|-y)—f(x)—(y,V)f(X)]V(x,dy), (3.13)

yielding not only the existence but also a construction of such a process. This
is not difficult to see. We shall prove it in the next section as a by-product of a
constructive approach (using Euler-type approximations) to the analysis of the
SDE (3.11).

To conclude this section, let us consider some basic examples for which the
assumptions of the above theorems hold.

To begin with, we observe that the assumption on the Lévy kernel v
in (3.6) is satisfied if we can decompose the Lévy measures v(x;.) into
countable sums v(x;.) = ZZOZ] v, (x;.) of probability measures such that
Wo(vi(x; ), vi(z;.)) < ailx — z| and the series Zaiz converges. It is well
known that the optimal coupling of probability measures (the Kantorovich
problem) cannot always be realized using mass transportation (i.e. a solu-
tion to the Monge problem), since this could lead to examples for which
the construction of the process via standard stochastic calculus would not
work. However, non-degeneracy is not built into such examples and this leads
to serious difficulties when one tries to apply analytical techniques in these
circumstances.

Another particularly important situation occurs when all members of a fam-
ily of measures v(x; .) have the same star shape, i.e. they can be represented as

v(x,dy) =v(x,s,dr) w(ds), (3.14)
y eR?, r= [yl e Ry, s =y/r e s,

with a certain measure w on S9! and a family of measures v(x, s, dr) on Ry.
This allows us to reduce the general coupling problem to a much more eas-
ily handled one-dimensional problem, because evidently if vy y s (dr1dr2) is a
coupling of v(x, s, dr) and v(y, s, dr) then vy y (dridr2)w(ds) is a coupling
of v(x,.) and v(y,.). If one-dimensional measures have no atoms then their
coupling can be naturally organized by “pushing” along a certain mapping.
Namely, the measure v’ is the pushing forward of a measure v on R, by a
mapping F : Ry — R; whenever
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/ F(Fr)v(dr) = / Faw® (du),

for a sufficiently rich class of test functions f, say, for the indicators of
intervals. Suppose that we are looking for a family of monotone continu-
ous bijections Fy; : Ry — Ry such that s = v(x,s,.). Choosing
f = 1{F(),00) as a test function in the above definition of pushing forward
yields

G(x, s, Frs(2)) = v([z, 00)) (3.15)
for G(x,s,z) = v(x,s,[z,0)) = fzoo v(x,s,dy). Clearly if the v(x,s,.)
and v, although technically unbounded, are in fact bounded on any interval
separated from the origin and if they have no atoms and do not vanish on
any open interval then this equation defines a unique continuous monotone

bijection Fy  : R4 — Ry with an inverse that is also continuous. Hence we
arrive at the following criterion.

Proposition 3.8 Suppose that the Lévy kernel v(x, .) can be represented in
the form (3.14) and that v is a Lévy measure on Ry such that all v(x, s, .)
and v are unbounded, have no atoms and do not vanish on any open interval.
Then the family v(x, .) depends Lipshitz continuously on x in W, whenever the
unique continuous solution Fy (z) to (3.15) is Lipschitz continuous in x with
a constant K (z, §) for which the condition

/R /H K2 (r, s)w(ds)v(dr) < oo (3.16)
.

holds.

Proof By the above discussion, the solution F specifies the coupling
Vy,y(dridradsydsy) of v(x, .) and v(y, .) via

/f(rlersslss2)Vx,y(drl drydsy dss)
=/f(Fx,x(r),Fy,s(r),s,S)w(dS)V(dr),
so that for Lipschitz continuity of the family v(x, .) it is sufficient to have
fo [ [ = R otasmin = et = w2

which is clearly satisfied whenever (3.16) holds. ]

It is worth mentioning that a coupling for the sum of Lévy measures can
be organized separately for each term, allowing the use of the above statement
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for the star shape components and, say, some discrete methods for the discrete
components.

If v has a density, a more explicit criterion can be given; see Stroock [227].
The following simple example is worth mentioning.

Corollary 3.9 Let

v(x;dy) = a(x, s)r-1HeED) gr o (ds), (3.17)
yeR?Y r=|yleRy, s=y/res? !,

where a, a are C'(R?) functions of the variable x, depend continuously on s
and take values in [ay, ay] and [y, an] respectively for 0 < a1 < az, 0 <
ay < ap < 2. Then the family of measures 1p, (y)v(x, dy) depends Lipschitz
continuously on x in W».

Proof Choose v((z, K]) = 1/z — 1/K. Since then

a(X, S) (Zfa(xss) _ Kfq(x,s))’

K
G(x,s,7) = / a(x, s)r~ e gp —
z a(x,s)

it follows that the solution to (3.15) is given by

F ()—[Kuﬁ(l—i)]_w( )
x,s\Z) = a\Z % X, S

implying that F (1) = 1, Fy 4(z) is of order (az/a)'® for small z and |V, F|
is bounded by o)z log z. Hence condition (3.16) can be rewritten as a
condition for the integrability around the origin of the function

zz("";l - log2 Z,
and clearly it holds true. O

Processes whose generators have Lévy measures of the form (3.17) are often
called stable-like.

3.2 Nonlinear version of Ito’s approach to SDEs

We shall develop now a constructive approach to the proof of Theorem 3.7. It
bypasses the results on the stochastic integral in the previous section, yields a
process satisfying the equation strongly (i.e. not only in the sense of the coinci-
dence of distributions) and makes explicit the underlying Markovian structure,
which is of major importance for our purposes.
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Our approach is a nonlinear version of Ito’s method (as detailed in Stroock
[227]) and can be regarded as a stochastic version of the Euler approximation
scheme for solving differential equations.

We shall deal again with equation (3.11), restricting our attention for sim-
plicity to the case g(x) = x and a(x) = 1. On the one hand this case is
sufficient for the application we have in mind and on the other hand it captures
the main difficulties, so that the extension to a general version of (3.11) is more
or less straightforward (though much heavier in notation). For notational con-
venience, we shall include now the drift in the noise term. Thus we will deal
with the equation

X, :x—l—/otdYs(Xs), (3.18)
in which Y, () is a family of Lévy processes with generators given by
Lyfx)=5GmV.V)f(x)+ b®), V[f(x)
+ /[f(x +y) = f(x) =, V) f()]Iv(n, dy), (3.19)
where

b (0D =0, sup (trG(n) +1bGn] + / Py, dy)) — <0
1

(3.20)
and
51172
{tr[,ﬁc(xl - /G| } T IbGer) — b+ Wa(u(x1, ), v(E,.)
< 2llx1 -l (321)

As mentioned above the solutions will be constructed from an Euler-type
approximation scheme. Namely, let Yi (x) be the collection (depending on
1 =0,1,2,...)of independent families of the Lévy processes Y7 (x), depend-
ing measurably on x, that were constructed in Lemma 3.1. We define the
approximations X*'¥ by

X=X Y (XD LX) = (3.22)

forlt <t < (I + 1)t, where £(X) means the law of X. Clearly these approx-
imation processes are cadlag. If x € R? then for brevity we shall write X A
for X f*’r.

Remark 3.10 Clearly, if the limit of X!"™ as k — oo exists in the metric
W2+ un then it solves equation (3.18) in the sense of the previous section.
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To avoid any appeal to the previous theory, we can simply define the weak
solution to (3.11) as the weak limit of X;L’r", T = 2% k — o0, in the sense
of the distributions on the Skorohod space of cadlag paths (this definition is of
course implied by the convergence in distribution of the distance W5 ; un). This
definition, as a limit of approximations, is constructive and sufficient for the
applications we have in mind. It is not, however, very attractive aesthetically.
Alternatively, we can define a solution to (3.11) in terms of martingales, i.e.
as a process X|' for which the processes (3.26) are martingales for smooth
functions f.

Theorem 3.11 (SDEs driven by nonlinear Lévy noise revisited) Suppose
that the assumptions of Theorem 3.7 hold, i.e. that (3.2), (3.6) hold for v and
G and that b is a bounded Lipschitz-continuous function R" — R". Then:

(i) for any n € PRY) N Ma(RY) there exists a limit process Xf‘ for the
approximations X!"" such that

sup sup W2 (Xf’;’/’:km, X;‘) <, (3.23)
n sel0,¢]
and, more strongly,
szp W3 (XPT XH) < (s (3.24)

(ii) the distributions ; = E(Xf ) depend 1/2-Holder continuously on t in
the metric Wy and Lipschitz continuously on the initial condition:

WH(X), X]) < e(TYWZ (1, n); (3.25)

(iii) the processes
1
M(t)=f(X?)—f(X)—f0 Lf(X{)ds (3.26)

are martingales for any f € C*(R?), where
Lf(x) = 5(GX)V, V) f(x) + (b(x), V f(x))
+ U6+ = £ = 0D F@Ir dy),

in other words, the process X\ solves the corresponding martingale problem;

(iv) the operators given by T; f (x) = Ef(X}) form a conservative Feller
semigroup preserving the space of Lipschitz-continuous functions and having
the domain of the generator containing C go (RY).
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Proof  Step 1 (Continuity of approximations with respect to the initial data)
By the definition of the distance one has

W3 (x1 + Y (x1), x2+ Yo (x2) < E(& — £)°

for any random variables (&1, &) with the projections & = x; + Y (x;), i =
1, 2. Choosing the coupling given in Proposition 3.19 below yields

E¢ —£)° < (I +c0)(n —x)”
Hence, taking the infimum over all couplings yields
W3 (1 + Ye(x1), 22+ Ye(x2) < (1 + )W (L0, L(x2). (327
Applying this inequality inductively, we obtain
WE(XIT, XY < e 2R TWE ). (3.28)

Step 2 (Subdivision) We want to estimate the W,-distance between the
random variables

El=x+Y () =x"+Y: =Y, & =74+ =Y,
where
x' = x4 Yo x), =2+ Y:2()

and in (3.28) u = L(x), n = L(z), n = L(Z'). We shall couple & and &
using Proposition 3.19 twice. By (3.60), see Section 3.6, we have

Wi, &) < B —2)? + ct[B(x' — 2)* + E(x — 2)?].
Hence, by (3.27) and (A.3), W22(§1, &) does not exceed
W3 (x, 2)(1 + 2¢t)(1 + 1) + ctE(x — 2)?

or, consequently,

sz(x, (1 +ct) + cv:E(Yt/z(Z))2
(with another constant ¢). Hence

W22(.§1, &) < sz(x, 2 +c7)+ ct?

(with yet another c¢). We arrive at

2 ,T/2
W2(XST XY < et (14 er) W2 (Xéfl)faxéif/m)- (3.29)
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Step 3 (Existence of the limits of marginal distributions) By induction one
estimates the Lh.s. of the previous inequality using the relation

Pl+A+c)+A+ct)++A+c)* D)<l 4+ cn)f

<c(t)r.
Repeating this subdivision and using the triangle inequality for distances yields
W2xST, x5 < e

This implies the existence of the limit X*([t/t]t), as k — oo, in the sense
of (3.23).
Step 4 (Improving convergence) For f € C*(R?) the processes
t
M) = FE) = f0 = [ L[xt s, =t
0
(3.30)

are martingales, by Dynkin’s formula applied to the Lévy processes Y7 (z). Our
aim is to pass to the limit 7z — 0 to obtain a martingale characterization of the
limiting process. But first we have to strengthen our convergence result.

Observe that the step-by-step inductive coupling of the trajectories X*© and
X% used above to prove (3.28) actually defines the coupling between the dis-
tributions of these random trajectories in the Skorohod space D([0, T'], RY ),
i.e. it defines a random trajectory (X*7, X"7) in D([0, T], R*?). We can
construct the Dynkin martingales for this coupled process in the same way
as for X*T. Namely, for a function f of two variables with bounded second
derivatives, the process

t
M. (1) =f(Xf”,X;”)—/O Ly f(X™T X7 ds,
w= E(xﬂ), n= £(x,,),

is a martingale; here Z, is the coupling operator (see (3.58) below) constructed
from the Lévy processes Y with parameters X Eﬁ’/rr]t and X E’/TT]T. These mar-
tingales are very useful for comparing different approximations. For instance,
choosing f(x, y) = (x — y)? leads to a martingale of the form

t
(X7 — XPTH? +/ O(1)(X™T — X172 ds.
0

Applying the martingale property in conjunction with Gronwall’s lemma yields

supE(X{H — X;*”)2 <c(E(x, — x,,)z,

s<t
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giving another proof of (3.28). Moreover, applying Doob’s maximal inequal-
ity (with p = 2) to the martingale M, constructed from f(x,y) = x — y
implies that

Esup M (5)]* < 4E(x, — x;)°

s<t

and, consequently,

)
E sup (Xé” - X7 +/ O()|XHT — X7 dv) <6E(x, —x,i)z.
0

s<t

Applying Gronwall’s lemma yields

Esup(X/T — X77)? < c(t) E(x, — x,)%,
<t
which allows us to improve (3.28) to the estimate of the distance between
paths:

W3, an (X7, XTT) < (W5 (1, ). (3.31)

Similarly, we can strengthen the estimates for subdivisions leading to (3.24).

Using the Skorohod representation theorem for the weak converging
sequence of random trajectories X*™ (let us stress again that convergence
with respect to the distance W» ; un implies the weak convergence of the distri-
butions in the sense of the Skorohod topology), we can put the processes X%
on a single probability space, forcing them to converge to X* almost surely in
the sense of the Skorohod topology.

Step 5 (Solving the martingale problem and obtaining the Markov prop-
erty) Passing to the limit T = tx — 0 in (3.30) and using the continuity and
boundedness of f and Lf and the dominated convergence theorem allows us
to conclude that these martingales converge, a.s. and in L', to the martingale

t
M) = FX") — fx) — /0 (LF)(XE) ds, (332)

in other words that the process X! solves the corresponding martingale
problem.
Passing to the limit 7z — 0 in the Markov property for the approximations,
i.e.in
E(f&X ™o (xXt™)], o, ) = E(FOEMIX5R).

yields the Markov property for the limit X**.

Step 6 (Completion) Observe now that (3.28) implies (3.25). Moreover,
the mapping 7; f(x) = Ef(X}) preserves the set of Lipschitz-continuous
functions. In fact, if f is Lipschitz with constant / then
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‘Ef (Xft’/rr]r) -Ef (X[Zt’/rr]r)

X,T zZ,T
<hE H Xitrere = Xitjoe

[t/7]T [t/T]T

2)1/2

<h (E H XETXET
Taking the infimum yields
)Ef (Xfcr’/rr]r) —Ef (Xf;/fr]r)

Similarly, one may show (first for Lipschitz-continuous f and then for all f €
C(R?) using the standard approximation) that

Ef (X7 ,) — Ef D)

< he(tg) Wa(x, 2).

— 0

sup sup , k — o0, (3.33)

te[0,] X
for all f € C(R?). From this convergence one deduces that T}, given by
T: f (x) = Ef(X7}), is a positivity-preserving family of contractions in C (R%)
that also preserves constants. Moreover, as the dynamics of averages of the
approximation process clearly preserves the space Coo (R?), the same holds for
the limiting mappings 7;. Consequently, the operators 7; form a conservative
Feller semigroup.

From the inequality

2
2 ", T n,T n,T
W5 (Xlr , X(l—l)r) <E [Yr (X(l—l)r)] =ct
it follows that the curve u; depends 1/2-Holder continuously on ¢ in W5.

Finally, it follows from the martingale property of (3.32) and the continuity
of Lf(X) that, for f € C*>(R?),

1
;(th = f)=Lf +o0i-0(D),
implying that f belongs to the generator of L. O

It is worth noting that, in the simpler case of generators of order at most one,
the continuity of Lévy measures with respect to a more easily handled metric
W is sufficient, as the following result shows. We omit the proof because it is
just a simplified version of the proof of Theorem 3.11.

Theorem 3.12  For the operator L given by
Lf(x)=(b(x),Vfx)+ /[f(x +2) — f(Ovx, u; dz),
v(x,.) € MR,

(3.34)

where

16(x) = bl + Wi(v(x,.), v(z,.) <«klx—zll (3.35)
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holds true for a constant k, there exists a unique Feller process X!|* solving
(3.18) such that

sup Wi rint (X[5, X)) < () (3.36)
m

the distributions p; = L(X(t)) depend 1/2-Hélder continuously on t and
Lipschitz continuously on the initial condition in the metric Wj.

3.3 Homogeneous driving noise

The usual stochastic calculus based on Wiener noise and Poisson random mea-
sures yields a construction of Markov processes such that the Lévy measures
of the generator v(x, dy) are connected by a family of sufficiently regular
transformations, i.e.

v(x,dy) = v (dy) — /f(y)V(x,dy) z/f(Fx()’))V(dY)

for some given Lévy measure v and a family of measurable mappings Fy.
As we noted above, such transformations yield a natural coupling of Lévy
measures via

/f(y1,yz)vx1,xZ(dy1 dy>) =/f(Fx1(y),Fx2(y))V(dy).

Writing down the conditions of Theorems 3.11 or 3.7 in terms of this coupling
yields the standard conditions on F', allowing one to solve the corresponding
SDE. An Ito-type construction for this case is presented in detail in [227]. Let
us discuss this matter briefly.

Let Y be a Lévy process with generator given by

Lf(x) =5(GV,V)f(x) + /[f(x +y) = f(x) = (. VIfOv(dy).

with f ly|>v(dy) < oo, and let N(ds dx) be the corresponding compensated
Poisson measure of jumps. We are interested now in a stochastic equation, of
standard form

13 t t
X, =x+/ a(xx,)stG+/ b(xs,)ds+f/F(xs,,z)N(dsdz),
’ ’ ’ (3.37)

where F is a measurable mapping from R” x R? to R" and o maps R” to
n x d matrices. The analysis of the previous section suggests the Ito—Euler
approximation scheme (3.22) for the solutions of (3.37), with
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Y:(z) =0 (z)BE + b()t + /OZ/F(z, YN (ds dy). (3.38)
Clearly Y;(z) is a Lévy process with generator given by
L f(x)=30@0c" @V, V) f(x)+ (b(). Vf(x))
+ / [f(x+ Fz9) = f(x) = (F(z, ), V f(x)] v(@y).

Proposition 3.13 Let Y, be a Lévy process as introduced above. Let

b(y1) — b)) + llo () — o ()I* + f |F(y1, w) — F(y2, w)|*v(dw)
< «klyr — »f? (3.39)
and

sup <Ib(y)| + ol +f |F(y, Z)|2V(dZ)) < o0.
y

Then the approximations X!""™ converge to the solution of (3.37) in the norm
(Esup,, |Ys|?)/2. The limiting process is Feller with generator L acting on
C2(RY) as follows:

Lf(x) = 50 (x)GaT (x)V, V) f(x) + (b(x), V f(x))

+/[f(X+F(x,y))—f(X) — (F(x, ), V()] v(dy). (3.40)

Proof This is a consequence of Theorem 3.7. It is worth noting that the
present case enjoys an important simplification, both technical and ideologi-
cal, compared with Theorem 3.7. Namely, now all Lévy processes are directly
defined on the same probability space. This allows us to avoid technical com-
plications and to construct a solution strongly on the same probability space,
for which convergence holds in the usual L?-sense (without reference to
Wasserstein—Kantorovich metrics). ]

Remark 3.14 It is not difficult to allow for linear growth of the coefficients.
One can also include a compound Poisson component; see Stroock [227].

3.4 An alternative approximation scheme

Let us discuss briefly an alternative approximation scheme for constructing
Markov processes based on nonlinear random integrals.
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For a process X; and a measurable function f, let a nonlinear random
integral based on the noise d X; be defined as a limit in probability:

1 n
dX;) = lim X, — X, 341
/0 faxy= - tm ;f( st~ Xs) (3:41)
(the limit is taken over finite partitions 0 = sg < s; < --- < s, = t of the
interval [0, ¢]) when it exists. In particular, fot (dYy)? is the quadratic variation
of Y.

Proposition 3.15 Let Y be a compound Poisson process and N (dsdz) be the
corresponding Poisson random measure with intensity A dsdz, so that

t
Y,=Z(1)+---+Z(Nz)=//ZN(deZ)
0

with i.i.d. Z(i) and Poisson process N;. Let Y, N denote the corresponding
compensated processes.

(i) If the integral (3.41) is defined (as a finite or infinite limit) for X =Y (in
particular, this is the case for either bounded or positive f) then

t t
/0 fdyy) = /O/f(Z)N(dS dz) = f(Z(D) +---+ f(Z(N)):  (3.42)

as a special case, note that the quadratic variation of a compound Poisson
process equals the sum of the squares of its jumps;

(i) If f € CY(RY) then

t t
/ f(d?s)://f(z)N(dtdz)—tA(Vf(O),EZ(l))
0 0

t ~
=fO/f(Z)N(dtdz)+tA[Ef(Z(1)) — (Vf(0), EZ(1))].
(3.43)

Proof Statement (i) is obvious. For (ii) observe that, since the number of
jumps of Y (¢) is a.s. finite on each finite time interval, for partitions with
small enough max;(s;+1; — s;) any interval s;+1 — s; contains not more than
one jump, implying that f(; fd Y) equals fot f(dY) plus the limit of the sums
S F(=AEZ(D)(sit1) — (51)). O

An alternative approximation scheme for constructing a Markov process
with generator equation (3.40) can be obtained by considering stochastic
equations with nonlinear increments:

t t
X:x—i-f a(xs,)dBSGJr/ b(XS,)ds—i—/g(Xs,dY;ed),
0 0



92 Probabilistic constructions

where g is a measurable function and the reduced Lévy process Y™ is gener-
ated by the integral part of the full generator of Y. A natural approximation is,
of course,

X=X+ o (X[ (BE — B
+ DXt — 1) + (X", Yy — Yir) (3.44)

It >

forlt <t < (I + 1)r.

Proposition 3.16 Let g satisfy the same conditions as F in Proposition 3.13
and additionally let it have a bounded second derivative with respect to the
second variable. Then the scheme (3.44) converges to a Feller process with
generator given by

Lf(x) = 3(0(x)GaT (x)V, V) f(x)

+ <b(x) —i—/ |:g(x, 7) — <z, a—g(x, O))] v(dz), Vf(x))
B, 0z

+ / [f(x 480, y) = f(x) = (g(x, y), Vf(x)]v(dy). (3.45)

Proof This follows from Propositions 3.13 and 3.15. ]

3.5 Regularity of solutions

We shall discuss the regularity of the solutions to SDEs, focusing our attention
on equation (3.37). Regularity for the more general equation (3.18) is discussed
in [137].

Recall that we denote by Cfip (resp. C]go) the subspace of functions from
ck (Rd) with a Lipschitz-continuous derivative of order k (resp. with all
derivatives up to order k vanishing at infinity).

Theorem 3.17 Assume that the conditions of Proposition 3.13 hold and put
G =1 for simplicity.
(i) Leth,o € Cﬁip(Rd ) and let
9 B
sup/ I’a—F(z, w)H v(dw) < oo (3.46)
z Z

hold for B = 2.
Then the approximations X;"* to (3.37) are a.s. differentiable with respect

to x and, for B = 2,

B

Tl

<(I+ecr). (3.47)

axXL*
d
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(ii) Assume further that b, o € Cfip (RY),

82
su —F(z, w
Z10 / H Py (z, w)
and (3.46) holds for B = 4. Then (3.47) holds for B = 4, the approximations
X;" to (3.37) are a.s. twice differentiable with respect to x and

2
v(dw) < 0o, (3.43)

2
<c(1), It <t. (3.49)

2 X, T
0 Tl

dx2

Moreover, the solutions X7 of (3.37) are a.s. differentiable with respect to x
and the spaces Cﬁip and Cﬁip nc éo are invariant under the semigroup T;.

(iii) Assume further that b, o € Cﬁip(Rd),

83
su —F(z,w
o [ | sreow

and (3.46) holds for B = 6. Then (3.47) holds for B = 6, the approximations
Xf’t to (3.37) are a.s. three times differentiable with respect to x and

2
v(dw) < 00 (3.50)

2
< c(1), It <t. (3.51)

RED Gl

Tl

E
ax3

Moreover; the solutions X{ of (3.37) are a.s. twice differentiable with respect

to x,
2

< c(), (3.52)

2yx
s

dx2

supE ‘

s<t

the spaces C2. and C*._ N Cgo are invariant under the Markov semigroup T,

Lip Lip
and the latter space represents an invariant core for T;. Moreover, in this case

T; and the corresponding process are uniquely defined by the generator L.

Proof (i) Differentiating (3.38) yields

il il a 1o -
DY) = @) B + —b()t + / / D P oyNdsdy).  (3.53)
0z 0z 0z 0oJ 0z
Under our assumptions this expression is well defined and specifies a Lévy
X, T

process for any z. Consequently the approximations X;' are differentiable
with respect to x a.s. and, by the chain rule,

axXs" d —BXHI_I
— = 14 —[Y1(2) = Ya-1): (2)] T
ax 0z 2=X3i_1) 0x

Consequently, by Exercise 3.1 below,
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2 2

<(1+cnE

X, T
E H Xy X -1
Jx

dax

implying (3.47) for B = 2 by induction.
(i1) Similarly, assumption (3.46) for any even 8 (we need B = 4 or B = 6)
implies the corresponding estimate (3.47). Next,

82Xx,r 9 aZerl_l
5 :{1+8—[Yfl(z>—Ya_m(z)1} =
x ¢ Z_X;\&lr—l) *
92 aerl—l aXml—l
+ {—Z[YTI(Z)—Y(I—I)r(Z)]} ).
0z =X *

so that this derivative exists and is continuous in x a.s. for all /, and

2

92X (zl
X () +er(l+ ey,

9x?

X3 (z( - 1)

d
ax

2
< (l—i—cr)E”

where we have used (3.47) with 8 = 4 and the estimate

2
E(l n 3Yt(Z)> 1Y@ _ o)

Az 972

that follows from the well-known formula

t t
E(// f(x)]\?(dsdx)// g(x)ﬁ(dsdx))
0 i< 0 J{lxl<n)

=t/{| - F)g(x)v(dx) (3.54)

for stochastic integrals over random Poisson measures.
By induction, one then obtains the estimate

2

32X (zl
ﬁ <lct(l+ cr)l*] < c(t)

E
H ax2

forlt <t.

Consequently the family of first derivatives of the approximations is Lips-
chitz continuous uniformly in finite time, so that we can choose a converging
subsequence as 7y — 0, the limit being of course d X7 /dx, that satisfies the

same estimate (3.47) as the approximations. Furthermore, if f € Cﬁip then
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9 3 af of axXET
—E X{C,T __E XZ,’T <E _J Xx,r _ 2 XZ,‘E
ox FX) ax JXH| = ‘(ax( s Bx( § )> ax
of 8X§’T axe*T
E| 2L (xar -
+ ‘Bx( s )< dx 0z

=c@®lx —zl.

Hence, from the sequence of the uniformly Lipschitz-continuous functions

(8/8x)Ef(Xf’Tk), k =1,2,..., we can choose a convergence subsequence,
whose limit is clearly (9/9x)E f (X}), showing that E f (X}) € CLlip. From the
uniform convergence it also follows that E f (X¥) € C. N Cl whenever the

g ! Lip 00
same holds for f.
(iii) Similarly,

X"
0x3
0 X,
= {1 + —[Yu@) - Y(z—l)r(z)]} —=)
BZ Z=XX’I a.x
(-1
32 82er B 9Xx* T B
+3 {—Z[Yﬂ @ - Y(z—l)r(z)]} ),
9z =X T ox 0x
z(—1)
93 AXT XY L 9XFT
+ {—3[Yfz(z) - Y(z—l)r(z)]} o) o) 8D
0z =X5, ox 0x ox
leading to (3.51) and to the invariance of the space Cfip N Cgo.
Finally, regularity implies uniqueness by Theorem 2.10. O

Consider now an example describing a possibly degenerate diffusion com-
bined with a possibly degenerate stable-like process. Namely, let

L1 = u[omo” @V2F@)]+ b, V1) + / [fCx+y) = f)]vix, dy)

K : 3 -
+/(dp)/ d|y|f 0o, 5 L O FN =S = (3 VS ()
P 0 gd—1

|y|ap(x,s)+1

x d|ylwy(ds), (3.55)

where s = y/|y|, K > 0, (P,dp) is a Borel space with a finite measure dp
and the w), are certain finite Borel measures on S9~!.

Proposition 3.18 (i) Let o,b be Lipschitz continuous, and let a,,ap
be C'(RY) functions of the variable x (uniformly in s, p) that depend
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continuously on s, p and take values in compact subintervals of (0, 00) and
(0, 2) respectively. Finally, let v be a uniformly bounded measure depending
weakly continuously on x and such that f‘y_x‘SA v(x,dy) - 0asx — oo for
any A. Then a generator L of the form (3.55) generates a Feller process for
which the domain of the generator of the corresponding Feller semigroup T;
contains CC2 (RY).

(ii) Suppose additionally that for some k > 2 one has o, b € Cfip(Rd ), that
a, a are of the class C¥(RY) as functions of x uniformly in s and that the kernel
v is k times differentiable in x, with

[y

@ =1

(x,dy) — 0

alv
ax!

as x — oo for any a. Then, forl = 2,...,k — 1, the space Clldip N Céo is

an invariant domain for the Feller semigroup and this semigroup is uniquely

defined.

Proof Perturbation theory reduces the problem to the case of vanishing v,
when the result follows from Theorem 3.17 taking into account Corollary 3.9.
O

3.6 Coupling of Lévy processes

We describe here the natural coupling of Lévy processes, and this leads in par-
ticular to the analysis of their weak derivatives with respect to a parameter.

Recall that by C]’iip we denote the subspace of functions from C*(R?) with a

Lipschitz-continuous derivative of order k.

Proposition 3.19 Let Y, i i = 1,2, be two Lévy processes in RY specified by
their generators L;, which are given by

Lif(x) = 2(G;V, V) f(x) + (bj, Vf(x))
+ f [FGty) — F0) = (VF. »]wdy).  (3.56)

with v; € Mz(Rd). Letv € Mz(de) be a coupling of vi, v, i.e. let
[ [1#:00 + o2ty = @rvn + Gav @D

hold for all ¢1, ¢ satisfying ¢; (.)/|.|2 € C(RY). Then the operator
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Lf(x1,x2)
= [%(lel, Vi) + 1(GaVa, Vo) + (@JEIVI, Vz)] J(x1,x2)
+ (b1, Vi f(x1,x2)) + (b2, V2 f(x1, x2))
+ / {f 14y, %2+ y2) — fx1, x2)
= [, V) + (2, V2L f (x1, x2)} v(dyrdy2) (3.58)

(where V; means the gradient with respect to x;) specifies a Lévy process Ys in
R24 vwith characteristic exponent

2
NP1 p2) = —% [\/G(X1)P1 + \/G(XZ)PZ] +ib(x1)p1 +ib(x2) p2

+/ [eiy]p]Hym —1—i(yip1+ szz)] v(dyidy2),

that is a coupling of Y, sl, YS2 in the sense that the components of Y5 have the
distributions of Ys1 and Ys2 respectively. Moreover, if f(x1,x2) = h(x] — x2)
for a function h € C*(R?) then

Lf(x1.x2) = 3((/G1 = VG2)*V. V)h(x) — x2) + (b1 — by, V) (x1 — x2)
+ / [A(x1 —x2+ y1 — y2) — h(x] — x2)
— (y1 — y2. Vh(x; — x2) | v(dyidy). (3.59)
Finally,
EE+Y' —¥)?
= [§ +1(b1 — bl +1 [tr (V61 &) + [[ - yz>2v<dy1dyz>].
(3.60)

Proof This is straightforward. The second moment (3.60) is found by twice
differentiating the characteristic function. O

One can extend this result to Lévy measures without a finite second moment,
using the equivalent metric on R with varying order for large and small dis-
tances. We shall demonstrate this possibility for the case of Lévy measures
with a finite “outer moment” of at least first order. Let p be any continuous
increasing concave function R — R such that p(0) = 0. As one may eas-
ily see that the function p(|x — y|) specifies a metric in any R¥, the triangle
inequality in particular holds:
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p(lx +yD) < pdxD) + p(yD.

This metric is equivalent to (i.e. specifies the same topology as) the Euclidean
metric (Exercise: check this!). The natural choice for dealing with Lévy
processes is the function

pp(r) = min(r, rP/?), B €0,2].

However, the fact that pg is not smooth is technically inconvenient. Thus in
intermediate calculations we shall often use a smooth approximation to it,
p, defined as a smooth (at least twice continuously differentiable) increas-
ing concave function Ry +— R such that pg(r) > pg(r) everywhere and
pp(r) = pg(r) forr < landr > 2.

Proposition 3.20 Let B € [1, 2] and let Yg i = 1,2, be two Lévy processes
in RY specified by their generators (3.56) with

[ sisimicasy = [ miny yPrvscay) < .
Let a Lévy measure v on R* have a finite “mixed moment”

f P51, y2)Dv(dyrdy,) = / min(|(y1, y2)I?, |1, y2) P)v(dyrdys) < o0

and let it be a coupling of vi, va, i.e. (A.1) holds for positive ¢1, ¢po. Then the
operator equation (3.58) specifies a Lévy process Yy in R*? that is a coupling
of Y}, Y2 such that

Epz (1Y) —Y7) = Emin(|Y, — Y21P, v — Y71%)
< 1c(r) [WGI — VG2l + b1 — ba?

+ / min(ly; — 2!, Iy — yzlz)v(dyldyz)}
(3.61)

and moreover

Efg(1x + Y = Y7) < p5(IxD) + 1c(0) [wGl VG2l + b1 = ba]?

+ / / Pyt = yzl)v(dyldyz)} ,
(3.62)

with a constant c(t) that is bounded for finite t.
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Proof Clearly (3.61) follows from (3.62). To prove the latter formula
observe that by Dynkin’s formula

t
Efg(lx + Y!' — Y2 = pz(lx]) + E /O LY} v} ds,

where f(x,y) = ﬁ§(|x — y]). If B = 1 then the first and second derivatives of
,0% are uniformly bounded. Consequently, by (3.59) one has

Epi(lx + Y —Y?)
< pE(xD) + ctlVG1 — VGal* + ctlby — bo| |[V5i(Ix + ¥} — ¥2])|

+ ct/ O - )’2)2V(d)’1dy2)+0t/ [y1 — y2lv(dy1dy?),
{ly1—y21=1} {ly1=y21>1}

implying (3.62) by Gronwall’s lemma, and also the estimate
~2 1 2 2 ~ 1 NG
b1 = bal [V + ¥ = ¥2D| = 20b1 = baPP +2 |V 330 + ¥ = ¥2))
< 2[b1 = bal* +cpi(Ix + Y/ = ¥7).
If B > 1, only the second derivative is bounded and we have
Egg(lx +Y! = ¥7)

2
JGi —,/G2H +ctlby — b ‘Vﬁl(lx—f-Y,l —y?)

< ﬁé(lxl) +ct ‘
t
+ct / (yi — y2)*v(dy1dy,) + cE / ds / v(dyidy)
{ly1=x21=1} 0 {ly1—y2l>1}
x [30x + ) = Y2+ 1 = 2 = F(x + ¥} = ¥2)
= (3= 2. VoRde + ! = v2)].
Taking into account that

/ v(dyidys) < / v(dyidysz) < o0,
{Iy1=y21>1} {min(|y|,|y2))>1/2}

Pr(x + Y = Y7 4+ y1 =yl 2550 + Y] = YD) + 20501 — y2)

and (owing to the Holder inequality)

- B—1|_. _
‘(yl — 2. Vp(x + ¥ - Yfl)‘ < —lyi—»lf+ = Vig(lx + Y1 = Yo /=D

B—1
B

=

=)= ™| =

Iyt = »lP +e——p5(x + Y1 = Ya))
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we can conclude that
Ef3(1x + Y = Y2 < p5(1xD) + et (IV/G1 — VGal* + by — b2 )

+ot / min(ly1 — y21%, 1y1 — y2P)v(dyrdys)

t
+ cE/ ﬁ§(|x +v! —y2)ds,
0
implying (3.62) by Gronwall’s lemma. O

Similarly one obtains

Proposition 3.21 Let Ysi i = 1,2, be two Lévy processes in R specified by
their generators L;, which are given by

Lif(x) =i,V f(x))+ /[f(x +y) = f(O)]vi(dy) (3.63)

with v; € M{(R?). Let v € M{(R*?) be a coupling of vy, va, i.e. let (A.1)
hold for all g1, ¢ satisfying ¢;(.)/].| € C(R?). Then the operator L given by

Lf(x1,x2) = (b1, V1 f(x1,x2)) + (b2, V2 f(x1, x2))

+ f LF G+ yi 2+ y2) — fGrn x)v(dyidys)  (3.64)

specifies a Lévy process Yy in R that is a coupling of YS], YS2 such that, for
all t,

Elle + ¥, — V2| < €]l +1 (nbl bl + // Iyt — szIV(dyldyz)) .
(3.65)

Proof One approximates |y| by a smooth function, applies Dynkin’s
formula and then passes to the limit. ]

We add here a couple of simple exercises on estimates of Lévy processes.

Exercise 3.1 Let ¥, be a Lévy process with generator L given by
Lf(x) = 3(GV, V) f(x) + (b, V f(x))
+ /[f(x +y) = f(x) = (Vf(x), y)vdy). (3.60)
(i) Show that

EE +Y)? = +1h)> +1¢ (trG + / y%(dy)) (3.67)

for any & € R?. Hint: use characteristic functions.
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(ii) Show that if ||

ly>1 ly[¥v(dy) < oo then E|Y;|F = O(r) for any integer

k > 1 and small ¢.
(iii) Show that

Ep3 (1Y) < re(t) <||G|| +f p,%(|y|)v(dy>> .
Hint: Proceed as in the proof of Proposition 3.20.
Exercise 3.2 Let Y, be a Lévy process with generator L given by
Lf(x) = /[f(x + ) = f) = (. VL) ]v@dy).
Then
BiY| <2t [ Iylviay.

Hint: Use Dynkin’s formula.
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Analytical constructions

Chapter 3 was devoted to the construction of Markov processes by means of
SDEs. Here we shall discuss analytical constructions. In Section 4.1 we sketch
the content of the chapter, making, in passing, a comparison between these two
approaches.

4.1 Comparing analytical and probabilistic tools

Sections 4.2 and 4.3 deal with the integral generators corresponding proba-
bilistically to pure jump Markov processes. The basic series expansion (4.3),
(4.4) is easily obtained analytically via the du Hamel principle, and probabilis-
tically it can be obtained as the expansion of averages of terms corresponding
to a fixed number of jumps; see Theorem 2.35. Thus for bounded generators
both methods lead to the same, easily handled, explicit formula for such pro-
cesses. In the less trivial situation of unbounded rates the analytical treatment
given below rapidly yields the general existence result and eventually, subject
to the existence of a second bound, uniqueness and non-explosion. However,
if the process does explode in finite time, leading to non-uniqueness, speci-
fying the various processes that arise (i.e. solutions to the evolution equation)
requires us to fix “boundary conditions at infinity”, and this is most naturally
done probabilistically by specifying the behavior of a process after it reaches
infinity (i.e. after explosion). We shall not develop the theory in this direction;
see, however, Exercise 2.7.

In Section 4.4 we analyze generators of “order at most one”, which can
be described in this way because they are defined on first-order differen-
tiable functions. We have chosen to give a straightforward analytical treatment
in detail, though a probabilistic analysis based on SDEs driven by nonlin-
ear Lévy noise (Theorem 3.12) would lead to the same results. Having a
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domain containing C éo (R?) (and not just Cgo (R?), as in the general case, or
Coo(R?), as in the case of integral generators), the class of operators of “order
at most one” is naturally singled out as an intermediate link between the inte-
gral and general Lévy—Khintchine generators. Its nonlinear counterpart, which
we consider later, contains distinctive models including Vlasov evolution, the
mollified Boltzmann equation and interacting stable-like processes with index
a < 1. Because an operator of “order at most one” is defined on C C])O (RY),
in sufficiently regular situations the corresponding evolution can be proved to
have Céo(Rd) as an invariant core. In this case the dual evolution on measures
can be lifted to the dual Banach space (CéO(Rd ))*. Consequently we might
expect that the continuity properties of this evolution, which are crucial for
nonlinear extensions, can be expressed in terms of the topology of the space
(CéQ (R%))*. This is indeed the case. To visualize this space, we supply in Sec-
tion 4.6 a natural representation of its elements in terms of the usual measures.

Methods and results for the construction of Markov processes are numer-
ous and their full exposition is beyond the scope of this book. In Section 4.7
we sketch briefly various analytical techniques used for dealing with general
Lévy—Khintchine-type generators with variable coefficients. First we discuss
basic results for the martingale problem, which lies at the crossroads of ana-
lytical and probabilistic techniques (these are linked by Dynkin’s formula); it
also plays a crucial role in the extensions to unbounded coefficients discussed
later. Then we give some results on decomposable generators as well as on
heat kernel estimates for stable-like processes.

Comparing in general terms the analytical and probabilistic approaches to
Lévy—Khintchine-type generators, we observe that in the analytical approaches
some non-degeneracy should be assumed (either for the diffusion coefficients
or for the Lévy measure), whereas probabilistic constructions often require
more regularity.

To illustrate this point in part, let us assess the analytical meaning of the
SDE-based construction of Feller semigroups given in Section 3.2. Lifting
the one-step approximation x +— x + Y;(x) to the averages yields the
transformation

O f(x) =Ef(x + Y (x)),
so that the semigroup is constructed as the limit of the approximations
T/ =®p - Py (n times)

as n — o00. Such a limit is often the T-product or chronological product of
the infinitesimal transformations ®; (see [173] and also Section 6.2, (6.7)).
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Analytically the approximations ®; can be written as

(@ )00 = (e 1) ),

where L, denotes the generator L of the limiting semigroup 7; with coef-
ficients fixed at point x, i.e. L is the generator of the Lévy process Y7 (x).
Thus from the analytic point of view the choice of the approximations @
corresponds to a version of the method of frozen coefficients, which is well
established in the theory of partial differential equations. The lack of a non-
degeneracy assumption makes it difficult to prove the convergence of this
T-product analytically, but a probabilistic analysis does the job by means of
the coupling method. However, the conditions of Theorem 4.23, formulated
below, contain some non-degeneracy assumptions on the corresponding Lévy
measure. This allows us to prove convergence by utilizing 7-products in a
purely analytical manner.

4.2 Integral generators: one-barrier case

This section starts with an analytical study of positive evolutions with
unbounded integral generators. Under the general assumption that (X, F) is a
measurable space, consider the problem

i (x) = Ajue(x) = /ur(z)vt(x;dz)—at(x)uz(X),
(4.1)

up(x) =¢x), t 2r >0,

defining the operator A;. Here a;(x) is a measurable non-negative function
of two variables that is locally bounded in ¢ for any x such that the integral
&(x) = fot ag(x)ds is well defined and is continuous in 7; v; (x, -) is a transition
kernel from Ry x X to X (i.e. a family of finite measures on X depending
measurably on ¢ > 0, x € X); and ¢ is a given measurable function.

By the du Hamel principle (see e.g. Theorem 2.9), equation (4.1) is formally
equivalent to the integral equation

t
ur(x) = ](;(U)z — e—[fz(x)—ér(x)](b(x) +/ e—[éz(x)—és(x)]LSus(x) ds, (4.2)

r

where Lv(x) = [v(2)v(x, dz).
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An easy observation about (4.2) is the following. The iterations of the
mapping [ (g from (4.2) are connected with the partial sums

m
Strg = e EEg 4 Z/ oG G E
1=1 rsp<--<s|<t
x e~ g dsy - ds (4.3)

(where e~% designates the operator for multiplication by e~5®)) of the
perturbation series solution

S = lim S.’ 4.4)
m— 00
to (4.2) by the equations
(Ié;)m(u)t — S’l;;r_l(p 4 f e—(St_Ssl)LX] . e‘(ésm_l_s.vm)Lsm
r<sm < <s|<t

X udsy---dsy 4.5)

and
Ié;(Sr.hr(b) = mr_H(p

(see again Theorem 2.9).

For a measurable positive function f on X we denote by Br(X) (resp.
Bf0(X)) the space of measurable functions g on X such that g/f € B(X)
(resp. g/f is bounded and tends to zero as f goes to infinity) with norm
lglls, = llg/fIl. In the case when S is a Borel space, the corresponding
subspaces of continuous functions are denoted by Cy(X) and Cy o (X). By
M ¢ (X) we denote the set of (positive, but not necessarily finite) measures
on (X, F) such that (f, ) < oo. The corresponding space of signed measures
& is a Banach space if it is equipped with the norm (f, |§]).

Theorem 4.1 Suppose that v;(x, .) € My (X) and
A (x) < e (x), te[0,T], (4.6)

for a strictly positive measurable function ¥ on X and a constant ¢ = c(T).
Then the following statements hold.
(i) Forall 0 <r <t <T,

1
)" (W) < (1 felt—r) 4 " - r)'") v, 4.7
m.
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and consequently S""r (x) is well defined as a convergent series for each t, x;
furthermore

ST (x) < eIy (x). (4.8)

(ii) For an arbitrary ¢ € By (X) the perturbation series S""¢ =
limy,— o0 Si" @ is absolutely convergent for all t,x and the function S*" ¢
solves (4.2) and represents its minimal solution, i.e. S""¢ < u pointwise for
any other solution u to (4.2).

(iii) The family S"" forms a propagator in By, (X), with norm

1" 13, x) < €7 (4.9)
depending continuously on t in the following sense:

sup (8" = S"")plw |l B, (x) — O, t—> T, (4.10)
||¢||BW(X)51

for any k, where

M = {x Dosup ag(x) < k}.
s€[0,T]

(iv) For any ¢ € By (X) the function S"" ¢ (x) is differentiable in t for each
x and satisfies equation (4.1) pointwise, i.e. for any x.

Proof (i) This is given by induction on m. Suppose that (4.7) holds for a
particular m. Since (4.6) implies that

Liyr(x) < e+ a; )]y (x) = [c+&@)] ¥ (x),
it follows that
LY (), < o6y (1)
+ /t e~ EO~EW) (0 | £ (1))
« <1 b —r) 4ot ic'"(s - r)'") W (x) ds.
Consequently, as

! .1 1 1 t
—E—E)f e o\ ge — Sl —E—&) (o _ -1
/r e és“(s r)yds = ”(t r) = 1)!fr e (s =r)'~tds

for [ > 0, it remains to show that
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(L ] /t —E—E) (o _ i1
Zc (“(t r) 7Y re (s—=r)"'ds

=1
“ 1

+ ch“ / (S’_g")(s — r)lds
=

1 m+1 m+1
SC([—V)+"'+mC (t—r) .

But this inequality holds because the 1.h.s. equals

m

l
Z i S / ~EE) (s — )™ dis.
(i) Applying statement (i) separately to the positive and negative parts of ¢
one obtains the convergence of the series S”"¢ and the estimate (4.9). From
the definitions it follows that

I (S ) = S, 16,
implying that S ¢ satisfies (4.2) and is minimal, since any solution u of this

equation satisfies the equation u; = (I(;)m(u), and hence (owing to (4.5)) also

the inequality u; > S 9.
(iii) Once the convergence of the series S’ is proved, the propagator (or
Chapman—Kolmogorov) equation follows from the standard manipulations of
integrals given in the proof of Theorem 2.7.

The continuity of S™" in 7 follows from the formula

St’r(b — S = (e—(fz—&) _ l)e—(ér—&-)d)

T
+/ (o= &6 _ )= G857 4
’

t
+ / e G S p ds (4.11)
T

for r < t < t. By the propagator property, it is enough to show (4.10) for
r = t. But, as follows from (4.11),

(ST ¢ =) < (1—e™ G5y 407 f 68 ey bagy) ds. (412)

r

Consequently,
I(S"" ¢ — $)Lpg | < e 2k + ) (1 — )Y, (4.13)

implying (4.10) for r = 7.

(iv) The differentiability of S“"¢(x) for each x follows from (4.11).
Differentiating equation (4.2), one sees directly that S”"¢ satisfies (4.1) and
that all the required formulas hold pointwise. O
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The propagator S is called the minimal propagator associated with the
family A;. It can be used to define the so-called minimal jump sub-Markov pro-
cess specified by the generator A;. However, for this and other applications to
time-nonhomogeneous stochastic processes one usually needs equation (4.1)
in inverse time, i.e. the problem

i (x) = —Au(x) = — f ur (2)vr(x: dz) + ar (x)u(x),
u(x)y=¢x), 0<t<r, (4.14)

for which the corresponding integral equation takes the form

,
u(x) = I (u); = 75D (x) + / SIEOL Y (x)ds.  (4.15)

t

The statements of Theorem 4.1 (and their proofs) obviously hold for the per-
turbation series S”” constructed from (4.15), with the same estimate (4.9), but
which now of course form a backward propagator, called the minimal back-
ward propagator associated with A;. Let us denote by V" = (§")* the
dual propagator on the space M.y (X). By the above explicit construction and
Fubbini’s theorem, the inverse propagator S”! consists of integral operators
specified by a family of transition kernels, implying that the operators V"
actually act on measures (and not just on the dual space to By (X)). In partic-
ular, if ¥ = 1 and ¢ = 0 in Theorem 4.1, the minimal backward propagator
S is sub-Markov and specifies a sub-Markov process on X. Remarkably, the
following holds in full generality.

Proposition 4.2 Under the assumptions of Theorem 4.1 let S™' denote the
corresponding minimal backward propagator. Then the dual propagator V"
is strongly continuous in the norm topology of My, (X).

Proof Since V' is a propagator, it is sufficient to show that V" — p
tends to zero as t — r, t > r, in the norm topology of My (X).Let0 < f <
Y. One has

fe V=) ="' f = f, w.

For any € > 0 there exists a k such that ka Y (x)u(dx) < €, where My =
X \ My. Consequently, by (4.12) and (4.13),

. s;lp I(f, VI — )| < e€C[(2e + 2k + o) (t — (¥, )],
<f=<v

which can be made arbitrary small for small enough ¢ — r. L]

Remark 4.3 Strong continuity of the dual propagator is a strong property.
The operator ¢'® on P(R) does not possess this property.
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Corollary 4.4 Under the assumptions of Proposition 4.2, u, = V"'
represents the minimal solution of the equation

t
» Ze—(st—sr)MJr/ e~ EE L ds, 4.16)

where L () = [ u(dx)vg(x, ).

Proof The series expansion for pu, solving (4.16) is dual to the series
defining the backward propagator S"'. O

Equation (4.16) is sometimes called the mild form of the equation

d

Eﬂt = —au; + L;sz (4.17)

which is dual to (4.14). It is of course natural to ask when equation (4.17)
itself is satisfied. The condition to be introduced below is reminiscent of
the property of infinity of not being an entrance boundary point to the pro-
cess corresponding to (4.17) (see [130]), as it ensures that the unbounded
part of the kernel vg(y, dz) is directed towards infinity and not within the
domains M.

Proposition 4.5 Under the assumptions of Proposition 4.2, assume addition-
ally that for any k

sup [[ve(., M)l B, (x) < 00. (4.18)
1€[0.7]

Then the minimal solutions i to (4.16) satisfy equation (4.17) in the sense of
“convergence in My ”, i.e. for any k we have

d
Eleuz = Ly, (—arpe + Lyp), (4.19)

where the derivative on the l.h.s. is defined in the sense of the Banach topology
of My (X).

Proof Letus show (4.19) for r =t = 0, which is sufficient by the propaga-
tor property of 1. To this end one observes that, for any f € By (X), equation
(4.16) implies that

(Flags e — 1) = (€75 — 1) flpg,, )

t
+/ /M(dz)/ e~ G500y (2 dy) f(y) ds
YEM J X 0

t
+ / / / GO (2 dy) (g — p)(d2) () ds.
yeMy Jx Jo



110 Analytical constructions

yielding (4.19) for r = 0, since the last term is of order o(¢) as t — 0 by the
norm continuity of p, and assumption (4.18). ]

In the time-nonhomogeneous case we can now fully describe the analytic
properties of the corresponding semigroup on measures.

Proposition 4.6 Under the assumptions of Proposition 4.5 assume addi-
tionally that neither v; nor a; depends explicitly on t. Then the domain D 5/
of the generator A" of the semigroup V' (which is strongly continuous in
My (X)) consists precisely of those ;€ My (X) for which the measure
A'w = —ap + L' (which is o-finite for any u € My (X), as it is finite
on each My by (4.18)) belongs to My, (X). In particular, for any 1 € Dy the
whole curve i, = V'O belongs to D 4 and constitutes the unique solution in
D 4/ of equation (4.17) (the derivative being defined with respect to the Banach
topology of My (X)).

Proof The first statement is easily deduced from (4.19) and the definition
of the generator. It implies the second statement by duality (see Theorem 2.10,
applied to V rather than U). O

Finally let us give a criterion for the minimal propagator to preserve the set
of continuous functions.

Proposition 4.7  Under the assumptions of Theorem 4.1 assume that X is a
metric space equipped with its Borel sigma algebra, a,(x) is a continuous func-
tion of two variables and that v;(x, .) depends continuously on x in the norm
topology of My (X). Then the propagator S"" from Theorem 4.1 preserves
the set of continuous functions. In particular, if v = 1, ¢ = 0 and all objects
involved are time independent then the propagator S*" specifies a C-Feller
semigroup.

Proof Tf u,(x) = S""¢(x) then
ur (x) — ur (y) = e—[ét(x)—fr(x)]d)(x) _ e—[ét(Y)—Sr(Y)]qb(y)

t
+/ f (e—[st(x)—a(x)]vs(x’dz)
r JX

— 6080l (v, do) ) ug@) ds. (4.20)
0

Exercise 4.1 Suppose that A,y < ¢y + ¢ for positive functions ¢ and
and all ¢ € [0, T], where A; is from (4.1). Then

t
STy < e (w + / st dt¢).
r
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Hint: using (4.7) yields

t
1@y <[ +ct—nly +/ G50 ds.

r

2 t
Iy W) < <1 +elt—r) + %(r - r)2> ¥+ f e EE 1+ e(s — )] pds

t N
+/ e—(s,—s.\-)LS/ e~ &€ a7 ds.
r r

etc. and hence

t
(I ) < ) (W+/ e~ &5 g

r

1 s
+/ e—(sr—mLs/ e—@s—sr)(bd,dH,,,)
f

-
t t

I [I/,Jr/ dr (e—<s,—a>+/ e—(st—sx)LSe—(sx—sf)ds+,,,>¢]’
r T

and the proof is completed by noting that

Sy = lim S, ¢ < lim (Ip)" ().
m— 00 m— 00

4.3 Integral generators: two-barrier case

We shall develop the ideas of this section further in the general discussion of
unbounded coefficients given in Chapter 5.

To obtain the strong continuity of the backward propagator S itself (not
just of its dual, as in Proposition 4.2 above), the existence of a second bound
for A; (see (4.1)) can be helpful.

Theorem 4.8 Suppose that two functions Y1, Y on X are given, both satis-
Sfying (4.6) and such that 0 < yr; < Y2, Y1 € By, 00(X) and a; is bounded on
any set where Vry is bounded. Then S"", t < r (constructed above from (4.14),
(4.15)) is a strongly continuous backward propagator in By, oo(X).

Proof By Theorem 4.1, the S"" are bounded in By, (X). Moreover, as
Sh"¢ tends to ¢ as t — r uniformly on the sets where v, is bounded, it
follows that

IS"" ¢ — ¢llBy,x) = 0, t—r,

for any ¢ € By, (X), and hence also for any ¢ € By, - (X) since By, (X) is
dense in By, oo (X). O
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As the convergence of the above perturbation series for S” is point-wise,
it does not provide a mechanism for preserving continuity. An exercise at
the end of this section settles this matter under strong continuity assumptions
on v.

From now on we will assume that X is a locally compact metric space
equipped with its Borel sigma algebra. We shall discuss the conservativity,
uniqueness and smoothness of the propagators constructed.

Theorem 4.9 Under the assumptions of Theorem 4.8, assume that X is a
locally compact metric space equipped with its Borel sigma algebra, the func-
tions Y1, Yo are continuous and such that yry and >/ tend to infinity as
X goes to infinity, a; is a continuous mapping from t to Cy, jy, oo and L; is a
continuous mapping from t to bounded operators that take Cy, to Cy, .

Then By, is an invariant core for the propagator S"" in the sense of the
definition given before Theorem 2.9, i.e.

St’r _ SrsS —
Ay = lim ﬂ = lim ﬂ,
t—rt<r p—t sonszr § —r “4.21)
d ts t.s d S,r §,r
Lgiop=SSAp, 5= —ASTS,  t<s<r
ds ds

forall ¢ € By, (X); all these limits exist in the Banach topology of By, oo (X).
Moreover By, and By, « are invariant under S"", so that Cy, is an invari-
ant core of the strongly continuous propagator S*" in Cy, «. In particular, if
az, L; do not depend on t then A generates a strongly continuous semigroup
on Cy, o for which Cy, is an invariant core. Finally, if i = 1, Ayry = 0 then
the propagator S*" preserves constants and specifies a Markov process on X.

Proof By Theorem 4.1, S ¢ satisfies equations (4.14) pointwise. To show
that these equations hold in the topology of By, ~ one needs to show that the
operators A;(¢) are continuous as functions from ¢ to By, oo foreach ¢ € By,.
But this follows directly from our continuity assumptions on a; and L;. To
show that the space Cy, is invariant (and this implies the remaining state-
ments), we shall approximate S”" by evolutions with bounded intensities. Let
Xn be a measurable function X — [0, 1] such that x,(x) = 1 for y»(x) <n
and x,(x) = 0 for Yo(x) > n + 1. Write v/ (x, dz) = x,(x)v;(x, dz) and
al = xpa;, and let Sh" and A7 denote the propagators constructed as above,
but with v/ and a instead of v; and a;. Then the propagators Sh" converge
strongly in the Banach space By, o to the propagator ™. In fact, as S""
and S, are uniformly bounded, it is enough to show the convergence for the
elements ¢ of the invariant core By, . For such a ¢ one has
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r r

(S8 — St () = / :—SS”SSZ”qﬁ ds = / S (Ay — ADSY P ds. (4.22)
t t

By invariance S," ¢ € By,, implying that (A; — A")S," ¢ € By, and tends to

zero in the norm of By, as n — oo; hence the r.h.s. of (4.22) tends to zero in

By, asn — o0.

To complete the proof it remains to observe that, as the generators of
Si" are bounded, the corresponding semigroups preserve continuity (since
they can be constructed as a convergent exponential series). Hence S”" pre-
serves continuity as well, since $""¢ is a (uniform) limit of continuous
functions.

If A1 = 0, the constant functions solve equation (4.14). By uniqueness
(which can be deduced from either Theorem 2.10 or Theorem 2.37), it follows
that S"1 = 1. O

We can also encounter situations when the @, have a higher growth rate
than . To get uniqueness in this case, one has to introduce the martingale
problem. For simplicity, we shall discuss this extension for locally compact X
and time-homogeneous kernels only.

Theorem 4.10  Under the assumptions of Theorem 4.8, let X be locally com-
pact, Y1 = 1, AYy = 0, a; and L; be independent of t and {¥r(x) — o0
as x — 00. Then the martingale problem for the operator A is well posed in
C.(X) and its solution defines a (pure jump) Markov process in X such that

) - c(t, Yo (x))

(4.23)

P( sup Yo (X3) >r .

0<s<t

Proof The proof is the same as that for the more general case, given in
Theorem 5.2 below (it uses v, instead of f; and the approximation A, (x) =
Xg(a(x)/n)A(x)) and hence is omitted. ]

Finally, we shall discuss additional regularity for the dual to the evolution on
measures (4.14). To this end we shall introduce the notion of the dual transition
kernel. Recall that by a transition kernel in X one usually means the family
v(x,.) of measures from M (X), depending weakly measurably on x € X,
such that [ f(y)v(x, dy) is measurable for any bounded measurable f. Let X
be R? or an open subset of R?. A transition kernel v/ (x, dy) will be called dual
to v if the measures dx v(x, dy) and v/(y, dx) dy coincide as Borel measures
in X x X. Clearly, if a dual exists then it is uniquely defined up to a natural
equivalence. Though in the usual examples (such as the Boltzmann equation)
with which we shall deal the dual kernels are given explicitly, let us state for
completeness the basic existence result.
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Proposition 4.11 For a transition kernel v(x,.) in X (where X is R¢ or
its open subset) a dual exists if and only if the projection of the measure
dxv(x,dy) € M(X x X) onto the second variable is absolutely continuous
with respect to Lebesgue measure.

Proof This is a direct consequence of the well-known measure-theoretic
result on the disintegration of measures (see e.g. [86]), stating that if v is a
probability measure on X x X with a projection onto (i.e. a marginal of) the
first variable u, then there exists a measurable mapping x — v(x,.) from X
to P(X) uniquely determined p-a.s. such that

/ f(x, y)v(dxdy) = / (/ fx, y)v(x, dy)) uldx), feCXxX).
XxX x \Jx
O

In the next proposition the continuity of the transitional kernel implies weak
continuity in My, (X), i.e. that f 'f (y)v(x, dy) is continuous (though it may be
unbounded) for any f € Cy, (X).

Proposition 4.12  Under the assumptions of Theorem 4.9 assume that X is
either R? or an open subset of R? and that there exists a dual continuous tran-
sition kernel v, (x,.) to v(x,.) satisfying the same conditions as v. Then the
(forward) propagator V'S on measures which is dual to the backward evolu-
tion specified by (4.14) preserves the space of absolutely continuous measures.
When reduced to densities it is bounded both in Cy, (X) and Cy,(X) and, for
any g € Cy,, yields the unique solution g¢ = V*'g in Cy, to the Cauchy
problem

d /

——8 = Aggs, 8 =& (4.24)
ds

fors > t. Here

Alg(x) = f gV (. dy) — a4 (1) (%),

and the derivative in s in (4.24) is defined pointwise and uniformly for x from
any subset where r» is bounded.

Proof This follows directly from Theorems 4.9 and 2.10. ]

4.4 Generators of order at most one: well-posedness

This section is devoted to a purely analytical construction of processes gener-
ated by integro-differential (or pseudo-differential) operators of order at most
one, i.e. the operators given by
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Lf(x) = (bx),Vfx)+ /Rd\{O} [fx+y) — f@]vx.dy) (425)
with Lévy measures v(x, .) having finite first moment f B, [ylv(x, dy).
Theorem 4.13  Assume that b € C'(R?) and that Vv(x, dy), the gradient

with respect to x, exists in the weak sense as a signed measure and depends
weakly continuously on x. Moreover, assume that

supfmin(l, YDV, dy) < oo, sup/min(l, DIV, dy)] < o0
X X

(4.26)
and that for any € > 0 there exists a K > 0 such that
sup/ v(x,dy) <€, sup/ [Vv(x, dy)| < e, 4.27)
x JRI\Bg x JRYI\Bg
sup/ [ylv(x,dy) < €. (4.28)
x JByk

Then L generates a conservative Feller semigroup T, in Coo(R?) with invari-
ant core Céo (RY). Moreover, T, reduced to Ccl,o (RY) is also a strongly
continuous semigroup in the Banach space C éo (RY).

Proof Notice first that (4.26) implies that, for any € > 0,

sup/ v(x,dy) < o0, sup/ [Vv(x,dy)| < oo. (4.29)
R\ B, RY\ B

X X

Next, since the operator given by
/ [fx+3) = F@]vix.dy) (4.30)
RI\B,

is bounded in the Banach spaces C (R?) and C!(R?) (owing to (4.26)) and also
in the Banach spaces C (R%) and C éo (R%) (owing to (4.27)), by the standard
perturbation argument (see e.g. Theorem 2.7) we can reduce the situation to
the case when all the v(x, dy) have support in Bj, which we shall assume
from now on.

Let us introduce the approximation

Lef(x) = (b(x), Vfx)+ /d [fr4+y) = f@]vx, dy). 431)
RY\ B,

For any € > 0 the operator L. generates a conservative Feller semigroup 7,

in Coo (R?), with invariant cores Céo (R?), because the first term in (4.31) does

this and the second term corresponds to a bounded operator in the Banach

spaces Coo(RY) and Cgo(Rd) (owing to (4.29)), so that perturbation theory
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(Theorem 2.7) applies; conservativity also follows from the perturbation series
representation. Differentiating the equation f (x) = L f (x) with respect to x
yields

d
Eka(x) = LeVi f(x) + (Vkb(x), V £ (x))
+/B » [f(x4+y) = F@)] Viv(x, dy). (4.32)

Considering (4.32) as an evolution equation for g = V f in the Banach space
CooRY X {1,...,d})) = Coo(RY) x -+ x Coo(RY), observe that the r.h.s. is
represented as the sum of a diagonal operator that generates a Feller semigroup
and of two bounded (uniformly in € by (4.26)) operators. Hence this evolution
is well posed. To show that the derivative of f(x) is given by the semigroup
generated by (4.32), we would first approximate b, v by a sequence of the
twice continuously differentiable objects by, v,, for n — oo. The correspond-
ing approximating generator of type (4.32) has an invariant core C;O (RY) and
hence the uniqueness of the solutions to the corresponding evolution equation
would hold (by Theorem 2.10), implying that this solution coincides with the
derivative of the corresponding (75), f. Passing to the limit n — oo would
then complete the argument.

Hence VT f is uniformly bounded for all ¢ € (0, 1] and for ¢ from any
compact interval, whenever f € C;O (RY). Therefore, writing

t
(T =T f =/ Tt€—2s(L€1 — Le,)T5" ds
0

for arbitrary €] > € and making the estimate

I(Le; = L) TS f(0)] < / (TS )+ y) — (I HHov(x, dy)

Be,\Be,
< fB IVIS flllylv (e, dy) = oD flicy, - € — 0,
€1
from (4.28) yields
(T =T fll = ol fllcy - € — 0. (4.33)

Therefore the family 7;° f converges to a family 7; f as e — 0. Clearly
the limiting family 7} specifies a strongly continuous semigroup in Cao (R?).
Writing
Lif—f _ th_Tff_’_ Lef—-r
t t t




4.5 Generators of order at most one: regularity 117

and noting that by (4.33) the first term is 0(1)||f||c;0 as € — 0 allows us to
conclude that Céo (R9) belongs to the domain of the generator of the semigroup
T; in Coo(R?) and that it is given on that domain by (4.25).

Applying to T; the same procedure as was applied above to T (i.e. differ-
entiating the evolution equation with respect to x) shows that 7; also defines
a strongly continuous semigroup in Céo(Rd ), as its generator differs from the
diagonal operator with all entries on the diagonal equal to L only by a bounded
additive term. O

The conditions of the above result were designed to obtain a Feller semi-
group and a Feller process. However, a Markov process with a C-Feller
semigroup can be constructed under weaker assumptions.

Theorem 4.14  Assume that the conditions of Theorem 4.13 hold apart from
(4.27) and (4.28). Then there exists a unique Markov process in R? whose
Markov semigroup reduces to a conservative C-Feller semigroup T, in C(R?)
of the form

T f(x) = / Fpi(x,dy),
with probability transition kernels p;, and such that

(i) Ty f(x) = f(x)ast — 0 uniformly on x from compact subsets,
(ii) the space C L(RY) is invariant under T, and
(iii) Ty f (x) = Lf (x) forany f € C'(RY), t > 0 and x € R.

Proof The statement of the theorem clearly holds for approximating oper-
ators L. given by (4.31); this follows from the explicit form of the perturbation
series representation for the corresponding semigroup (the integral part of L,
is considered as a perturbation, all terms of the perturbation series are integral
operators and hence so is the limit 7). The existence of the Markov process
then follows from the standard construction of Markov processes. Passing to
the limit as in the previous theorem (with all uniform limits substituted by a
limit that is uniform on compact sets) yields the required properties for 7.
Uniqueness follows by the same duality arguments as in Theorem 2.10. O

4.5 Generators of order at most one: regularity

In Theorem 4.14 strong continuity, which is a very convenient property for
analysis, was lost. In such situations a natural space in which strong continuity
holds is the space BU C(X) of bounded uniformly continuous functions on X.
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Proposition 4.15  The space BUC(R?) is a closed subspace in C(R?), and
C®(RY) is dense in BUC (RY).

Proof The first statement is obvious. For the second, approximate f €
BUC (Rd) by the usual convolution

Ful) = / FO)u(x — y)dy = / FG& = NéaOdy, - oo,

where ¢, (x) = n¢ (nx) and ¢ is a non-negative infinitely differentiable func-
tion with a compact support and with [¢ (y)dy = 1; the uniform continuity of
f ensures that f, — f asn — oo in C(RY). O

It is clear that under the conditions of Theorem 4.14 the semigroup 7; is
strongly continuous in BU C (R?), because the space C' (R?) is invariant under
T, and dense in BUC(RY) and T; is strongly continuous in C!(R?) (in the
topology of BUC (R?)). However, as Lf need not belong to BUC(R?) for
fecC I(Rd), we cannot state that C1(R?) is an invariant domain. Further
regularity is needed to obtain an easy-to-handle invariant domain. For instance,
the following holds.

Theorem 4.16 Assume that b € C2(RY), v(x, dy) is twice weakly continu-
ously differentiable in x and

82
xidx/

sup /min(l, [y]) (v(x, dy) + ‘%v(x, dy)‘ + '

X,i,j

v(x,dy) ) < 00.
(4.34)

Then L of the form (4.25) generates a strongly continuous semigroup in
BU C(R?) with invariant core C*(R?).

Proof The invariance of C%(R?) is proved in the same way as the invari-
ance of C'(R?) in Theorem 4.13. Moreover, Lf € C'(R?) c BUC(RY)
for any f € CZ(RY). Finally, C*(RY) is dense in BUC(R?) by Proposi-
tion 4.15. ]

For applications to nonlinear semigroups a nonhomogeneous extension
of Theorems 4.13 or 4.14 is needed. As a proof can be obtained by a
straightforward extension of the above, it is omitted here.

Theorem 4.17 Assume that the family of operators L; has the form given
by (4.25), b and v depending continuously on time t (v weakly) and satisfying
the conditions of the previous theorem as functions of x with all estimates
being uniform on compact time intervals. Then the corresponding family of
operators L, generates a strongly continuous backward propagator U"* of
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linear contractions in Coo(RY) with invariant domain Céo (R?) (in the sense
of the definition given before Theorem 2.9, so that equations (2.3) are satisfied
by L, instead of A;). Moreover U™ is also a bounded strongly continuous
propagator in Céo (RY).

Suppose that the Levy measures v in (4.25) have densities, i.e. v(x, dy) =
v(x, y)dy; then the operator dual (in the sense of the natural duality between
measures and functions) to the integral part of L is clearly given, on functions

g, by
/ [g(x — y)v(x =y, y) — g()v(x, y)] dy.

In particular, if

sup/ [v(x -,y —v(x, y)] dy < oo, (4.35)
X
the dual to L can be written in the form

L*g(x) = —(b(x), Vg(x)) + /Rd [g(x —y) —g)]v(x, y)dy

- / gx =) [vx =y, y) —v(x, »] dy — V- b(x)g(x).
(4.36)

We shall now obtain a regularity result for both the initial and the dual
problems.

Theorem 4.18 Let k € N, k > 2. Suppose that v¢(x, dy) = v:(x, y) dy, that
b () € CKRY) uniformly in t, that v¢, by depend continuously on t and that
v (x, y) is k times continuously differentiable in x and satisfies

. v
/mm<1,|y|> sup (v,<x,y>+‘a—’<x,y>‘+m
t<T,xeRd X

k

9
12 0| ) dy < 00, (437)
axk

Then the corresponding family of operators L; generates a strongly continuous
backward propagator U"* of linear contractions in C s (R?) with the following
properties.

(i) Each space Céo (Rd), I = 1,...,k is invariant and U is strongly
continuous in each of these Banach spaces.

(ii) Its dual propagator V*' on M(X) preserves absolutely continuous
measures and, when reduced to densities, represents a strongly continuous
propagator both in LY(RY) and Coo(RY).
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(iii) The spaces C éo (R?) and the Sobolev spaces Wll (RY) (up to lth order;
derivatives defined in the sense of distributions are integrable functions),
[ =0,...,k—1, are invariant under V> and the family V' forms a bounded
strongly continuous propagator in each Banach space Wll (RY). The dual prop-
agator V5! extends to the x-weakly continuous propagator in (Céo (R9))*,
I =1,...,k which for any | < k specifies the unique solution to the Cauchy
problem for the equation mu; = L* 1, understood weakly in (C ég LR, ie.
in the sense that

d
S @ u) = (Lo forall g e CLHHRY).

Proof (i) First observe that (4.37) trivially implies (4.26)—(4.28). Differen-
tiating f = L, f shows that the evolution of the derivatives is governed by the
same generator as that given by (4.25), up to a bounded additive term, as long
as (4.37) holds.

(ii) and (iii) Notice that the assumption (4.37) ensures that L*, given by (4.36),
has the same form as L up to an additive term which is bounded in Wll (Rd),
I =1,...,k—1.Hence we can apply Theorem 4.17 to L*. Results for Sobolev
spaces are obtained in the same way as for the spaces C éo (R?) (this is possible
because the derivatives satisfy the same equation as the function itself up to an
additive bounded term). Note only that to get strong continuity in some integral
norm, say in L1 (R%), one observes first that such a norm is strongly continuous
when reduced to L1(R%) N C, éo (R%) and then (by the density argument) in the
whole space L (RY).

(iv) One has

d d 0,t 0,1
Z(g, W) = E(U g )= WU Lig, ) = (Ltg, iur).

Uniqueness follows from Theorem 2.10 with B = Céo(Rd), D = Céj L(RY).
O

Exercise 4.2 State and prove a version of Theorem 4.17 for propagators in
C (Rd) (i.e. a nonhomogeneous version of Theorem 4.14).

4.6 The spaces (C. (RY))*

Though this is not strictly necessary for our purposes, we would like to visual-
ize briefly the dual spaces (CéQ (R%))* that are playing an important role in our
analysis.
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Proposition4.19 [fv € (CéO (RY))* then there exist d + 1 finite signed Borel
measures vy, Vi, ..., Vg On RY such that

d
v(f) = (fiv) = (fivo) + Z(Vif, vi).
i=1
Conversely, any expression of this form specifies an element v from
(CL R

Proof Let us define an embedding CL (RY) to Coo(R?) X -+ x Coo(R?)
(d + 1 terms) by f +— (f,Vif,...,Vaf). It is evident that this mapping
is injective and continuous and that its image is closed. Hence by the Hahn—
Banach theorem any continuous linear functional on C éo (R?) can be extended
to a linear functional on the product space (Coo (R%))?*!, yielding the required
representation. O

Similar representations hold for other spaces (Céo(Rd))*. However, this
result does not give a full description of the space (Céo (R%))*, as the mea-
sures v; are not unique (integration by parts allows to transform vy to other v;
and vice versa). In particular, this makes unclear (unlike for the space C (R%))
the natural extension of a measure v € (C })O (R%))* to a functional on C!'(R?),
because such an extension depends on the choice of the v;.

We shall use two natural topologies in (Cc]>O (R%))*: the Banach topology,
given by the norm

Vil el gayys = sup (g, v),

18l c), gy <1

and the x-weak topology with the convergence &, — & as n — 00, meaning
the convergence (g, &,) — (g, &) forany g € Céo(Rd).

4.7 Further techniques: martingale problem,
Sobolev spaces, heat kernels etc.

In this and previous chapters we have touched upon several methods of
constructing Markov (in particular Feller) semigroups from a given formal
(pre)generator. Our exposition has been far from exhaustive. Here we briefly
review other methods, only sketching the proofs and referring to the literature
for the full story.

Our main topic here is the martingale problem approach. Having in
mind the basic connection between this problem and Feller processes, see
Proposition 2.30, it is natural to suggest that solving a martingale problem



122 Analytical constructions

could serve as a useful intermediate step for the construction of a Markov pro-
cess. As the following fact shows, we can obtain the existence of a solution to
a martingale problem under rather general assumptions.

Theorem 4.20 Assume that L is defined on CCZ(R‘I) by the usual
Lévy—Khintchine form, i.e.

2
Lu(x) =tr [G(x)%} u(x) + (b(x), Viu(x)

+ / [u(x + ) —u@x) =1, M, VIu) ] vix, dy)  (4.38)

(as usual G is a non-negative matrix and v is a Lévy measure) and that the
symbol p(x, &) of this pseudo-differential operator, where

p(x.8§) = ~(GE E)+ (), s>+f [ = 1= 1121 0)E ) [ v(x ),
is continuous. Moreover, let

IGWI  1be)] ,
i (1+|x|2 T+ [x] <1+|x|)2f3.'y' v dy)

—i—/ v(x,dy)) < o00. (4.39)
{Ilyl>1}

Then the martingale problem has a solution for any initial probability 1.

This theorem was proved in Kolokoltsov [130] and extended the previ-
ous result of Hoh [97], where this existence was obtained under a stronger
assumption of bounded coefficients, i.e. for

sup (IIG(X)II + [b(x)] +/min(1, P vx, dy)) < oo. (4.40)

Referring to these papers for a full proof, let us indicate its main idea. There
is a very general result (see Ethier and Kurtz [74]) implying the existence
of a solution to our martingale problem with sample paths in D(R4, RY),
where R? is a one-point compactification of R?, so one needs only to
find an appropriate Lyapunov function to ensure that, under the assumption
of the theorem, the solution process cannot actually reach infinity in any
finite time.

An important input from the martingale problem approach is the follow-
ing localization procedure, allowing one to show the well-posedness of a
martingale problem if it is well posed in a neighborhood of any point.
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Let X, be a process with sample paths in D([0, c0), R?) and initial
distribution w. For an open subset U C R?, define the exit time from U as

w=inf{t >0: X, ¢ UorX(t—) ¢ U}. 4.41)

We write t;; when stressing that the initial point is x. Let L be an operator
in C(R?) with domain D. One says that X; solves the stopped martingale
problem for L in U starting with p if X; = Xmin¢,7) a.s. and

min(¢,7)
o~ [ Lrxds
0
is a martingale for any f € D.

Theorem 4.21  Suppose that the martingale problem is well posed for (L, D).
Then for any initial  there exists a unique solution to the stopped martingale
problem that does not depend on the definition of Lf (x) for x ¢ U (provided
that for this extension the martingale problem is well posed).

We refer to Chapter 4, Section 6, of Ethier and Kurtz [74] for a complete
proof. Let us sketch, however, a simple argument that works in the most impor-
tant case, i.e. when D C C2(Rd) is a core of L and L generates a Feller
semigroup 7;. In this case we can approximate L on D by bounded L, gener-
ating pure jump processes with semigroups 7" converging to 7; as n — oo.
In view of the probabilistic construction of 7" (see Theorem 2.35) the corre-
sponding stopped processes do not depend on the definition of L, f(x) for x
outside U. Hence the same is true for their limit.

Theorem 4.22 Suppose that L and Ly, k = 1,2, ..., are operators, of the
type (4.38), defined on D = CZ(Rd) and that (Uy), k = 1,2, ..., is an open
covering of R? such that Ly f (x) = Lf(x) for x € Uy, f € D. Assume that
for any initial distribution j the martingale problem for L has a solution and
that the martingale problems for all the Ly are well posed. Then the martingale
problem for L is also well posed.

We refer to Ethier and Kurtz [74] or Stroock and Varadhan [229] for a rig-
orous proof, whose idea is quite transparent: in any domain Uy a solution to a
martingale problem for L coincides with that for L (and is unique, by Theo-
rem 4.21). When leaving Uy the process finds itself in some other set Uy and
its behavior is uniquely specified by the solution to the martingale problem
for Ly, etc. This result is very useful since, by Proposition 2.30, uniqueness
for a Feller problem can be settled by obtaining the well-posedness of the
corresponding martingale problem.
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The construction and analysis of the martingale problem and the corre-
sponding Markov semigroups can be greatly facilitated by using advanced
functional analysis techniques, in particular Fourier analysis. As these meth-
ods work more effectively in Hilbert spaces and the original Feller semigroups
act in the Banach space Co (R?), one looks for auxiliary Hilbert spaces where
the existence of a semigroup can be shown as a preliminary step. For these
auxiliary spaces it is natural to use the Sobolev spaces H* (R?) defined as the
completions of the Schwartz space S(R?) with respect to the Hilbert norm

I 1% =/f(x)(1 + A f(x)dx.

In particular, H 0 coincides with the usual L2. The celebrated Sobolev imbed-
ding lemma states that H® is continuously imbedded in (Coo N C H(RY)
whenever s > [ + d /2. Consequently, if we can show the existence of a semi-
group in H*, this lemma supplies automatically an invariant dense domain (and
hence a core) for its extension to C. For a detailed discussion of Fourier anal-
ysis and Sobolev spaces in the context of Markov processes we refer to Jacob
[103].

As an example of the application of the techniques mentioned above, we
shall discuss Markov semigroups with so-called decomposable generators. Let
Yy, n =1,..., N, be a finite family of generators of Lévy processes in RY,
i.e. for each n

2

’Za n 8
Unf(x) =t [G m] f(X)+(b ,a)f(X)

+/ [f (x4 y) = FO) = (V @), g 0]V (@),

where G" = (G?j) is a non-negative symmetric d x d matrix and v" is a Lévy
measure. Recall that the function

Pu®) = —(G"5.6) +i(b".§) + / [ =1 =i »1s ] @y)

is called the symbol of the operator y,. We denote by p, the corresponding
integral terms, so that

P = [ [ = 1= i tn ] w'@y)

and by p, the part corresponding to v, reduced to the unit ball:
e = [ [ =1 i ],
B

We also write pg = Zflv:l Dn-
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Let a, be a family of positive continuous functions on R¢. By a decom-
posable generator we mean an operator of the form Zfl\,:l an(x)Y,. These
operators are simpler to deal with analytically, and at the same time their prop-
erties capture the major qualitative features of the general case. Decomposable
generators appear in many applications, for example in connection with
interacting-particle systems (see e.g. Kolokoltsov [129]), where the corres-
ponding functions a,, are usually unbounded but smooth.

Theorem 4.23  Suppose that there exist constants ¢ > 0 and o, > 0, B, <
ap, n=1,..., N, such that for all n

IIm pl (&) < clpo®)l,  IRepL(E)] = c " |pr, (&),
VAL ()] < clpr, (&)|Pr, (4.42)

where pr,, is the orthogonal projection operator on the minimal subspace
containing the support of the measure 1p,v". The a, are positive s-times
continuously differentiable functions, with s > 2 + d/2, such that a,(x) =
O(1 + |x|?) for those n where G"™ # 0 or 1gv" # 0, a,(x) = O(|x|) for
those n where B" # 0 and a, (x) is bounded whenever lR"\B1 vt #£ 0. Then
there exists a unique extension of the operator L = Zflvzl an (X)), (with initial
domain Cf, (Rd)) that generates a Feller semigroup in C, (R).

In practice, condition (4.42) is not very restrictive. It allows, in partic-
ular, any o«-stable measures v (whatever their degeneracy). Moreover, if
[ 1&11+Pny, (d€) < oo then the last condition in (4.42) holds, because

ViL© = [ ive® - )y
and |¢/*Y — 1| < c|xy|? for any B < 1 and some ¢ > 0. In particular, the last
condition in (4.42) always holds for 8, = 1. As no restrictions on the differen-
tial part of p, are imposed, all (possibly degenerate) diffusion processes with
smooth symbols are covered by our assumptions.

We refer to Kolokoltsov [130] for a detailed, rather lengthy, proof, the idea
being as follows. By the localization theorem, Theorem 4.22, and the basic
existence theorem, Theorem 4.20, we can reduce the situation to the case when
an € C*(RY) and |a, (x)—ay (xo)| are small compared with a,, (x¢) for some xg.
And this case is dealt with using non-stationary perturbation theory in Sobolev
spaces for vanishing drifts, supplemented further by analysis in the “interaction
representation”. In Hoh [97] the same result is proved using the analysis of
resolvents in Sobolev spaces, under the additional assumption that the a, are
bounded, the symbols p,, are real and | po(&)| > c|&|* (thus excluding the usual
degenerate diffusions). In Jacob et al. [105] it was noted that the proof of Hoh
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[97] can be generalized to a slightly weaker condition, where the assumption of
the reality of the symbols p, is replaced by the assumption that their imaginary
parts are bounded by their real parts.

One should also mention an important aspect, that of proving the existence
and obtaining estimates of transition probability densities (also called heat ker-
nels) for Feller processes that specify Green functions for the Cauchy problems
of the corresponding evolution equations. Though heat-kernel estimates for
diffusion equations are well established, for Feller processes with jumps much
less is known. We shall formulate here a result on heat kernels for stable-like
processes, i.e. for the equation

au
ar

referring for the details to the original paper, Kolokoltsov [125]).
If a(x) and o (x) are constants, the Green function for (4.43) is given by the

stable density (see Section 2.4)

= —ax)| —iV[*Wy, xeRY >0, (4.43)

S(xo — x;a,at) = 2m)~¢ /d exp [—atlpl“ +ipx — xo)] dp. (4.44)
R

In the theory of pseudo-differential operators, equation (4.43) is written in
pseudo-differential form as

u .
5 = ®(x, —iV)u(x) (4.45)
with symbol
®(x, p) = —a(x)|p|*™. (4.46)

As follows from direct computations (see equation (E.1)), an equivalent
form of (4.43) is the following integro-differential form, of Lévy—Khintchine
type:

ou

W et /0 [uCx + ) — u(x) — (3, Vi)

with some constant c(«). We shall not need this form much, but it is important
to have in mind that the operator on the r.h.s. of (4.43) satisfies the PMP, which
is clear from the representation given in (4.47) but is not so obvious from
(4.43).

Naturally, one might expect that, for small times, the Green function of
equation (4.43) with varying coefficients can be approximated by the Green
function of the corresponding problem with constant coefficients, i.e. by the
function

dlyl
|y|l+cx

(4.47)

Go(t, x, x9) = S(x — x0, a(x0), a(xg)t). (4.48)
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This is in fact true, as the following result shows (see Kolokoltsov [125] for
the proof and a discussion of the related literature).

Theorem 4.24 Let B € (0, 1] be arbitrary and let « € [ag, @y], a € [ag, ay]
be B-Holder continuous functions on R? with values in compact subsets of
(0, 2) and (0, 00) respectively. Then the Green function ug for equation (4.43)
exists in the sense that it is a function, continuous fort > 0, defining a solution
to equation (4.43) as a distribution. That is, for any f € C(R?) the function

fix) = / ug(t. x. ) f () dy (4.49)

satisfies the equation

t
(frnd) = (f. ) + fo (fo. L'$) ds (4.50)

for any ¢ € C*(R?) with compact support, where L’ is the operator dual to
the operator L on the r.h.s. of equation (4.43). Moreover, for t < T, with any
given T,

uG(t, x,x0) = S(x — xo, a(x0), a(xo)t) [1 + O P/ *)(1 + |log1])]
+ 0 f (x — x0) (4.51)

and the resolving operator f +— fug(t, x, x0) f (x0) dxo of the Cauchy prob-
lem for (4.43) specifies a conservative Feller semigroup. If the functions o, a
are of the class C2(R?) then ug(t, x, xo) solves (4.43) classically fort > 0
and the corresponding Feller semigroup preserves the space C*(R?) and is
bounded with respect to the Banach norm of this space.

Of course, real-life processes are often nonhomogeneous in time. However,
as we shall see, nonhomogeneous processes arise as natural tools in the anal-
ysis of nonlinear Markov evolutions. Having this in mind we present below a
time-nonhomogeneous version of the above results, also including drifts and
sources (see Kolokoltsov [134]).

Theorem 4.25 Suppose that a(x) € [og,0,] C (1,2) and that a;(x),
a; ! (x), A;, Bi(x), fi(x, z) are bounded and twice continuously differentiable
functions of t € [0,T],x,z € RY, such that az, fi are non-negative and
fi(x,2) < B(1+ |z|‘9+d)’1 where B, B > 0 are constants. Then the following
hold.



128 Analytical constructions

(i) The equation

d
EH:(X) = —a;(0)|VI*Pur () + (A1 (x), Vur (x)) + By (x)ur (x)

+ / [ur(x +2) —u (x)] fi(x, 2) dz (4.52)

has a corresponding Green function ug(t,s,x,y), T >t > s > 0, i.e. a
solution for the initial condition ug(s, s, x, y) = §(x — y), such that

ug(t, s, x,y) = Go(t, s, x, y) [1 +o)min(l, |x — y]) + O(II/"‘)]
+ O0@)(1 + |x — y|dHminp)y—1 (4.53)

Here O(1) and O (t'/%) each depend only on T and C(T);

Go(t,s,x,y)

t t
= (271)*"/6Xp [—/ ar(y)dr|pl* +i (p, X =y —/Ar(y)dr)} dp

(4.54)

is a shifted stable density; and the last term in (4.53) can be omitted whenever
B> a.

(ii) The Green function ug(t, s, x, y) is everywhere non-negative and sat-
isfies the Chapman—Kolmogorov equation; moreover, in the case B; = 0 one
has qu(I, s,x,y)dy = 1forall x andt > s.

(iii) If the coefficient functions are from the class C2(Rd) thenug(t,s, x,y)
is continuously differentiable in t,s and satisfies (4.52) classically; for any
us € Coo(X) there exists a unique (classical) solution u; in Coo(X) to the
Cauchy problem (4.52) (i.e. a continuous mapping t — u; € Coo(X) that
solves (4.52) for t > s and coincides with ug att = s); we have u; € C'(X)
forallt > s with

lurllerxy = O =)™ lugllex:

and if a;, As, By, f; € Ck(X), k > 0, the mapping us +— u; is a bounded
operator in C*(X) uniformly fort € [0, T1.

Remark 4.26 If the coefficients are not assumed to be differentiable but only
Holder continuous, then statements (i) and (ii) of the theorem remain valid only
if one understands the solutions to (4.52) in the sense of operators defined on
distributions (as in Theorem 4.24).



4.7 Further techniques: martingale problem etc. 129

Corollary 4.27 Under the assumptions of Theorem 4.25 the mapping ug +—
u; extends to the bounded linear mapping M(X) — M(X) that is also con-
tinuous in the vague topology and is such that its image always has a density
(with respect to Lebesgue measure) that solves equation (4.52) fort > s.

To conclude this lengthy yet rather sketchy section we mention some other
relevant methods whose exposition is beyond the scope of this book.

1. Dirichlet forms To a linear operator in a Banach space B there corre-
sponds a bilinear form (Ax, y), x € B, y € B* (the Banach dual to B), which
if B is a Hilbert space H (so that H and H* are naturally identified) can be
reduced to a bilinear form on H x H. The forms arising from the generators of
Markov processes are usually referred to as Dirichlet forms. We can character-
ize this class of forms rather explicitly (in the famous Beuring—Deny formula),
in a way that is similar to the Courrége characterization of the generators. In
some situations it turns out to be easier to analyze Markov semigroups using
their Dirichlet forms rather than their generators. We refer to the monographs
by Fukushima et al. [81] and Ma and Rockner [167] for the basic theory of
Dirichlet forms and their applications.

2. Resolvent and Hille-Yosida theorem There is a general result char-
acterizing the generators of bounded (in particular contraction) semigroups,
namely the Hille—Yosida theorem. Specifically for Feller semigroups, it states
that a linear operator A in C (Rd ) defined on a dense domain D is closable
and its closure generates a Feller semigroup if and only if it satisfies the PMP
and the range A — A is dense in C, (Rd) for some A > 0. This last condition
is of course the most difficult to check, but we can get nontrivial results on the
existence of Feller semigroups using this approach by Fourier analysis of the
resolvent (A — A)~! in Sobolev spaces; see Jacob [103] and references therein.

3. Subordination = Changing the time scales of processes in a random way
yields a remarkable method of constructing new processes, not only Markovian
processes but also those with a memory that can be described by differential
equations that are fractional in time (see Evans and Jacob [75], Kolokoltsov,
Korolev and Uchaikin [138], Kolokoltsov [134] and Meerschaert and Scheffler
[184] and references therein).

4. Semiclassical asymptotics  Scaling the derivatives of a differential or
pseudo-differential equation often yields an approximation in terms of the
solutions of certain ODE, called the characteristic equation for the initial
problem. The interpretation as a quasi-classical or semiclassical approxima-
tion arises naturally from the models of quantum mechanics. In the theory of
diffusion, a similar approximation is often called the small-diffusion approxi-
mation. This technique allows one to obtain effective two-sided estimates and
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small-time asymptotics for the transition probabilities of stochastic processes.
We refer to Kolokoltsov [124] for an extensive account and to Kolokoltsov
[126] for the semiclassical approach to nonlinear diffusions arising in the
theory of superprocesses.

5. Malliavin calculus  This was originally developed by Paul Malliavin in
an attempt to obtain a probabilistic proof of the famous Hormander result on
the characterization of degenerate diffusions having a smooth Green function
(or heat kernel). Later on it was developed into a very effective tool for ana-
lyzing the transition probabilities of Markov processes in both the linear and
nonlinear cases; see e.g. Nualart [196], Bichteler, Gravereaux and Jacod [36]
and Guérin, Méléard and Nualart [91].
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Unbounded coefficients

So far, apart from in Section 4.2, we have discussed Levy-type generators
(4.38) with bounded coefficients or, slightly more generally, under assumption
(4.39). However, unbounded coefficients arise naturally in many situations, in
particular when one is analyzing LLNs for interacting particles. This chapter
is devoted to a general approach to the analysis of unbounded coefficients that
is based on the so-called Lyapunov or barrier functions. It turns out that the
corresponding processes are often not Feller, and an appropriate extension of
this notion is needed.

5.1 A growth estimate for Feller processes

In this introductory section we aim at an auxiliary estimate of the growth and
continuity of a Feller process using the integral moments of the Lévy measures
entering its generator. This estimate plays a crucial role in the extension to
unbounded coefficients given later.

Theorem 5.1 Let an operator L, defined in CCZ(Rd) by the usual Lévy—
Khintchine form given in (4.38), i.e.

2
Lu(x) =tr |:G(x)8—21| u(x) + (b(x), Viu(x)
dx

+ / [u(x +y) —ux) — 13, Vu@)]vix,dy), (5.1
satisfy the boundedness requirement (4.39):

Sup(IIG(x)II n |b(x)]
o \L+x2 0 T+ x] - A+ xD? Jp

+/ v(x,dy)) <o00. (5.2)
{lyl>1}

IyIPv(x, dy)
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Suppose that the additional moment condition
sup(1 () [ piPaedy) < o0 (53)
x {lyl>1}

holds for p € (0, 2]. Let X; solve the martingale problem when L has domain
Cg (R%) (a solution exists by Theorem 4.20). Then

Emin(| X — x| X} —x|”) < (¢ — D1 + |x?) (5.4)

for all t, where the constant ¢ depends on the left-hand sides of (5.3) and (5.2).
Moreover;, for any T > 0 and a compact set K C R,

t
P <sup XY — x| > r) < Lok (5.5)
s<t rp

forallt <T,x € K and large enough r and for some constant C(T, K).

Proof Notice first that, from the Cauchy inequality

/ Iy7v(x, dy)
{lyl>1)

q/p (p—q)/p
- (/ |y|Pv(x,dy>) ([ V(x,dy)) ,
{lyl>1} {ly[>1}

it follows that (5.3) and (5.2) imply that

sup(1 )70 [ yiutdy) < o0
x {lyl>1}

forall g € (0, p]. Now, let f,(r) be an increasing smooth function on R, that
equals 72 in a neighborhood of the origin, equals 7” for r > 1 and is not less
than r2 for r < 1. For instance we can take f(r) = r> when p = 2. Also,
let x,(r) be a smooth non-increasing function [0, co) + [0, 1] that equals 1
for r € [0,1] and r—7 for r > 2. To obtain a bound for the average of the
function f;,‘ (y) = fp(ly — x||) we approximate it by the increasing sequence
of functions g,(y) = f[j‘(y)xq(ly —x|/n),n = 1,2,...,q > p. The main
observation is that

ILen I < e[gn(y) + 57 +1], (5.6)

with a constant ¢, uniformly for x, y and n. To see this we analyze separately
the action of all terms in the expression for L. For instance,
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82
tr I:G()’)Wgn (y)”

< e+ 1y [min(l, v — 217 D%, ('y - x')

— 1 — 1
+ fply = xDx! <'y - x') o+ 0y =2 ('y - x') ;]

Taking into account the obvious estimate

P @ < el + 120 1 ()

(which holds for any k, though we need only k = 1,2) and using |y|> <
2(y — x)% + 2x? yields

82
tr (G(y)wgn (y)>

as required. Also, as g,(x) = 0,

/ [gn(x +y) — gn(x)] v(x,dy) = /
{Ilyl>1}

{Iyl>1

s/ Iy 1Pv(x, dy)
{lyl>1}

<c(1+[x])?) < (1 +|x]?)

< c(gn+ x>+ 1),

}fp(lyl)xq(lyl/n)v(x,dy)

and so on.
Next, as g > p the function g, (y) belongs to Cxo (RY) and we can establish,
by an obvious approximation, that the process

t

My, (1) = gu(X}) — /O Len(X?) ds

is a martingale. Recall that M ¢ (¢) is a martingale for any f € CC2 (R?), because
it is supposed that X; solves the martingale problem for L in Cg(Rd). Now
using the dominated and monotone convergence theorems and passing to the
limit n — oo in the equation EMg, (f) = g,(x) = 0 (representing the
martingale property of M, ), yields the inequality

t
Ef,(1XF —x|) < c/O [Ef,(IXT — x|l) + x* + 1]ds.
This implies that
Ef, (X} —x]) < ( — (1 + [x]?)

by Gronwall’s lemma, and (5.4) follows.
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Once the upper bound for Ef,(]X; — x|) has been obtained it is straight-
forward to show, by the same approximation as above, that M ; is a martingale
for f = f,. Moreover, passing to the limit in (5.6) we obtain

LI < e[ 00 +a% +1]. (5.7)

=)

Hence, with a probability not less than 1 — z¢(T', K)/r, we have

Applying Doob’s maximal inequality yields

P (sup
s<t

IA

! 2
~te(MA +1x1%)

FEXE) - fo LFF (X)) de

IA

lzc(T, K)).
p

sup
s<t

Sr’

s
[y (X5) — /0 Lf,(X7)dt
implying by Gronwall’s lemma and (5.7) that

sup f (X)) < e(T)(r + x>+ 1) <2C(D)r

t<T

forx2+1<r, implying in turn (with a different constant C (7', K)) that
t
P(sup Xy —x|) > r) < -C(T,K).
s<t r

Since | Xy — x| > r if and only if f,(|X] — x|) > r”, the estimate (5.5)
follows. O

Exercise 5.1 Show that under the assumptions of Theorem 5.1 the process X
is conservative in the sense that the dynamics of averages preserves constants,
ie. that lim, oo Ex(|X{|/n) = 1 for any x € Co(Ry) that equals 1 in a
neighborhood of the origin. Hint: clearly the limit exists and does not exceed
1. To show the claim use (5.5); choosing r and n large enough, Ex (| X} |/n)
becomes arbitrarily close to 1.

Exercise 5.2 Show that if the coefficients of L are bounded, i.e. (4.40) holds,
then

Emin(|X} — x|%, [ X} — x|P) < (e — 1) (5.8)

uniformly for all x, and also that (5.5) holds for all x when C (T, K') does not
depend on K.
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5.2 Extending Feller processes

To formulate our main result on unbounded coefficients, it is convenient to
work with weighted spaces of continuous functions. Recall that if f(x) is a
continuous positive function, on a locally compact space S, tending to infinity
as x — oo then we denote by C 7 (S) (resp. Cr,00(S)) the space of continuous
functions g on S such that g/f € C(S) (resp. g/f € Coo(S)) with norm
lglic, = llg/fl. Similarly, we define C;‘C(S) (resp. Ck’oo(S)) as the space of
k-times continuously differentiable functions such that g /f € C(S) (resp.
gD /f € Coo(S)) forall I < k.

Theorem 5.2, the main result of this section, allows us to construct Markov
processes and semigroups from Lévy-type operators with unbounded coeffi-
cients, subject to the possibility of localization (i.e. to the assumption that
localized problems are well posed) and to the existence of an appropriate
Lyapunov function. It is an abstract version of a result from [130] devoted
specifically to decomposable generators. The method based on the martingale
problem has become standard. However, of importance for us is the identifi-
cation of a space in which the limiting semigroup is strongly continuous. We
shall use the function x, defined in the proof of Theorem 5.1 above.

Theorem 5.2 Let an operator L be defined in Ccz(Rd) by (4.38) and let
f{\ylzl} [y|Pv(x,dy) < oo fora p < 2 and any x. Assume that a positive
function fr € C 12 px|p IS given (here the subscript L stands for the operator
L) such that f1(x) — oo as x — 00 and

Lfy <c(fL+1) (5.9)

for a constant c. Set

sp ) = 1G@)| + b)) +/min(|y|2, IYIP)vx, dy).

Assume that for a given q > 1 the martingale problem for the “normalized”
operators L, = Xq(sllj(x)/n)L, n = 1,2,..., with bounded coefficients is
well posed in CCZ(Rd) and that the corresponding process is a conservative
Feller process (for instance, that one of Theorems 4.13, 4.24, 3.11 or 4.23
applies). Then the martingale problem for L in Ccz(Rd) is also well posed,
the corresponding process X is strong Markov and its contraction semigroup
preserves C(RY) and extends from C(R?) to a strongly continuous semigroup
in CfL,oo(Rd) whose domain contains CC2 (RY. Moreover,

EfL(X}) < e [fr(x) +¢] (5.10)
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and

supP( sup fi(x}) > r) = LI,

0<s<t

(5.11)

implying in particular that this semigroup in CfL,Oo(Rd) is a contraction
whenever ¢ = 0 in (5.9).

Proof Let X; , be the Feller processes corresponding to L,,. Approxi-
mating f7 by fL(y)xp(y/n) as in the proof of Theorem 5.1 and using the
boundedness of moments (5.4) for processes X; with bounded generators, it is
straightforward to conclude that the processes

t
My (1) = fL(X7,, _/o L fL(X5,,) ds

are martingales for all m. Moreover, since x, < 1 it follows from our assump-
tions that L, fr < c(fr + 1) for all m, implying again by Gronwall’s lemma
that

EfL(X},) < e’ [frx)+c]. (5.12)

Since by (5.9) and (5.12) the expectation of the negative part of the martingale
M, (t) is uniformly (for + < T') bounded by ¢(T") [fL x) + 1], we conclude
that the expectation of its magnitude is also bounded by c(T') [fL (x) + 1] (in
fact, for any martingale M (¢) one has M(0) = EM (1) = EM T (t) — EM~(¢),
where M*(t) are the positive and negative parts of M(f), implying that
EM™(t) = EM~(t) + M(0)). Hence, by the same argument as in the proof of
(5.5), one deduces from Doob’s inequality for martingales that

supP( sup fr(Xy,,) > r) < M

0<s<t

uniformly for ¢+ < T with arbitrary T'. Since fr(x) — oo as x — o0, this
implies the compact containment condition for X; ;,:

lim supP< sup | X7, > r) =0
r—>00 0<s<t ’

uniformly for x from any compact set and ¢ < T with arbitrary 7.

Let us estimate the difference between the Feller semigroups of X , and
Xs.m. By the compact containment condition, for any € > 0 there exists r > 0
such that, for f € C(RY),

[Ef(X},) = Ef (X[ )1 < [ELF (X5 ,)Li<en] — ELf (X5 ,) 1 <op]
+ €l flI,
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where 7, is the exit of X7, from the ball B, (i.e. it is given by (4.41) with
U = B,). Note that for large enough n,m the generators of X7, and X7,
coincide in B, and hence, by Theorem 4.21, the first term on the r.h.s. of the

above inequality vanishes. Consequently
Ef(X7,) —Ef(X;,)]—0

as n, m — oo uniformly for x from any compact set. This fact clearly implies
that the limit

T, /() = lim Ef(X],)

exists and that 7} is a Markov semigroup preserving C(R?) (i.e. it is a C-Feller
semigroup) and continuous in the topology of uniform convergence on com-
pact sets, i.e. it is such that 7; f (x) converges to f(x) as t — 0 uniformly for x
from any compact set. Clearly this compact containment implies the tightness
of the family of transition probabilities for the Markov processes X7 ,,. This
leads to the conclusion that the limiting semigroup 7; has the form (2.19) for
certain transitions p; and hence specifies a Markov process, which therefore
solves the required martingale problem. Uniqueness follows by localization,
i.e. by Theorem 4.22. It remains to observe that (5.12) implies (5.10), and this
in turn implies (5.11) by the same argument as for the approximations X;
above. Consequently 7; extends by monotonicity to a semigroup on C ¢ (RY).
Since the space C RH cC f (RY) is invariant and 7} is continuous there, in
the topology of uniform convergence on compact sets it follows that 7; f con-
verges to f ast — 0in the topology of C s (R?) for any f € C(R?) and hence
(by a standard approximation argument) also for any f € C f)oo(Rd), implying
the required strong continuity. U

Let us consider an example of stable-like processes with unbounded coeffi-
cients.

Proposition 5.3 Let L have the form given by (3.55), where wp, o), are
as in Proposition 3.18. Let o,b,a, be continuously differentiable (a, as
a function of x), a, be positive, v depend weakly continuously on x and
[1ylv(x,dy) < co. Then Theorem 5.2 applies, for f1(x) a twice differentiable
function coinciding with |x| for large x, whenever either

IIA(X)||+/ dpsupap(x,s)+|x|/|y|v(x,dy)+(b(x),x) < clx* (5.13)
P s
with ¢ > 0, or (b(x), x) is negative and

IIA(X)II+dePSllPap(x,S)+|x|fIyIV(x,dy) < R7N(bX), 0| (5.14)
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for large x with a large enough constant R.

Proof This is straightforward from Theorem 5.2 and Proposition 3.18. [

5.3 Invariant domains

Theorem 5.2 has an important drawback. In the limit m — oo we lose all infor-
mation about the invariant domain of L. Let us describe a method to identify
such a domain.

Consider the stochastic equation (3.37):

t t t
X, =x+/ U(XX_)dBS—i—/ b(XS_)ds+//F(XS_,y)N(dsdy)
0 0 0

(taking G = 1 for simplicity) under the assumptions of Theorem 3.17(ii) (and
with the corresponding generator given by (3.40)). Differentiating it twice with
respect to the initial conditions leads to the stochastic equations

" (3o ob
Z; =1 +/ — (X5 )Zs-dBs + — (X5 )Zs_ds
0o \0x dx

oF .
+/§(Xs—,Y)Zs—N(dde)>, (5.15)

and
ERte do
X )Zs ’ + _(Xs—)Ws— dBv
0 ax2 ax
9%b ab
((  (Xs )7, ,zs_> + 2w _) ds
0 dx? ax
oF -
+ 0/(( Z(X.S 5y)Z.S k] S>+5(X5, y)W_g) N(dsdy)
(5.16)
for
0X 32X
Z - -, W = —_—
ax 9x2

From Proposition 3.13 it follows that the solutions are well defined and can
be obtained via the Ito—Euler approximation scheme. Moreover, one sees from
Proposition 3.13 that the solutions to equations (3.37) and (5.15) form a Feller
process whose generator is given by
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Lxvxf(x.2) =L f(x.2)

oF
+f [f (X+F(x,y),z+ a(x,y)z) - fx,y)

a oF a
X dx 0z

where the diffusive part of the generator is given by

, 1 a2 f af  ab;  of
Ldlf = —0i10; b_ _l . _
xvxd = 5o o T o oz
dop1 3 f 190y dop 3?f
+0i——Zmg———— + = —2j
oxm " 9xi02pg | 2 0% ) 9k " 02102 pg

(summation over all indices is assumed). The solutions to equations (3.37) and
(5.15), (5.16) form a Feller process whose generator is given by

Ly vxvexf(x, z, w)

= L()j(i,fvx,vzxf(x’ 2, w)
IF IF 3*F
+/ f\x+Fx ), z+—G Nz, w+ —@yw+ | =, )z, 2
ax 0x 0x

a oF a
- f(xs 2, w) - (F(xa )’)7 al) - <a('x7 y)Zs l)

X 0z
F o+ (ZE e )| 2L vy (5.18)
— — X, w —F (X, 5 b 5 .
ox Y ax2 y)z, 2 ow vy
where
L()i(ifvx,fo(x* 2, w)
: 9%b; ab; af
_ rdif ! ! m
=Lyvyx/f(x,2)+ (—axmax,, ZmgZpl + _axm wa) awgl
920 0ik 3 f
ik (axmaxp i G ) Gl

90k 0% 00k w\ _0°f
* 0xp “nr (meax,, ZmgZpl + Xm v i

1 3% 0ik m
+ | ———zmazp + W) |
2 axmlaxm miqi14pil axml q1lq

2
» 070k . . n 00k " azf
maqa< paly l ; i
0Xm, 0X p, Oxmy P2 ) dwi | dw?

qili” " qala
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The barrier functions for these processes have the useful form
fro =l @ =kE iy =l

where, for the arrays z and w,

2 2 i \2
Izl Zzw > =)W

i.j.k

For these functions the actions of the above generators can be given explic-
itly as

Ly vx.v2x fx(x)

1
= klx[* 2( +2||a||2)

+ f [+ P, I = e = ke 2, P,y oy,

2
X
|

k
Ly vxvexfz(x,2)

2 2
_ ab 1 0] Zrj 1 aoj;
= k72 || —zz" )+ sk —2 Sr} - Lz
et o (52257 ) + 3¢ C\T ) (e

il,j

oF
+f [nz N P e L (z, e y)z)} v(dy)

(where we have used indices explicitly to avoid possible ambiguity in the
vector notation for arrays) and

m i

L 12062, w) ( o L Db )
2 X, Z, W) = Z pl —w w
x.vx.vexJfw Bmx, e G al ) Vel

2
Aoy 90in  m
+ Z Z <ax a ZmqZpl + —8xm wa

in,l,q Lm,p

9F 32F ? J
_|_/ [a(x,y)w+ (W(X,y)z, Z>:| v(dy).

As |z|* is present here, the estimate for the second moment of the second

derivatives can be obtained only in conjunction with the estimate to the fourth

moment of the first derivative (as one might expect from Theorem 3.17).
Using the Holder inequality yields the estimate
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2
)IIWII
2

v(dy)|wll*

92b;

0x,0x;

80’,']'

+

ab
Ly vx.vox fip (2, w) < <aw, w) + ¢ sup <

i,j.n

2 OF
||z||“+/ Ha_(”)
X
2

3’F
+f (—z(x,y)z,z) v(dy). (5.19)
ox

Theorem 5.4 (i) Suppose that the assumptions of Theorem 3.17(iii) hold
locally (i.e. for x from any compact domain), and let

30‘,’j

+ ¢ sup

i,j.n

n

LX,VX,VZXf)lg (x) <0

for an even positive k and large enough x. Then the process with generator
(3.40), i.e.

Lf() =} (0G0 1)V, V) f(x) + b, V£ (x))
+ [ Lr6+ Foeom = £ = (P ). T Fan] vidy)

is well defined and its semigroup T; is strongly continuous in the space
C‘.|k‘oo(Rd). Furthermore, E| X} ¥ < |x|¥ + ¢t holds true for all times t with a
constant c.

(ii) If additionally

LX,VX,VZXfé(x» 7) <0

for large x (this is essentially a positivity condition for a particular fourth-
order form in z with coefficients depending on x ), then

4

X
0X; < ce”! (5.20)

0x

E

for any x, t and the space C'(R?) is invariant under T;.
(iii) If additionally

LX,VX,VZX(fg + i) (x, z,w) <0

for large x (owing to (5.19) this is essentially a positivity condition for a par-
ticular quadratic form in w and a fourth-order form in z with coefficients

depending on x), then

22xx|°

dx?

< ce” (5.21)

d

for any x, t and the space C*(R?) is invariant under T;.
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(iv) Finally, if additionally the coefficients of the operator L grow more
slowly than |x|¥, i.e. they belong to C"|k’oo(Rd), then C*(R?) is an invariant
domain and a hence core for the semigroup T; in C "|k,oo(Rd).

Proof (i) This follows from Theorem 5.2.
(i1) Working as in Theorem 5.2 with process X;, Z; with the generator Lx vx
we find that, since

Lyvxf3(6.2) <c[1+ 3]
for all x, z with a constant c, it follows that
Ef} (X}, Z{) < ce” f3(2).

implying (5.20) since 0X;/dx = 1 for t = 0. Consequently, for an f €
C'(RY,

<c(@),

‘8E X
af( 7)

2D
- 0x

X
=[5

implying the invariance of the space C'(R?).
(iii) Working as above with the process X;, Z;, W; and the generator
LX,VX,VZX we find that

E(f3 + fA)XF, Z2, W) < ce (IzII* + [w]?),

implying (5.21). As in (ii), this implies the invariance of functions with
bounded second derivatives under the action of 7;.

(iv) Under the assumptions made, the space C 2(RY) belongs to the domain.
By (iii) it is invariant. ]

As an example, let us consider truncated stable-like generators.

Proposition 5.5 Let L have the form given by (3.55), where w,, «), are as
in Proposition 3.18(ii), and let o, b, a be thrice continuously differentiable.
Suppose that v = 0, all coefficients belong to C| x «, and, for large x and a
large enough constant R, the following estimates hold:
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2
X
(b,x)+ % T—H + 3lol* + R sup ap(x,s) <0,
x| D.S,X
ab ) ) g
Oi] Zri 0,
(L) (Rl oy (R,
i A axr |Z|
ir,j il j r
da,(x,s) |
DS, X 3)6
(ab >+ ( b ‘ )n 12+ || I
—w,w ¢ sup w c sup
0x ijn 0x,0x; ax, i n
2 4
+ R sup < 82ap()2c,s) dap(x,s) ) <0
D,S,X ox 0x

(the constant R can be calculated explicitly). Then the process is well defined
and its semigroup Ty is strongly continuous in C|'|k,OO(Rd) and has C*(R?) as
an invariant core.

Proof This follows from the previous theorem and the obvious estimates
for the derivatives of the mapping F from Corollary 3.9. Namely,

VFes@) [y o (1N (0 1y e
x al\z K z K a

so that, for example,

K1oF, (2| dz
Ox 2

" 1IN\ @ 1 1N\ dz
—HV—”/ oaGR)l GR) s
= [vE@| (2) [ &4y,

Wil ) [

which is of order || Va/||? for a bounded below. U







PART II

Nonlinear Markov processes and semigroups






6

Integral generators

This chapter opens the mathematical study of nonlinear Markov semigroups.
It is devoted to semigroups with integral generators. This case includes
the dynamics described by the spatially homogeneous Smoluchovski and
Boltzmann equations, as well as the replicator dynamics of spatially trivial evo-
lutionary games. We start with an introductory section giving a more detailed
description of the content of this chapter.

6.1 Overview

For nonlinear extensions of Markov semigroups, the formulation of their duals
is very useful. A Feller semigroup ®; on Cso(X) clearly gives rise to a dual
positivity-preserving semigroup @7 on the space M (X) of bounded Borel
measures on X through the duality identity (®;f, u) = (f, ;u), where
the pairing (f, ) is given by integration. If A is the generator of &, then
n; = P can be characterized by a general equation that in its weak form
becomes

d
E(g» we) = (Ag, o) = (g, A" r), (6.1)

where A* is the dual to A. This equation holds for all g from the domain
of A.
In this book we are interested in the nonlinear analog of (6.1),

d
E(g, ) = Q2(u)g, (6.2)

which holds for g from a certain dense domain D of C(R?), where Q is a
nonlinear transformation from a dense subset of M (X) to the space of linear
functionals on C(X) having a common domain containing D.
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As we observed in Chapter 1, when describing the LLN limit of a Markov
model of interaction, the r.h.s. of (6.2) takes the form (A, g, 1), for a cer-
tain family of conditionally positive linear operators A, of Lévy—Khintchine
type with variable coefficients depending on w as a parameter. In Section 1.1,
devoted to measures on a finite state space, we called this representation of 2
stochastic, as it leads naturally to a stochastic interpretation of an evolution.

A natural question arises (it is posed explicitly in Stroock [227]): can such
a representation be deduced, as in the linear case, merely from the assump-
tion that the corresponding measure-valued evolution is positivity preserving?
This question was partially answered in [135], where a positive answer was
given under the additional assumption that €2 (©) depends polynomially on u
(this assumption can be extended to analytic functionals €2 (1t)). In order not to
interrupt our main theme, we shall discuss this topic in detail in Section 11.5
after developing a nonlinear analog of the notion of conditional positivity, and
only the simpler case, for integral operators, will be settled in Section 6.8.

Let us recall that in Chapter 4 we specified three groups of Lévy—
Khintchine-type operators €2 (which will appear in a stochastic representation
of the r.h.s. of (6.2): integral operators (without smoothness requirements for
the domain); operators of order at most one (this domain contains continuously
differentiable functions); and the full Lévy—Khintchine operators (this domain
contains twice-differentiable functions). These groups differ in the methods of
analysis used. In what follows, we shall develop each new step in our inves-
tigation separately for the three groups. Well-posedness will be discussed in
Chapters 6 and 7, smoothness with respect to initial data in Chapter 8, the
LLN for particle approximations in Chapter 9 and the CLT in Chapter 10. To
simplify the discussion of the third group (full Lévy—Khintchine operators)
we shall reduce our attention to the most natural example, that of possi-
bly degenerate stable-like generators combined with second-order differential
operators.

The exposition is given in a form that allows one to read the whole story for
each group of operators almost independently of the other groups. In particular,
readers who are interested only in pure jump models (including in particular
the homogeneous Boltzmann and Smoluchovskii models, as well as the repli-
cator dynamics of evolutionary games) can skip the discussion of the other
types of nonlinear stochastic evolution.

This chapter is devoted to the well-posedness of the evolution equa-
tions (6.2) for which the r.h.s. has an integral stochastic representation; we start
with the case of bounded generators and then discuss unbounded kernels with
additive bounds for rates given in terms of a conservation law. This includes
the basic spatially trivial models of coagulation and collision. Next we prove
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a couple of existence results, including unbounded kernels with multiplicative
bounds for the rates. Finally we give a characterization of bounded operators
generating positivity preserving semigroups, in terms of a nonlinear analog of
the notion of conditional positivity.

6.2 Bounded generators

As a warm-up we now consider bounded generators, giving several proofs of
the following simple but important result. The methods are instructive and can
be applied in various situations.

Theorem 6.1 Let X be a complete metric space and let

Af(x) = fx FOWE 1 dy) —ae, ) f(x), 63)

where v(x, u,.), x € X,u € M(X), is a family of measures from M (X)
depending continuously on x, i (i, v are considered in the weak topology)
and where a(x, |4) is a function continuous in both variables such that

lix, w, Il <alx, w) <wk(lpml)

for a certain positive k € C'(Ry). Finally, let a,v be locally Lipschitz
continuous with respect to the second variable, i.e.

Ivix, &) = vlx,n, )l +lax, §) —alx, | < c(Ro)ll§ —nll,
£,n€rPX), (6.4)

forany Ag > 0 and AgP(X) = {Aun : A < Xo, u € P(X)}. Then there exists a
unique sub-Markov semigroup T; of (nonlinear) contractions in M(S) solving
globally (for all t > 0) the weak nonlinear equation

d
77 8 ) = (A, g ), po = p € M(X), g € C(X). (6.5)

This solution is in fact strong; that is, the derivative [i; exists in the norm
topology of M(S) and depends Lipschitz continuously on the initial state, i.e.

1 2 1 2
sup [luy — psll < e g — gl
s<t

Finally, if |v(x, i, )| = a(x, n) identically then this semigroup is Markov.

First proof By Theorem 2.33 (more precisely, its obvious time-non-
homogeneous extension), for any weakly continuous curve u; € AgP(X) there
exists a backward propagator U"* in C(X) solving the equation g; = A, g.
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Its dual propagator V*' acts in AgP(X). It is important to stress that, by
the integral representation of U"", the dual operators actually act in M (X)
and not just in the dual space (C(X))*. Owing to assumption (6.4), the exis-
tence and uniqueness of a weak solution follows from Theorem 2.12 with
B =D = C(X) and M = AoP(X). Finally, the existence of the deriva-
tive 7y () = /1, in the norm topology follows clearly from the fact that A;*u Ut
is continuous (even Lipschitz continuous) in 7 in the norm topology.

Second proof By (6.4), A}, is Lipschitz continuous in the norm pro-
vided that |||l remains bounded. Hence, by a standard result for ordinary
differential equations in Banach spaces (see Appendix D), the solution u; =
T; () in the norm topology exists and is unique locally, i.e. as long as it
remains bounded, yet it may take values in the whole space of signed measures.
As a bound for || 7; ()| we can take the solution to the equation v, = 2k (v;),
vo = ||i||. Hence the solution T;(w) is well defined at least on the interval
t € [0, to], where 1y is defined by the equation v;, = 2||u|. However, (1, 1)
does not increase along the solution. Thus if we can show that the solution
remains positive then ||u/|| = (1, uy) does not increase. Consequently, after
time 7o we can iterate the above procedure, producing a unique solution for
t € [y, 2tp] and so on, thus completing the proof. Finally, in order to obtain
positivity we can compare u; with the solution of the equation ét = —a(x)&
(i.e. u; is bounded below by &;), which has an obviously positive solution.

Third proof This approach (seemingly first applied in the context of the
Boltzmann equation) suggests that we should rewrite our equation as

d
E(g’ we) = —K(g, o) + [A}, e + K (8, pe)]

and then represent it in integral form (the so-called mild or interaction
representation) using the du Hamel principle (see e.g. (2.35)):

t
we=e K+ / e Ki=9) (A7, s + Kpus) ds.
0

This equation is a fixed-point equation for a certain nonlinear operator  acting
in the metric space C,, ([0, r], M(X)) of continuous functions on [0, ] such
that ;o = p with values in the Banach space M (X), u being equipped with the
sup norm || ()|l = supyeqo lI4s]l- Under the conditions of the theorem we
see that ¢ is a contraction for any K > 0 and small enough r and, consequently,
has (by the fixed-point principle) a unique fixed point that can be approximated
by iteration. The crucial observation is the following: if K > supf{a(x, n) :
uw € LP(X)} then @ preserves positivity so that, starting the iterations from
the constant function pg = p, one obtains necessarily the positive fixed point.
Then one can extend the solution to arbitrary times, as in the previous proof.
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Fourth proof Finally let us use the method of T-mappings or T-products
(time-ordered or chronological products). Let V*[u] denote the semigroup of
contractions in A9P(X) solving the Cauchy problem for the equation v = A}, v
(which is, of course, dual to the semigroup solving ¢ = A,g). Define the
approximations p” to the solution of (6.5) recursively as

M;T = Vt_lr[ﬂflfl)r]lizlfl)r, It <t <(+Dr.

The limit of such approximations as T — 0 is called the T-mapping based on
the family V*[u]. When everything is uniformly bounded (as in our situation),
it is easy to see that one can choose a converging subsequence and that the
limit satisfies the equation (6.5). Obviously this approach yields positivity-
preserving solutions.

Let us stress again that locally (i.e. for small times) the well-posedness of
(6.4) is the consequence of a standard result for ODEs in Banach spaces, and
the use of positivity is needed to obtain the global solution.

In applications it is often useful to have the following straightforward
extension of the previous result.

Theorem 6.2 Let X, a, v, A be as in Theorem 6.1 and let b € C(X) with
bl < c. Then the Cauchy problem

d
E(g, ) = (Au, g, 1) + (bg, 1), mo =pn € M(X), g e C(X),

has a unique global solution ®,(w), which is strong. Thus ®; forms a semi-
group of bounded nonlinear transformations of M(X) possessing the estimate

@ (Il < eIl

One is often interested in the regularity of the solution semigroup 7;, in
particular when it can be defined on functions and not only on measures.

Theorem 6.3 Under the assumptions of Theorem 6.1 suppose that X is
R? or its open subset and that for measures p with densities, say, Sfu with
respect to the Lebesgue measure, the continuous dual kernel v/ (x, 11, dy) exists
such that

v(x, , dy)dx =v'(y, w,dx)dy

and, moreover; the |V (x, i, .)|| are uniformly bounded for bounded . Then
the semigroup T; from Theorem 6.1 preserves measures with a density, i.e. it
acts in L1(X).

Proof This is straightforward. Referring to the proofs of Theorems 2.33 or
4.1 one observes that, for a continuous curve ; € L1(X), the dual propagator
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V3! would act in L1(X) owing to the existence of the dual kernel. Hence the
required fixed point would also be in L (X). O

As a direct application we will derive a simple well-posedness result for the
equations of Section 1.5 in the case of bounded coefficients.

Theorem 6.4 In equation (1.41) (which contains as particular cases the spa-
tially homogeneous Smoluchovski and Boltzmann equations), let all kernels P
be uniformly bounded and let the P! be 1-subcritical for | > 1. Then for any
uw € M(X) there exists a unique global solution T,;(u) of (1.41) in M(X).
This solution is strong (i.e. Ty (w) exists in the norm topology) and the resolv-
ing operators Ty form a semigroup. If the P! are 1-subcritical (resp. 1-critical)
for all 1, this semigroup is sub-Markov (resp. Markov).

Proof Note that equation (1.41) can be written equivalently as

d _ : 1 D [ ®l
“ /X g(Z)“’("Z)‘;z‘z /X /X (2@~ Ig0)] Pl dyud an,

(6.6)
which is of the form (6.5), (6.3) with

k
1
/g(y)v(x,u,dw =Zl—,/X/X] SEWP .z dy)
=1 N

X e (dzy) - - e (dzp—1),

so that in the case of uniformly bounded kernels we have

v(x, i, ) = v, n, )l < cliw —nll

uniformly for bounded p and n. If all P! are 1-subcritical, the required result
follows directly from Theorem 6.1. Otherwise, if P! is allowed not to be
subcritical, Theorem 6.2 applies. O

In order to apply Theorem 6.3 one has to know the dual kernel. In the usual
models these dual kernels are given explicitly. Consider, for example, the clas-
sical Smoluchovski equation, i.e. equation (1.46) with X = R, E(x) = x
and K (x1, x2,dy) = K(x1, x2)8(x1 + x2 — y) for a certain specific symmetric
function K (x1, x2):

d 1
—/ g (dz) = —/ [g(x1 +x2) — g(x1) — g(x2)1K (x1, X2)
dr Jr, 2 JR.y?

X py(dxr) py (dxo). (6.7)
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By the symmetry of the coagulation kernel K, this can be also written as

d 1
—/ g@u(dz) = —/ [g(x +2) —2g(0)]K (x, 2) s (dx) s (d2).
dt R, 2 R, )2

(6.8)
This has the form (6.5), (6.3) with

v(x,u,dy)zf K(x,2)8(y —x —2)u(dz)

zeRy

and the dual kernel is
V' (y, i, dx) = /Oy u(d2)K(y —z,2)8(x +z—y),
so that
[ syt andx = [ reon oo dody

:/ f f,x +2)K(x, 2)pu(dz)dx
0 0

for f € Cx (R%_) (i.e. for continuous f vanishing at infinity and on the bound-
ary of (R;)2. Hence the strong form of equation (6.7) for the densities f of
the measures u reads as follows:

d X
Ef’(x)zfo f()dzK(x —z,2) f(x +z)—fr(x)/ K(x,z)f(z)dz. (6.9)

Theorem 6.3 implies that, if K is continuous and bounded, this equation is well
posed and the solutions specify a semigroup in L1 (Ry).

Similarly, the classical spatially homogeneous Botzmann equation in the
weak form (1.52) clearly can be rewritten as

d 1
d—(g, ) = —/ / [g(w1) — g(w)]B(v1 — val, O)dnp, (dvi) s (dva),
t 2 Jga-1

(6.10)
where we recall that B(|v|, 8) = B(Jv|, T — 6),

wy = v — (v — v, n), wy = v +n(vy — v2,n)

and 6 is the angle between v» — v; and n. This equation has the form (6.5),
(6.3) with

/I/f(y)v(vl,u«,dy) =f Y (v1 —n(vy — v2, 1)) B(Jvy — v2|, O)dnu(dvs).
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In order to find the dual kernel, observe that when p has a density f one has

/ gDV V(1. £ dy)do,

R2d

_ / / 2DY (w1 B(v1 — val, O)dn dvr f (v2)dv2
Sdfl RZd

_ / / gDV (o) B(v1 — val, 0)dnf (wa)dvidvs
gd—1 JRad

= /RM gY@V (vr, £, dy)du (6.11)

(here we have first relabeled (v, v2) by (w1, wr) and then changed dwdw>

to dvidva, noting that (i) the Jacobian of this (by (1.48)) orthogonal transfor-

mation is 1, (ii) vy — v2] = |w1 — wa| and (iii) the angle 0 between v — v

and wi — v; coincides with the angle between wy — w; and v — wy).
Equation (6.11) implies that the dual kernel exists and is given by

/.g(y)v/(vl, fidy) = /g(vl —n(vy — v2, 1) B(Jvy — v2|, )dnf (wr)dvs.

Hence the solution operator for the Boltzmann equation preserves the space
Li(RY).

It is also useful to know whether the solutions to kinetic equations preserve
the space of bounded continuous functions. To answer this question for the
Boltzmann equation, we may use the Carleman representation. Namely, from
equation (H.1) it follows that for bounded B one has

fi() = 0(1)/fz(v)dvllfr||,

where as usual || f || denotes the sup norm. Consequently, Gronwall’s inequality
yields the following result.

Proposition 6.5 If fo € C(RY) then the solution f; to the Boltzmann equa-
tion (G.5) with initial condition fo remains in C (R9) for all times and the
semigroup ®; : fo > f; is bounded in C(RY).

6.3 Additive bounds for rates: existence

Application of the fixed-point principle in the spirit of Theorem 2.12 is very
effective in solving nonlinear problems. It was used in the first proof of
Theorem 6.1 above and will be further demonstrated in the next chapter. How-
ever, in some situations the corresponding linear problem is not regular enough
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for this approach to be applicable, so that other methods must be used. This will
be the case for the problems considered from now on in this chapter.
In this section we will consider equation (1.73) for pure jump interactions,

d | .
2 (&) = ; ﬁ/Xz {/X[g@w) - %@ 1P (s, z; dy)} n (dz),
o =p, (6.12)

and its integral version

t k 1
o)== [ a5 [ {/X[g%)—g@<z>]P<us,z;dy>}
=1~
x 12 (dz), (6.13)

with unbounded P, where X is a locally compact metric space.

Let us start with some basic definitions concerning the properties of tran-
sition rates. Let £ be a non-negative function on X. The number E(x)
will be called the size of a particle x (E could stand for the mass in
mass-exchange models, such as those for coagulation—fragmentation, and
for the kinetic energy when modeling Boltzmann-type collisions). We say
that the transition kernel P = P(x;dy) in (1.29) is E-subcritical (resp.
E-critical) if

/ [E®(y) — E°(®)] P(x;dy) <0 (6.14)

for all x (resp. if equality holds). We say that P(x;dy) is E-preserving
(resp. E-non-increasing) if the measure P(x;dy) is supported on the set
{y : E9(y) = E®®x)} (resp. {y : E®(y) < E®(x)}). Clearly, if P(x; dy)
is E-preserving (resp. E-non-increasing) then it is also E-critical (resp.
E-subcritical). For instance, if £ = 1 then E-preservation (subcriticality)
means that the number of particles remains constant (does not increase on
average) during the evolution of the process. As we shall see later, subcriti-
cality enters practically all natural assumptions ensuring the non-explosion of
interaction models.

We shall say that our transition kernel P is multiplicatively E-bounded
or E®-bounded (resp. additively E-bounded or E®-bounded) whenever
P(u;x) < cE®(x) (resp. P(u;x) < cE®(x)) for all x and x and some
constant ¢ > 0, where we have used the notation of (1.27), (1.28).
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We shall deal now (and in most further discussion) with additively bounded
kernels. However, some existence criteria for multiplicative bounds will be
given later.

Lemma 6.6 The following elementary inequalities hold for all positive a,

b, B:
(a+b)f —af —bP <2P@bP~" + baf 1), (6.15)
(a+b)P —af < Bmax(1, 28" bpP~! + 4P 1. (6.16)

Proof For B < 1, inequality (6.15) holds trivially, as the Lh.s. is always
non-positive. Hence, by homogeneity, in order to prove (6.15) it is enough to
show that

(14 x)P —1 < 2P, B>1,xe(,1). (6.17)
Next, the mean value theorem implies that
(I+x)f —1<p2P"'x,  B=1,x€(01),

yielding (6.17) for B € [1,2]. For B > 2 the inequality g(x) = (1 + x)# —
1 — 28x < 0 holds, because g(0) = 0, g(1) = —1 and g’(x) is increasing. To
prove (6.16) observe that the mean value theorem implies that

o _ [Ba+nf~n, g1,

b)Y —
(@t bF—a” = Bbal~1, B € (0,1).

O

Theorem 6.7 Suppose that the transition kernels P (1, X, .) enjoy the follow-
ing properties.

(i) P(u,x,.) is a continuous function taking M(X) x Uf‘zlSXl to
./\/l(Ué‘:1 Sxh (i.e. not more than k particles can interact or be created simul-
taneously), where the measures M are considered in their weak topologies;

(ii) P(u,x,.) is E-non-increasing and (1 + E)®-bounded for some
continuous non-negative function E on X such that E(x) — 00 as
X = 00;

(iii) the P(u, X, .) are 1-subcritical for x € X 1>2.

Suppose that f(l +EPY(x)u(dx) < oo for the initial condition p with some
B > 1. Then there exists a global non-negative solution ji; of (6.13) that is E-
non-increasing, i.e. with (E, ;) < (E, ), t > 0, such that for an arbitrary T

sup / (14 EP)(x)i (dx) < C(T, B, ), (6.18)
t€[0,T]

for some constant C(T, B, |L).
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Proof Let us first approximate the transition kernel P by cut-off kernels
P, defined by the equation

/g(Y)Pn(M, z,dy) = / 1igoz)<n) (D8 WM 1(Eo y)<n} (V) P (1, 2, dy),
(6.19)
for arbitrary g. It is easy to see that P, possesses the same properties (i)—(iii)
as P, but at the same time it is bounded and hence solutions u} to the cor-
responding kinetic equations with initial condition p exist by Theorem 6.1.
As the evolution defined by P, clearly does not change measures outside the
compact region {y : E(y) < n}, it follows that if f(l + EPY()u(dx) < oo
then the same holds for u, for all . Our aim now is to obtain a bound for this
quantity which is independent of 7.
Using (1.75), we can denote by F, the linear functional on measures
Fe(u) = (g,un) and by AFg(u,) the rh.s. of (6.12). Note first that, by
assumption (iii),

AF1(p) < ckFiip(n), (6.20)

which by Gronwall’s lemma implies (6.18) for 8 = 1.
Next, for any y = (y1, ..., y;) in the support of P(u, X, .), we have

(ERY®(y) < [E®(y)1F < [E®(%))”

as P is E-non-increasing and the function z > z? is convex. Consequently,

k
1
AFgrw =)+ /X LED®(y) = (ED)®®01P (. x. dy)u® (dx)
I=1""

k
1
<> g [ HEGD+ -+ ¥ = B — = B o)
=2
x P(i. %, dy)u® (dx).
Using the symmetry with respect to permutations of xi,...,x; and the

assumption that P is (1+ E)®-bounded, one deduces that this expression does
not exceed

k
1
Z(1_1),f{[E(xl)+"'+E(x1)]ﬂ—Eﬁ(xl)—..._Eﬁ(xl)}
=2 :

l
< [1+ EGD] | | widx)).

j=1
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Using (6.15) witha = E(x1), b = E(x2) + - -- + E(x;) and induction on /
yields

[EG) 4+ EG)P — EP(x1) =+ = EP () < ¢ ) L) LP ' (x)).
i#j
Using (6.15) yields

{IEG) + -+ EIP — EP(x))} E(xp)

<) [EGDE)” + E@)PE@)].
i#l
Again by symmetry, this implies that

k I
AFgs(u) < c [ S [EPen + B e | B [Ty, 621
1=2 j=1
which, using ol (xDE((x) < Eﬁ(xl) + Eﬁ(xz) can be rewritten as

k I
AFp@ =e [ S @ i+ Bl [[ndy). 62

=2 j=1
By (6.20) it follows that

k I
AFy g (p) < cZ [EPGen) + 1] IEGa2) + 11 ] | ()
=1 j=1
and, consequently, since (E, uy) < (E, n), using (6.18) for 8 = 1 the above
relation implies that

—(1 +EP u)) = AFy o)) < o(T, B, )+ EF, ul).
Thus by Gronwall’s lemma obtain, for arbitrary 7',

Fiyps(u) < C(T, B, 1)

for some C(T, B, u) and for all ¢+ € [0, T] and all n. This implies that the
family w} is weakly compact for any ¢ and that any limiting point has the
estimate (6.18). As the real-valued function f g(x)uf(dx) is absolutely con-
tinuous for any g € C.(X) (this follows directly from (6.13)), choosing a
countable dense sequence of such functions allows us to find a subsequence,
denoted u} also, which converges in the space of continuous functions from
[0, T] to M(X), the latter being taken to have its weak topology. It remains
to show that the limit u, of this subsequence satisfies (6.13) by passing to the
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limit in the corresponding equations for u}. But this is obvious: all integrals
outside the domain {y : E(y) < K} can be made arbitrarily small by choosing
large enough K (because of (6.18)), and inside this domain the result follows
from weak convergence. O

Remark 6.8 The assumption f(l + EPY(x)u(dx) < oo with B > 1 is
actually not needed to prove existence; see the comments in Section 11.6.

Remark 6.9 A similar existence result holds for the integral version of the
equation

d ko z u \ &
E@m=2;£@k%%ﬁmp@@% ><mmm
=1

[l
(6.23)
To obtain existence, we have to show that local solutions cannot vanish at any
finite time. To this end, observe that any such solution is bounded from below
by a solution to the equation

d
— s (d
dtllt( 7)

1w (dz)
(= D! g1 Z1senZl—1

1

k
me(dzy) - e (dzp—) P (s 2, 215 -0, 21-1)

=1

obtained from (6.23) by ignoring the positive part of the r.h.s. In their turn,

solutions to this equation are bounded from below by solutions to the equation

d (dz)
aret

1+ E d
uz(dm)f( + E(u))u(du)

1 iZ

(-1 =

l

k k
=1

The solution to this equation can be found explicitly (see the exercise below)
and it never vanishes. Hence 7 does not vanish, as required.

Exercise 6.1 Suppose that X is a locally compact metric space, E is a non-
negative continuous function on it and a, b are two positive constants. Then
the solution to the measure-valued ordinary differential equation

JE ) (du)
J du)

on (positive) measures @ on an X with initial condition pg equals

w(dx) = —aE(x)u(dx) —b n(dx)
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wi(dx) = exp[—at E (x)]po(dx)
{ " JE(u) exp[—asE (u)]pno(du) }
X exp § —b ds
o Jexpl—asE)luo(du)
and in particular it does not vanish when po # 0. Hint: This is obtained by
simple calculus; the details can be found in [132].

Exercise 6.2 Show (following the proof above) that the estimate (6.18) can
be written in a more precise form,
sup (L”, py) < (T, B. (1 + L., no))(LP, o) (6.24)
tel0,7]

for some constant c.

6.4 Additive bounds for rates: well-posedness

Let us first discuss the regularity of the solutions constructed above.

Theorem 6.10 Let 1, be a solution to (6.13) satisfying (6.18) for some >
1. Let the transition kernel P be (1 + E%)®-bounded for some a € [0, 1] and
E-non-increasing. Then:

(1) equation (6.13) holds for all g € C\, gp—o(X);

(ii) p; is x-weakly continuous in M pg(X);

(iii) jus is x-weakly continuously differentiable in M| pp—a (X);

(iv) pus is continuous in the norm topology of M | ps—< (X) for any € > 0;

(v) if the kernel P satisfies the additional condition

IP(us z;) = P; 23 ) < C(L+ EN®@IA + E)(e = w)Il,  (6.25)

for all finite measures |1, v and some constant C, then the function t +> [ is
continuously differentiable in the sense of the total variation norm topology of
M(X), so that the kinetic equation (6.12) holds in the strong sense.

Proof (i) Approximating g € Cygp—(X) by functions with a compact
support one passes to the limit on both sides of (6.13) using the dominated
convergence theorem and the estimate

/g@(y)P(Ms; z; dy)u?(dZ) < C/(Eﬂ*“)ea(y)P(Ms; z; dy)/x?(dZ)
< f (EF® () (1 + E® (@) (d2).

(ii) It follows directly from (6.13) that the function f g(x)us(dx) is absolutely
continuous for any g from (i). The required continuity for more general g €
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C14E8.00(X) is obtained, again by approximating such a g by functions with
a compact support and using the observation that the integrals of g and its
approximations over the set {x : E(x) > K} can be made uniformly arbitrarily
small for all u,, t € [0, T], by choosing K large enough.

(ii1) One only needs to show that the r.h.s. of (6.12) is continuous whenever
g€ C1+E£o—o( (X). But this is true, since by (ii) the integral

I
f¢(Z1, o2 Huz(de)
j=1

is a continuous function of ¢ for any function ¢ € C(1+Eﬁ)®l,oo(Xl)-

(iv) From the same estimates as in (i) it follows that w, is Lipschitz
continuous in the norm topology of M, ps-«(X). The required continu-
ity in M, gp-(X) then follows from the uniform boundedness of u; in
Myt (X).

(v) It is easy to see that if a measure-valued ODE /i; = v; holds weakly then,
in order to conclude that it holds strongly (in the sense of the norm topology),
one has to show that the function ¢ — v; is norm continuous. Hence in our
case one has to show that

SUP/ / (¢ — % @]
lgl<1J/X' JX

x| P, ay) ' ) = Puo, z dy)nd! @dn)| 0
as t — 0, and this amounts to showing that

1P (s, z; dy) ' (dz) — P(po, 2 dy)p§' (dz)| — 0
as t — 0, which follows from (6.25) and the continuity of ;. O

The regularity of the solution u, (i.e. the number of continuous derivatives)
increases with the growth of § in (6.18). As this estimate for p, follows from
the corresponding estimate for g, the regularity of wu; depends on the rate
of decay of © = po at infinity. For example, the following result is easily
deduced.

Proposition 6.11 If f|, gs(wo) is finite for all positive B and P does not
depend explicitly on pu (e.g. no additional mean field interaction is assumed),
then the solution u; of (6.12) obtained above is infinitely differentiable in t
(with respect to the norm topology in M(X)).
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We can now prove the main result of this chapter. It relies on a measure-
theoretic result, Lemma 6.14 below, which is proved in detail in the next
section.

Theorem 6.12  Suppose that the assumptions of Theorem 6.7 hold, P is (1 +
E%)®-bounded for some o € [0, 1] such that B > a + 1 and (6.25) holds.
Then there exists a unique non-negative solution [ to (6.12) satisfying (6.18)
and a given initial condition |1y such that f(l + EBY(x)o(dx) < oo. This i,
is a strong solution of the corresponding kinetic equation, i.e. the derivative
(d/dt)uu; exists in the norm topology of M(X).

Moreover, the mapping o +— My is Lipschitz continuous in the norm of
Mg (X), ie. for any two solutions i, and v, of (6.12) satisfying (6.18) with
initial conditions 1o and vy one has

[(1 + E)lpr — il (dx) < ae” /(1 + E)lpo — vol (dx), (6.26)

for some constant a, uniformly for allt € [0, T].

Proof By the previous results we only need to prove (6.26). By Theo-
rem 6.10 (iv), u, and v, are strong (continuously differentiable) solutions of
(6.12), and Lemma 6.14 can be applied to the measure (1+ E) (x) (s —vs) (dx)
(see also Remark 6.17). Consequently, denoting by f; a version of the density
of u; — v, with respect to |; — v;| taken from Lemma 6.14 yields

/(1 + Bl — vil(dx)
=1+ E)(us — vl

t
=f(1 +15)(x)|/to—1)0|(d)€)+/O dS/st(X)(1+E)(X)(/ls — Vy)(dx).

By (6.12) the last integral equals

t k
[ &> [[{na+pre-ma+pro)
=1

! 1
X <P(us; z; dy) ]_[ ws(dzj) — P(vs; z; dy) ]_[ Vg (dz,/))

j=1 j=1
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.k
-/ dSZ//{[fs(l +EPE - 40+ E1FG)

[ j—1
{P(ﬂSaz dY)Zl_[Vs(de)(,us VS)(dZ]) l_[ s (dzi)
j=1i=1 i=j+1
l
+ [P(1s: z; dy) — P(vy; z; dy) ] 1_[ Vg (de)} (6.27)
j=1

Let us choose arbitrary / < k and j < / and estimate the corresponding term
of the sum within the large braces of (6.27). We have

//{[fs(l +E)NP) — [f(1+ E)]@(z)]P(us;  dy)

j—1
X (s — Vs)(dZ]) 1_[ vs(dz;) l_[ s (dzi)
i=1 i=j+1

~ [[{tra+ Do - 150+ BF @) PGz dy)

j—1 1
< fo@plus = vsl(dzy) [ [vedz) [T mstdz).  (6.28)

i=1 i=j+1

As P(u, z; dy) is E-non-increasing,

{[fs(l +E)®(y) — [f;,(1 + E)]®(Z)}fv(zj')
<+ E)®y) — fiz)lfs(A+ E)®@)

< 2%+ E®@) — E@j) = Y fi@)G@EG@) <2k +2) EG).
i#] i#]

Hence (6.28) does not exceed

/ (Zk +2)° E(z,-)) (1 +E“(z)+ ) E"‘(a))

i#] i#]
j—1
x |is = vsl(dz)) [ | vs(dz) H 15 (dzi).
i=1 i=j+1

Consequently, as 1 +« < B and (6.18) holds, and since the second term in the
large braces of (6.27) can be estimated by (6.25), it follows that the integral
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(6.27) does not exceed
!
C(T)/ dS/(l + E)(x) [y — vr|(dx),
0

for some constant ¢(7"), which implies (6.26) by Gronwall’s lemma. ]

It can be useful, both for practical calculations and theoretical developments,
to know that the approximation u} solving the cutoff problem used in the proof
of Theorem 6.7 actually converges strongly to the solution u;. Namely, the
following holds.

Theorem 6.13 Under the assumptions of Theorem 6.12 the approximations
wy introduced in Theorem 6.7 converge to the solution p; in the norm topology
of My ge(X) forany w € [1, B — ) and »-weakly in M ps(X).

Proof This utilizes the same trick as in the proof of previous theorem. To
shorten the formulas, we shall work through only the case w = landk =1 =2
in (6.12). Let 6;* denote the sign of the measure ) — u; (i.e. the equivalence
class of the densities of u} — u; with respect to |u? — ;| that equals %1
respectively in the positive and negative parts of the Hahn decomposition of
this measure), so that |u} — /| = o' (u} — ). By Lemma 6.14 below one
can choose a representative of the o' (that we again denote by ¢/") in such a
way that

! d
(1+E,|M§’—m|)=/ <0§'(1+E),d—(u§’—m)> ds. (6.29)
0 N
By (6.12) with k = [ = 2, this implies that
I+ E, [ — )
1 t
= 5/0 ds/ {[ora+ B ® = [o7 0+ B] @) - [o7 (1 + B)] ()]

X [ Pa(x1, x2, dy) ] (doxy) i (dxz) — P(x1, x2, dy) s (dxi) s (dxa)].
(6.30)

The expression in the last bracket can be rewritten as

(Py = P)(x1, x2, dy) g (dxi) i (dx2)
+ Pr,xa dy) [ @) = (@] i dxo)
(o) [ (dx) = s (@x)] | (6.31)

As p are uniformly bounded in M, g, and as

[I+ E(x) + E(Xz)]/(Pn—P)(XhXL dy) < Cn™[1 + E(x1) + E(x2)]**¢
X
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for 2 + € < B, the contribution of the first term in (6.31) to the r.h.s. of (6.30)
tends to zero as n — 00. The second and third terms in (6.31) are similar, so
let us analyze the second term only. Its contribution to the r.h.s. of (6.30) can
be written as

t
%fo ds/{[a;’(wE)] ) = [0 (1 + B)] (x1) = [07(1 + E)] (xz)]

x P(x1,x2,dy)o) (x1) |l (dx1) — ps(dx))| 1} (dx2),

which does not exceed

t
%/O ds/[(l—l—E)(Y)—(l+E)(x1)+(1+E)(X2)]

x P(x1,x2,dy) |} (dx)) — ps(dxy)| wh (dxa),

because [0} (xD]? =1 and o (x;)| <1, j =1,2. Since P preserves E and
is (1 + E)®- bounded, the latter expression does not exceed

t
c/o ds /[1 + EG)Ill + E(up) + EGe)] |1 (doxn) — s (dox)| 1 (dxa)

t
- c/ ds(L+ E, |l — DIy g2
0

Consequently, by Gronwall’s lemma one concludes that

I = pallive = L+ Bl = wal) = 0~ exp{t sup sl |-
se[0.1]
Finally, once convergence in the norm topology of any Mgy with y > 0 is
established, x-weak convergence in M s follows from the uniform (in n)
boundedness of w,, in M gs. O

Exercise 6.3 Fill in the details needed for the proof of the above theorem for
we(l,B—a).

Exercise 6.4 Under the assumptions of Theorem 6.12, show that the mapping
Ko +— uy is Lipschitz continuous in the norm of Mg (X) for any w €
[1, 8 — «] (in the theorem the case w = 1 was considered). Hint: for this
extension the estimates from the proof of Theorem 6.7 are needed.

6.5 A tool for proving uniqueness

The following lemma supplies the main tool for proving uniqueness for kinetic
equations with jump-type nonlinearities.
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Lemma 6.14 Let Y be a measurable space, and let the mapping t +— s from
[0, T] to M(Y) be continuously differentiable with respect to the topology
specified by the norm in M(Y), with (continuous) derivative j1; = v;. Let o,
denote the density of s with respect to its total variation |[i;, i.e. o7 is in
the class of measurable functions taking three values —1,0, 1 and such that
e = ol and |yl = orpus a.s. with respect to |iut|. Then there exists a
measurable function f;(x) on [0, T] x Y such that f; is a representative of
class oy forany t € [0, T] and

t
el = lloll + /0 ds /Y [0 (dy). 632)

Proof Step 1. As 1, is continuously differentiable, ||u; — sl = Ot —s)
uniformly for 0 < s <t < T. Hence | i|| is an absolutely continuous real-
valued function. Consequently, this function has a derivative, say w;, almost
everywhere on [0, 7] and an integral representation ||, || = ||oll + fot ws ds
valid for all t € [0, T']. It remains to calculate ws. To simplify this calculation,
we observe that as the right and left derivatives of an absolutely continuous
function coincide almost everywhere (according to the Lebesgue theorem), it
is enough to calculate only the right derivative of | u;]. Hence from now on
we shall consider only the limit # — s with ¢ > s.

Step 2. For an arbitrary measurable A C Y and an arbitrary representative
oy of the density, we have

0t —s) = / el(dy) — / sl (dy) = / orptr(dy) — / o 15 (dY)
A A A A

_ / (01 — o) s (dy) + / 01 (s — 1s)(dy).
A A

As the second term here is also of order O (¢ — s), we conclude that the first
term must be of order O (t — s) uniformly for all A and s, t. Hence o; — o
almost surely with respect to |us| as + — 5. As o; takes only three values,
0, 1, —1, it follows that ¢ (x) exists and vanishes for almost all x with respect

to s

Remark 6.15 Now writing formally

d d ) .
— el = —/ ot (dy) Z[Utﬂt(dy)+/ o1 (dy),
dt dt Jy Y Y

and noticing that the first term here vanishes by step 2 of the proof, yields
(6.32). However, this formal calculation cannot be justified for an arbitrary
choice of o;.
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Step 3. Let us choose now an appropriate o;. For this purpose we perform
the Lebesgue decomposition of v; into the sum v; = v} + v of a singular and
an absolutely continuous measure with respect to |u,|. Let 1, be the density
of v} with respect to its total variation measure [v}|, i.e. 1, is in the class of
functions taking values 0, 1, —1 and such that v; = n,|v]| almost surely with
respect to |v]|. Now let us pick an f; from the intersection o; N 7, ie. f
is a representative of both density classes simultaneously. Such a choice is
possible, because u; and v} are mutually singular. From this definition of f;
and from step 2 it follows that f; — fy ast — s (and r > s) a.s. with
respect to both 1ty and vy. In fact, let B be either the positive part of the Hahn
decomposition of v or any measurable subset of the latter. Then f; =1 on B.
Moreover,

wui(B) = (t —s)vi(B) +o(t —5), t—s—0,

and is positive and hence f; = 1 on B for ¢ close enough to s.
Step 4. By definition,

illu | = lim el — Meas |l
ds"""’ t—>s t—s

=tim [P an i [ A 639

t—s 1

(if both limits exist, of course). It is easy to see that the second limit here does
always exist and equals [ fyvs(dy). In fact,

/ﬁu(dy)=/fsu(dy)
r—3s r—s

+ /(ﬁ — 1) (“’ — vs) dy) + /(ﬁ — fovs(dy),

t

and the limit of the first integral equals [ fsvs(dy), the second integral is
o(t — s) by the definition of the derivative, and hence vanishes in the limit,
and the limit of the third integral is zero because (owing to our choice of f; in
Step3) f; — fs — 0ast — s (t > s) a.s. with respect to vs. Consequently, to
complete the proof it remains to show that the first term on the r.h.s. of (6.33)
vanishes.

Remark 6.16 As we showed in step 2, the function ( f; — f5) /(¢ —s) under the
integral in this term tends to zero a.s. with respect to g, but unfortunately this
is not enough to conclude that the limit of the integral vanishes; an additional
argument is required.
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Step 5. In order to show that the first term in (6.33) vanishes, it is enough
to show that the corresponding limits of the integrals over the sets A™ and A~
vanish, where ¥ = ATUA~UAC is the Hahn decomposition of ¥ with respect
to the measure /5. Let us consider only AT (A~ may be treated similarly). As
fs = 1on AT a.s., we need to show that

i [ !
im
t—s A r—s

s (dy) =0, (6.34)

where A is a measurable subset of Y such that (us)|4 is a positive mea-
sure. Using now the Lebesgue decomposition of (vs)|4 into the sum of a
singular and an absolutely continuous part with respect to g, we can reduce
the discussion to the case when vy is absolutely continuous with respect to
s Oon A.

Introducing the set A, = {y € A : fi(y) < 0} one can clearly replace
A by A; in (6.34). Consequently, to obtain (6.34) it is enough to show that
us(Ay) = o(t —s) ast — s. This will be done in the next and final step of the
proof.

Step 6. From the definition of A; it follows that u,(B) < 0 forany B C A;
and hence

ns(B) + (t — s)vg(B) +o(t —5) <0, (6.35)

where o(t —s) is uniform, i.e. ||o(t —s)||/(t—s) — O ast — s. Notice first that
if A, = B;"UB, UB is the Hahn decomposition of A, on the positive, negative
and zero parts of the measure vg then M(B,+ U B?) = o(t — s) uniformly (as
follows directly from (6.35)), and consequently we can reduce our discussion
to the case when vy is a negative measure on A. In this case (6.35) implies that

s (Ap) = (1 = 5)(=vs)(Ar) +o(t — ),

and it remains to show that vy(A;) = o(1);_ . To see this we observe that, for
any s, ¥ has the representation ¥ = U;’lO:OYn, where | |(Yo) = 0 and

Yo={eY: fi=f for |t—s|<1/n}.

Clearly Y,, C Y4 foranyn # 0,and A; C Y \ Y, whenever r —s < 1/n.
Hence the A; are subsets of a decreasing family of sets with intersection of 14 -
measure zero. As vy is absolutely continuous with respect to (s the same holds
for vy; hence vg(A;) = o(1),— 4, which completes the proof of the lemma. [

Remark 6.17 Suppose that the assumptions of Lemma 6.14 hold and that
L(y) is a measurable, non-negative and everywhere finite function on Y such
that | Lus|| and || Lvg|| are uniformly bounded for s € [0, ¢]. Then (6.32) holds
for Lu; and Lv; instead of u; and v respectively. In fact, though s +— Ly
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may be discontinuous with respect to the topology specified by the norm, one
can write the required identity first for the space Y, instead of Y, where Y, =
{y : L(y) < m}, and then pass to the limit as m — oo.

The above proof of Lemma 6.14 is based on the original presentation in
Kolokoltsov [132]. An elegant and simpler proof, based on discrete approx-
imations, is now available in Bailleul [14]. However, this proof works under
rather less general assumptions and does not reveal the structure of o; as a
common representative of two Radon—Nikodyme derivatives.

6.6 Multiplicative bounds for rates

In many situations one can prove only the existence, not the uniquess, of a
global solution to a kinetic equation (possibly in some weak form). In the
next two sections we shall discuss two such cases. Here we will be deal-
ing with equation (1.73) for pure jump interactions under the assumption of
multiplicatively bounded rates (the definition of such kernels was given in
Section 6.3).

We shall work with equation (1.73) in weak integral form, assuming for
simplicity that there is no additional mean field dependence;

t k 1
Gou—w=[ asd | {/ [g®(y)—g®(z)]P(z,dy>}M?%dz).
0 = X Ux

(6.36)
Assume that X is a locally compact space and E is a continuous function on X.

Theorem 6.18 Suppose that P is 1-non-increasing, E-non-increasing and
strongly (1 + E)®-bounded, meaning that

1Pz, )| = o)1+ E)2(2), 7 — 0. (6.37)

Then for any T > 0 and n € Miyg(X) there exists a continuous (in the
Banach topology of M(X)) curve t — u, € Mi+g(X), t € [0, T), such that
(6.36) holds for all g € C(X) and indeed for all g € B(X).

Proof As in the proof of Theorem 6.7, we shall use the approximations
P, defined by equation (6.19). As the kernels P, are bounded, for any p €
M4+ (X) there exists a unique strong solution u} of the corresponding cut-
off equation (6.36) (with P, instead of P) for an initial condition u such that
(E, u}) < (E,p)and (1, u}) < (1, ) for all ¢, n, implying that the ||} || are
uniformly bounded. Hence the family of curves u?, t € [0, T'], is uniformly
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bounded and uniformly Lipschitz continuous in M (X), implying the existence
of a converging subsequence that again we denote by u}.

Let us denote by K () the operator under the integral on the r.h.s. of (6.36),
so that this equation can be written in the concise form

t
(8 ) =/0 (8. K(s)) ds.

Let K, denote the corresponding operators with cut-off kernels P, instead of
P. To prove the theorem it remains to show that

IKn(ui) = K(uo)ll =0, n— oo,
uniformly in ¢ € [0, T]. By (6.37),
I1Kn(n) = KG)| = 0, n— oo,

uniformly for o with uniformly bounded (1 + E, ). Hence one needs only to
show that

1K (1) — K (u)ll = 0, n — 0o.

Decomposing the integral defining K into two parts over the set L®(z) > M
and its complement one sees that the first and second integrals can be made
arbitrary small, the first by (6.37) again and the second by the convergence of
wu} to p, in the Banach topology of M (X). O

The uniqueness of solutions does not hold generally under the above
assumptions. Neither is (E, ;) necessarily constant even if P preserves E.
The decrease in (E, u,) for coagulation processes under the latter condition
is interpreted as gelation (the formation of a cluster of infinite size). This is a
very interesting effect, attentively studied in the literature (see the comments
in Section 11.6).

Exercise 6.5 Show that the statement of the above theorem still holds true
if, instead of assuming that P is 1-non-increasing, one assumes that it is £ ®.
bounded.

6.7 Another existence result

Here we apply the method of T -products to provide a rather general existence
result for the weak equation

d
o7 ) = (A, fo ) = (/X [f ) = FO]vC, e, dy), Mt) ., (6.38)
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which is of the type (6.3), (6.5), where v is a family of transition kernels in a
Borel space X depending on ;v € M(X). We assume only that the rate function
a(x, u) = |lv(x, i, )| is locally bounded in the sense that

sup a(x, u) < oo (6.39)
lull<M

for a given M > 0. Under this condition, the sets

M = {x Dosup a(x, p) < k}
lpell =M

exhaust the whole state space. The mild form (compare with (4.16)) of the
nonlinear equation (6.38) can be written as

t
we(dx) = [eXp (—/O a(x, Ms)ds>:| n(dx)
t t
+[/ em(—/ a(x,uf)dt)}/ v(y, s, dx) s (dy).
0 s yeX

(6.40)

The following statement represents a nonlinear counterpart of the results of
Section 4.2, though unfortunately the uniqueness (either in terms of minimality
or in terms of the solutions to equation (4.17)) is lost.

Theorem 6.19 Assume that v is a transition kernel in a Borel space X
satisfying (6.39) for an M > 0 and depending continuously on [ in the
norm topology, i.e. u, — W in the Banach topology of M(X) implies that
v(x, Uy, .) = v(x, u,.) in the Banach topology of M(X). Then for any u €
MX) with ||| £ M and T > 0 there exists a curve u; € M(X), t € [0, T],
that is continuous in its norm topology, with norm that is non-increasing in t,
solving-equation (6.40).

Proof For a given © € M(X) with ||u|| < M,n € N, t = T/n, let us
define, for 0 < s <r < t; = t, a minimal backward propagator U;" on B(X)
and its dual forward propagator V,,”* = (U )* on M(X), associated with the
operator A;, given by

Auf = /X [fO) = fO]vix, w, dy);

this is in accordance with Theorem 4.1. Next, let us define, for t; < s <
r < tp = 2t, the minimal backward propagator U,"" on B(X) and its dual
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forward propagator V,”° = (Uy")* on M(X), associated with the operator
Ayn given by

AMf = /X [f(y) - f(x)] v(x, /L'r’, dy), M’; — Vyfl»()p”

again in accordance with Theorem 4.1. Continuing in the same way and gluing
together the constructed propagators yields the complete backward propagator
U," on B(X) and its dual forward propagator V,”* = (U,")* on M(X),
0 < s <r < T. These are associated according to Theorem 4.1 with the
time-nonhomogeneous family of operators given by

A?f = /X [f()’) - f(x)] v(x, Mﬁg/r]pdy),

where

e = VIO = VI

By Corollary 4.4 the curve uj = an’opc depends continuously on ¢ in the
Banach topology of M(X), its norm is non-increasing and it satisfies the
equation

t
ul (dx) = [exp (— /0 atx, pf, /,]r>ds>] u(dx)

t t
+ [./o exp (—/Y a(x,uﬁ/f]r)dfﬂ /yex V(Y. iz dXIG (dY).

(6.41)

By Theorem 4.1 (or more precisely (4.13)), the family U,® is locally
equicontinuous in the sense that

sup [[(Uy*" = U™ f Ly, || < 2K[s1 = s2].

Irl=<t
Hence, using the Arzela—Ascoli theorem and diagonalization, one can choose
a subsequence of backward propagators U, (which we again denote by U,,)
converging to a propagator U"* on B(X) in the sense that, for any &,

sup U™ = U figll — 0, n — o0.

Ifl<1,s<r<t

By duality this implies that the sequence u} = Vi ’O/L converges strongly to a
strongly continuous curve u;. Passing to the limit in equation (6.4 1) and using
the continuous dependence of v(x, i, .) on u yields (6.40). O]
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Corollary 6.20 Under the assumptions of Theorem 6.19, assume addition-
ally that, for any k,
sup  ve(x, p, My) < oo. (6.42)
xeX, ul=M

Then a continuous (in the Banach topology of M(X)) solution p; to (6.41)
solves equation (6.38) strongly on My, i.e. for any k we have

d
Ele (O (dx) = —1pg (X)ar (x, ) i (dx)

+/ //L[(dZ)le()C)Vt(Z, /’Lhd-x)s
zeX

where the derivative exists in the Banach topology of M(X).

Exercise 6.6 Prove the statement in Corollary 6.20, using the argument from
Proposition 4.5.

6.8 Conditional positivity

In this section we shall show that bounded generators of measure-valued
positivity-preserving evolutions necessarily have the form given by (6.3); in
Section 1.1 this was called a stochastic representation, as it leads directly to a
probabilistic interpretation of the corresponding evolution. For a Borel space
X we shall say that a mapping Q : M(X) — M?®€d(X) is conditionally
positive if the negative part Q7 (u) of the Hahn decomposition of the measure
€ (w) is absolutely continuous with respect to u for all . This is a straightfor-
ward extension of the definition of conditional positivity given in Section 1.1,
and one easily deduces that continuous generators of positivity-preserving
evolutions should be conditionally positive in this sense.

Theorem 6.21 Let X be a Borel space and @ : M(X) — MSeed(X) pe
a conditionally positive mapping. Then there exists a non-negative function
a(x, i) and a family of kernels v(x, u, -) in X such that

Qp) = /X,U«(dz)v(z, W) —a(, pu. (6.43)

If, moreover, f Q(u)(dx) = 0 for all u (the condition of conservativity) then
this representation can be chosen in such a way that a(x, ) = ||v(x, u, )|,
in which case

(8. Q) = /X [6(») — g vix, . dy).
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Proof One can take a(x, u) to be the Radon—Nicodyme derivative of

Q7 () with respect to u, yielding

-1
v(x, u,dy) = </ Q_(M)(d2)> a(x, Wt (W (dy). ]

Remark 6.22 The choice of a(x, () made in the above proof is in some sense
canonical as it is minimal, i.e. it yields the minimum of all possible a(x, ) for
which a representation of the type (6.43) can be given.



7
Generators of Lévy—Khintchine type

In this chapter we discuss the well-posedness of nonlinear semigroups with
generators of Lévy—Khintchine type. Two approaches to this analysis will
be developed. One is given in the first two sections and is based on duality
and fixed-point arguments in conjunction with the regularity of the corre-
sponding time-nonhomogeneous linear problems. Another approach is a direct
SDE construction, which is a nonlinear counterpart of the theory developed in
Chapter 3.

7.1 Nonlinear Lévy processes and semigroups

As a warm-up, we will show how the first method mentioned above works in
the simplest situation, where the coefficients of the generator do not depend
explicitly on position but only on its distribution, i.e. the case of nonlinear
Lévy processes introduced in Section 1.4. Referring to Section 1.4 for the
analytic definition of a Lévy process, we start here with an obvious exten-
sion of this concept. Namely, we define a time-nonhomogeneous Lévy process
with continuous coefficients as a time-nonhomogeneous Markov process gen-
erated by the time-dependent family of operators L; of Lévy—Khintchine form
given by

Lif(x) = $(G,V, V) f(x) + (b, V) (x)
+ / FGty) — FG) — (0n VE@) L, OIndy), (1)

where G;, by, v; depend continuously on 7 and v is taken in its weak topology,
i.e. [f(y)v:(dy) depends continuously on ¢ for any continuous f on R\ {0}
with | f| < cmin(]y|?, 1)). More precisely, by the Lévy process generated by
the family (7.1) we mean a process X; for which
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E(f(X0)|X;s = x) = (@™ f)(x), feCRY,

where @ is the propagator of positive linear contractions in Coo (R?) depend-
ing strongly continuously on s < ¢ and such that, for any f € (Coo NC?)(RY),
the function f; = ®%!f is the unique solution in (Coo N C 2)(R%) of the
inverse-time Cauchy problem

fi==Lifs, st fi=F. (7.2)
From the theory of Markov processes, the existence of the family ®°+* with the
required properties implies the existence and uniqueness of the corresponding
Markov process. Thus the question of the existence of the process for a given
family L, is reduced to the question of the existence of a strongly continu-
ous family ®* with the required properties. This is settled in the following
statement.

Proposition 7.1 For a given family L; of the form (7.1) with coefficients
continuous in t, there exists a family ®%' of positive linear contractions
in Coo(R?) depending strongly continuously on s < t such that, for any
f € Cgo(Rd), the function f; = ®S'f is the unique solution in Cgo(Rd)
of the Cauchy problem (7.2).

Proof Let f belong to the Schwartz space S(RY). Then its Fourier
transform

g(p) = (Ff)(p) = @)~/ fR JeTP ) dx
also belongs to S (R?). As the Fourier transform of equation (7.2) has the form

gs(p) = — [—%(Gsp, p) +i(bs, p) + /(ei”y -1- iplel)vx(dy)} gs(p).

it has the obvious unique solution
t
8:(p) = exp{/ [-4(Gep. p) +ite. p)
s

+/(ei”y —-1- ipleI)vf(dy)]dr} g(p), (7.3)

which belongs to Ll(Rd), so that f; = F’lgs = ®%' f belongs to Coo(Rd).
The simplest way to deduce the required property of this propagator is to
observe that, for any fixed s, 7, the operator ®* coincides with an opera-
tor from the semigroup of a certain homogeneous Lévy process, implying
that each ®*! is a positivity-preserving contraction in Coo (R?) preserving the
spaces (Coo N C?)(R?) and Cgo (RY). Strong continuity then follows as in the
standard (homogeneous) case. ]
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Corollary 7.2  Under the assumptions of Proposition 7.1, the family of dual
operators on measures V'* = (&%) depends weakly continuously on s, t and
Lipschitz continuously on the norm topology of the Banach dual (C go R 10
C2 (RY). That is,

VS () — w2 rayy = sup I(fs VIS () — )
112, ey <!
<(—s) sup (||AT||+||bf||+ f min<1,|y|2>vf(dy)>. (7.4)
T€[s,1]

Moreover, for any i € P(R?), V15(w) yields the unique solution of the weak
Cauchy problem

d
E(f’ ) = (Lt fo i), s <t s =M, (7.5)

which holds for any f € C% (RY).

Proof The weak continuity of V"* is straightforward from the strong
continuity of ®%' and duality. Next, again by duality,

sup  |(f, V(W) =l = sup (@Y f — f, )l
1/ 12 gy <1 112 gy <1
t
= sup f L. ®% fdt
£l c2 ey =<1 1IVs CRY)

<(@—s) sup  sup L fllewey
T€ls,1] ”f”c'Z(Rd)Sl

because ®°* must also be a contraction in C2(R‘1) since, as we have noted,
the derivatives of f satisfy the same equation as f itself. This implies (7.4).
Equation (7.5) is again a direct consequence of duality. Only uniqueness
is not obvious here, but it follows from a general duality argument; see
Theorem 2.10. O

We now have all the tools we need to analyze nonlinear Lévy processes.
First let us recall their definition from Section 1.4. We defined a family of
Lévy—Khintchine generators by (see (1.23))

Auf(x) = 3GV, V) f(x) + (b(w), V )(x)

+ /[f(x +y) = f) = (. V)L, Mv(n.dy)  (7.6)

for u € P(R?). The nonlinear Lévy semigroup generated by A n was defined
as the weakly continuous semigroup V! of weakly continuous transformations
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of P(R?) such that, for any u € P(R?) and any f € C go (RY), the measure-
valued curve u, = V() satisfies

d
E(f’/“l/l):(AMtfvlut)’ tZO’ Mo = M.

Once the Lévy semigroup was constructed, we defined the corresponding
nonlinear Lévy process with initial law p as the time-nonhomogeneous Lévy
process generated by the family

Lif(x) = Ayi, f(x) = SGV (W)Y, V) f (@) + BV (), V)(x)

+ f[f(x +3) = f) = (0, VL)1 (NI (V! (1), dy).

with law p at r = 0.

Theorem 7.3 Suppose that the coefficients of the family (7.6) depend on
Lipschitz continuously in the norm of the Banach space (Cgo(Rd))/ dual to
CZ (RY), ie.

1G () = Gl + 1b(r) = b + / min(1, [y (e, dy) — v(y, dy)]

<klp— 77||(cgo(Rd))' =K sup [(fs =)l (7.7

N2, ra)=!

with constant k. Then there exists a unique nonlinear Lévy semigroup gener-
ated by A, and hence a unique nonlinear Lévy process.

Proof Let us introduce the distance d on P(R?) induced by its embedding
in (CZ (RY))"

demy = swp{I(fn = £ € CLRD ez ey = 1.

Observe that 73(Rd ) is a closed subset of (C go (Rd))’ with respect to this metric.
In fact, as it clearly holds that

d(u, n) = sup {|(f, pw=mnl:feCR, | flcrmy < }

the convergence 1, — i, u, € P(R?), with respect to this metric implies
the convergence (f, u,) — (f, n) forall f € C2(R?) and hence for all f €
Coo(R?) and for constant f. This implies the tightness of the family u,, and
that the limit u € P(R?). Hence the set M, (t) of curves s € [0, t] — P(RY)
that are continuous with respect to the distance d, such that uop = pu, is a
complete metric space with respect to the uniform distance

dl(ul.1, nl.]) = sup d(us, ns).
s€[0,7]



7.1 Nonlinear Lévy processes and semigroups 179

By Proposition 7.1 and Corollary 7.2, for any curve u[.] € M, (t) the nonho-
mogeneous Lévy semigroup ®*(u[.]) corresponding to L(u;) and its dual
VES(ul.]) are well defined, and the curve V'*(u[.])u belongs to M, (7).
Clearly, to prove the theorem it is enough to show the existence of the unique
fixed point of the mapping of M, () to itself given by u[.] — V-O(ul.hu.
By the contraction principle it is enough to show that this mapping is a (strict)
contraction. To this end, one can write

i (V-0 Dpe, V-0l D)
= supsup |(f, VIulDp = VIOGLDw)

1/ 1l e2 gy <1 5€10.1]

(@ (LD f = O™ LD, )]

= sup sup
11l c2gdy =1 s€l0.7]

Now we use a well-known trick (applied repeatedly in our exposition) for
estimating the difference of two propagators, writing

O (UL f = SOl = OO (ul DGl S|
S d
_ / dT—— & (UL D™ (D) f
0 T

N
= [ o G, - Aem LD,
where a differential equation like (7.2) has been used for ®. Consequently,

at (V- D, V-l ha)

<t s sup [0, — 4@ GLDS|
sel0.011 £l 2 ga, <! CRY)

As the family of transformations ®* increases neither the norm in C (Rd )
nor the norm in C 2(R”l) (because, as mentioned above, the derivatives of f
satisfy the same equation as f itself owing to spatial homogeneity), the above
expression is bounded by

I sup sup (A, — Ap) flleray

s€l0.1 112 gy <1

s€[0,1

=t SHP] (IIG(MS) — Gl + l1b(pes) — bl

—i—/min(l, Iy v (s, dy) — v(ns,dyn),

which by (7.7) does not exceed rid), (i[.], nl[.]). Hence for r < 1/k our map-
ping is a contraction, showing the existence and uniqueness of the fixed point
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for such 7. Of course, this can be extended to arbitrary times by iteration (as
usual in the theory of ordinary differential equations), completing the proof of
the theorem. O

Remark 7.4 Condition (7.7) is not as strange as it seems. It is satisfied,
for instance, when the coefficients G, b, v depend on pu via certain integrals
(possibly multiple) with sufficiently smooth densities, as usually occurs in
applications.

7.2 Variable coefficients via fixed-point arguments

By Theorem 2.12 one can get well-posedness for a nonlinear problem of
the type

d
E(g, we) = (Ap, & ), Ho = M, (7.8)

from the regularity of the time-nonhomogeneous problem obtained by fix-
ing u, in the expression A, since this yields natural nonlinear analogs of
all results from Part I. Moreover, when A, is of Lévy—Khintchine form the
dual operator often has a similar expression, allowing one to deduce addi-
tional regularity for the dual problem and consequently also for the nonlinear
problem. Yet the smoothing properties of a linear semigroup (say, if it has con-
tinuous transition densities), which are usually linked with a certain kind of
non-degeneracy, have a nonlinear counterpart. The results given in this section
exemplify more or less straightforward applications of this approach.

We start with nonlinear evolutions generated by integro-differential opera-
tors of order at most one, i.e. by the operator equation

A f () = (b, 1), V£ () + / (£G4 y) — FO] vir. oo dy).

RY\{0}
(7.9)
The nonlinear evolutions governed by operators of this type include the
Vlasov equations, the mollified Boltzmann equation and nonlinear stable-like
processes whose index of stability is less than 1. Stable-like processes with
higher indices are analyzed at the end of this section.

Theorem 7.5 Assume that, for any © € PR?Y), b(.,n) € C'R?) and
that Vv(x, u, dy) (the gradient with respect to x) exists in the weak sense
as a signed measure and depends weakly continuously on x. Let the following
conditions hold:
sup /min(l, lyDv(x, u,dy) < oo, sup /min(l, yDIVv(x, w, dy)| < o0;
X, 0 X,

(7.10)
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for any € > 0 there exists a K > 0 such that

sup/ v(x, 1, dy) < €, sup/ Vo, wdy)l <€ (1.11)
RY\ By x.0 JRA\ By

SUPf [yv(x, u, dy) <e; (7.12)
Bk
and, finally,

sup/ min(l, |y |v(x, w1, dy) —v(x, ua,dy)| < cllpur — M2I|<c;O(Rd>)~
X
(7.13)
sup [b(x, 1) — b(x, u2)| < cllwr — pallcl, ®ayy (7.14)
X

uniformly for bounded |11, 2. Then the weak nonlinear Cauchy problem (7.8)
with A, given by (7.9) is well posed, i.e. for any . € MR?) it has a unique
solution T; (1) € MRY) (so that (7.8) holds for all g € Céo(Rd)) preserving
the norm, and the transformations T; of PRY) or, more generally, M@MRY),
t > 0, form a semigroup depending Lipschitz continuously on time t and the
initial data in the norm of (C;Q (R9Y))*.

Proof This is straightforward from Theorems 4.17, and 2.12. Alternatively
one can use Theorem 3.12. 0

We shall say that a family of functions f,(x) on a locally compact space S
belongs to Coo (RY) uniformly in « if, for any € > 0, there exists a compact K
such that | f,(x)| < € forall x ¢ K and all «.

Remark 7.6 Clearly (7.13), (7.14) hold whenever b and v have variational

derivatives such that

Sb(x, 1)
Sp(v)

0 8b(x, )

d
30 34(0) € Co(RY), (7.15)

(RS LR S
(7.16)

as functions of v uniformly for x € R?, |||l < M. Hint: use (F.4).

We shall discuss now the regularity of the solution to (7.8) and its stability
with respect to small perturbations of A, for which we need to write down the
action of the operator dual to (7.9) on functions, not just on measures. Since
we are not aiming to describe the most general situation, we shall reduce our
attention to the case of Lévy measures with densities.
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Theorem 7.7 Let k € N, k > 2. Assume that the assumptions of the pre-
vious theorem hold and moreover that the measures v(x, (i, .) have densities
v(x, u, y) with respect to Lebesgue measure such that

. av
/mln(1’|y|) Sup (V(x»,u«:y)‘i“a_(x,l/«,)’)"f‘
xR, |pull<M X

akv

T (x, L, y) >dy < 0. (7.17)

+_
ax

(i) Then the nonlinear semigroup T, of Theorem 7.5 preserves the space of
measures with smooth densities, i.e. the Sobolev spaces wl = W{ (Rd), [ =
0,...,k — 1, are invariant under T; and T; is a bounded strongly continuous
semigroup (of nonlinear transformations) in each of these Banach spaces.

Furthermore, with some abuse of notation we shall identify the measures
with their densities, denoting by T, the action of T; on these densities (for an
f € Li(RY), T,(f) is the density of the measure that is the image under T,
of the measure with density f). A similar convention will apply to the notation
for the coefficients b and v.

(ii) If additionally
3! 3!

QV(L J1.y) — W\)(x, 12, y)'dy = cllfi = Pl

(7.18)

f min(1, |y]) sup
X

o' a!
Wb(-xv fl) - 8_b(-xv f2)

x!

sup =clfi—fly (719
X

forl = 1,...,k then the maplping T; reduced to any space Wf is Lipschitz
continuous in the norm of Wf , i.e. uniformly for finite times we have

I7:(f0) = T (D i1 = el fillwy + 120w I A1 = ol (7.20)

for a continuous function ¢ on Ry. Moreover, for any f € Wf the curve f; =
T; (f) satisfies equation (7.8) strongly in the sense that

d
=A% (7.21)

in the norm topology of W{ -1

Proof Statement (i) follows from Theorem 4.18. In particular, in order to
see that T; is strongly continuous, i.e. || 7T;(f) — f||W{ — Oast — 0, one

observes that T;(f) = V*O[f]1f and that V*:°[ ] is strongly continuous by
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Theorem 4.18. Statement (ii) is proved similarly to Theorem 2.12. Namely,
from (7.18), (7.19) it follows that (see (4.36) for the explicit form of A*f)

1A% = APy < clidlly 1S = gl (7.22)

Since
fi—g=T(f)—Ti(g) = (VO f1- Ve Df + V' Olel(f — 9

t
- /0 VIO I(A%, — AL IVOLLIS ds + VOLg I(f — ),

one has
sup | fs — &sllyi-1 <t sup || fs — &sll i1 L Nyt +cllf — gllyi-1-
s<t 1 s<t 1 1 1

Consequently (7.20) follows, first for small ¢ and then for all finite ¢ by itera-
tion. Finally, in order to see that (7.21) holds in Wll ~! for an f € Wll one needs
to show that the rh.s. of (7.21) is continuous in Wll ~1. this is clear because

S fo— A F = A (i — )+ (A% — AN,
where the first (resp. the second) term is small in Wll -1 owing to the strong
continuity of f; = T;(f) in Wll (resp. owing to (7.22)). ]

Theorem 7.8 Under the assumptions of Theorem 7.7, suppose that we have
in addition a sequence Aj, of operators, of the form given by (7.9), also
satisfying the conditions of Theorem 7.7 and such that

H [<A’}>* - A}] ‘f’H i < ek 19l (7.23)

for acertainl <m <k — 1 and for a sequence o, tending to zero as n — 00
and a certain continuous function k on Ry. Then the corresponding nonlinear
semigroups T' converge to T in the sense that

177 (f) — LDl = 0, n — oo, (7.24)
uniformly for f from bounded subsets of W{".

Proof Using the same method as in the proof of Theorem 2.15 one obtains
the estimate

T ) = TPl < anclf Ty,
implying (7.24). O

Further regularity for this problem will be discussed in the next chapter.
The approach to general nonlinear generators of Lévy—Khintchine type will
be demonstrated for the model of nonlinear diffusion combined with stable-like
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processes considered in Proposition 3.17. One can of course formulate more
general results based on other linear models analyzed in Part I. Moreover, using
the additional regularity of linear models (say, by invoking Theorem 4.25 for
the non-degenerate spectral-measure case) yields additional regularity for the
linear problem.

Assume that

A[Lf(x)
= bt [outof (V2 700] + bue, V0 + [ £G4 9) = F0] o)

K
Sx+y) —f&x) =y, Vfx)
L [T ant [ aputes TRCEe

x d|y|wp, . (ds), (7.25)

where s = y/|y|, K > 0, (P, dp) is a Borel space with finite measure dp and
the w), are certain finite Borel measures on sd-1,

Theorem 7.9 Suppose that the assumptions of Proposition 3.18 (ii) hold
uniformly for all probability measures | and, moreover, that

IAu, — Al ez, Yy ey = clltr — m2llc2 ey
[1, 2 € P(RY)

(this assumption of smooth dependence of the coefficients on | is easy to
check). Then the weak equation (7.8) with A, of the form given by (7.25) is
well posed, i.e. for any 1 € M(RY) there exists a unique weakly continuous

curve ji; € MR?) such that (7.8) holds for all g € (Cgo N Cﬁip)(Rd).
Proof This follows from Theorem 2.12 and an obvious nonhomogeneous
extension of Proposition 3.18. O

Another example of the use of linear solutions to construct nonlinear solu-
tions relates to nonlinear curvilinear Ornstein—Uhlenbeck processes, which are
discussed in Chapter 11.4.

7.3 Nonlinear SDE construction

Here we describe how the SDE approach can be used to solve weak equations
of the form

d
(o) = (A, f o), e € PRY), po = u, (7.26)
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that we expect to hold for, say, all f € C 62 (Rd), with
Apfx) = %(G(x, WV, V) f(x) + (b(x, u), V f(x))

+ / [f+y) = f) = (V@) »]vx, wdy)  (7.27)

and v(x, 1, .) € Ma(R%), using the SDE approach. This method is a natural
extension of that used in Theorem 3.11.

Let Y;(z, ) be a family of Lévy processes parametrized by points z and
probability measures 1 in R? and specified by their generators L[z, 1], where

Liz, ulf (x) = 5(G(z, WV, V) f(x) + (b(z, ), V £ (x))

+/[f(X+y)—f(X)—(Vf(X),y)]v(Z,M,dy) (7.28)

and v(z, i, .) € Ma(R?). Our approach to solving (7.26) is to use the solu-
tion to the following nonlinear distribution-dependent stochastic equation with
nonlinear Lévy-type integrators:

t
X, =x+ / AYy(Xe, LX), L) = . (7.29)
0

with a given initial distribution p and a random variable x that is inde-

pendent of Y;(z, ). Let us define the solution through the Euler—Ito-type
. . . . . n,T

approximation scheme, i.e. by means of the approximations X; ", where

X=X Y XN LX), LX) =n (730)

It >

forlt <t < (I + 1)t, and where Yi(x, W) is a collection (for/ =0, 1,2,...)
of independent families of the Lévy processes Y; (x, u) depending measurably
on x, i (which can be constructed via Lemma 3.1 under the conditions of
Theorem 7.10 below). We define the approximations X** by

X1 =X YL (XD, LX) =

forlt <t < (I 4+ 1)t, where L(X) is the probability law of X.

Clearly these approximation processes are cadlag. Let us stress for clarity
that the Y7 depend on x, i only via the parameters of the generator, i.e., say,
the random variable & = x 4+ Y;(x, £(x)) has the characteristic function

Eelé — / Eel PO+ (L0 1y (1.

For x € R? we shall write for brevity X;:" instead of X ,‘3‘1’1.
By the weak solution to (7.29) we shall mean the weak limit of X -

27k k — o0, in the sense of distributions on the Skorohod space of cadlag
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paths (which is of course implied by the convergence of the distributions in the
sense of the distance (A.4)). Alternatively, one could define it as the solution to
the corresponding nonlinear martingale problem or using more direct notions
of a solution, as in Section 3.1.

Theorem 7.10  Let an operator A, have the form given by (7.27) and let

IVG(x, ) — Gz, ml + 1b(x, 1) — bz, )| + Wa(v(x, 15 .), v(z,1,.))
< k(jx — z| + Wau, ) (7.31)

hold true for a constant k. Then:

(i) for any i € P(RY)N Mo (R?) there exists a process X, (2) solving (7.29)
such that

sup W3, (XP5, XH) < e (7.32)
M:HMHMZ(R‘!)<M

(ii) the distributions u; = L(X;) depend 1/2-Holder continuously on t
in the metric W and the X!" depend Lipschit; continuously on the initial
condition in the sense that

W3 (XE, X[ < cto) W3 (i, n); (7.33)

(iii) the processes
t
M) = f(X) — Fx) - /0 LIXE, LOXYTf (X ds

are martingales for any f € C*(RY); in other words, the process X ¥ solves
the corresponding (nonlinear) martingale problem;

(iv) the distributions v, = L(X;) satisfy the weak nonlinear equation (7.26)
(which holds for all f € C*(R?));

(v) the resolving operators U; : u +— u, of the Cauchy problem (7.26)
form a nonlinear Markov semigroup, i.e. they are continuous mappings from
PRY) N My((R?), equipped with the metric W, to itself such that Uy is the
identity mapping and U,y = U, U forall s, t > 0.

Proof This is an extension of the corresponding result for Feller processes,
Theorem 3.11. The details can be found in [138] and will not be reproduced
here. L]

7.4 Unbounded coefficients

Processes having unbounded coefficients are usually obtained by a limiting
procedure from the corresponding bounded ones. For example, this was the
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strategy used in Section 6.4 for constructing pure jump interactions with a
bound for the rates that is additive with respect to a conservation law. Usually
this procedure yields only an existence result (one proves the compactness of
bounded approximations and then chooses a converging subsequence) and the
uniqueness question is settled by other methods. However, if a correspond-
ing linear problem with unbounded coefficients is sufficiently regular, one can
establish well posedness by the same direct procedure as that used in Sec-
tion 7.2 for the case of bounded coefficients. We give here an example on
nonlinear localized stable-like processes with unbounded coefficients.

Theorem 7.11 Let
Auf () =Lt [o o’ (V2 00|+ (bx. ), V)

K
+/<dp>[ d|y|f ap(x. 5. 1)
P 0 sd-1

SN = f0) = (0 V@)

|y|ot,,(x,s,u)+l

dlylwp(ds),
(7.34)

where s = y/|y| and the coefficients satisfy the assumptions of Proposition 5.5
uniformly for all probability measures x on R? and furthermore

14w = Apallez, ®ysc o = Kl = B2ll ez, ®ayr-

Then the weak equation (7.8) with A, of the form (3.55) is well posed, i.e. for
any € M(R?) there exists a unique weakly continuous curve j; € M(R?)
such that (7.8) holds for all g € Cgo(Rd).

Proof This is a consequence of Theorem 2.12 and an obvious nonhomo-
geneous extension of Proposition 5.5. O
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Smoothness with respect to initial data

In this chapter we analyze the derivatives of the solutions to nonlinear kinetic
equations with respect to the initial data. Rather precise estimates of these
derivatives are given. As usual we consider sequentially our basic three cases
of nonlinear integral generators, generators of order at most one and stable-
like generators. This chapter contains possibly the most technical material in
the book. Hence some motivation is in order, which is given in the following
introductory section.

8.1 Motivation and plan; a warm-up result

The main result on the convergence of semigroups states that a sequence of
strongly continuous semigroups 7;" converges to a strongly continuous semi-
group T; whenever the generators A, of 7" converge to the generator A of
T; on the set of vectors f forming a core for A. If this core is invariant, then
precise estimates of the convergence can be obtained; see Theorem 2.11 for a
more general statement. Using this fact, a functional central limit theorem can
easily be proved as follows. Let Z; be a continuous-time random walk on Z
moving in each direction with equal probability. This process is specified by
the generator L given by

Lfx)=alf&x+ D+ fx—1) —=2f(x)]

with coefficient a > 0. By scaling we can define a new random walk Zth on
hZ with generator Lj, given by

Laf(x) = h"—z [FG+m)+ fx—h) —2f()].
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If f is thrice continuously differentiable then

Lufx) =af"x)+ 0)ysup| fP ).
y

Hence, for f € Cgo(Rd) the generators Lj, converge to the generator L,
where Lf = af”, for a Brownian motion. Since C3,(R?) is invariant for the
semigroup of this Brownian motion, we conclude that the semigroups of Zth
converge to the heat semigroup of the Brownian motion. We can also apply
Theorem C.5 to deduce convergence in distribution on the Skorohod space of
cadlag paths.

Remark 8.1 The process Z,h is a random walk. Namely, when starting at the
origin, it equals £(Sy + - - - + Su,), where N; is the number of jumps and the
S; are i.i.d. Bernoulli random variables. By Exercise 2.1 E(N;) = 2at/h2, SO
that / is of order 1//N;.

The above argument has a more or less straightforward extension to quite
general classes of (even position-dependent) continuous-time random walks;
see e.g. Kolokoltsov [135] for the case of stable-like processes. The main non-
trivial technical problem in implementing this approach lies in identifying a
core for the limiting generator.

In Part IIT we will use this method twice in an infinite-dimensional setting,
showing first that the approximating interacting-particle systems converge to
the deterministic limit described by the kinetic equations and second that the
fluctuation process converges to a limiting infinite-dimensional Gaussian pro-
cess. In both cases we need a core for the limiting semigroup, and to obtain the
rates of convergence we need an invariant core.

Looking at the generators in (1.75) we can conclude that, for A F' to make
sense, the function F on measures should have a variational derivative. But the
limiting evolution is deterministic, i.e. it has the form F; (i) = F(u;) where
W 1s a solution to the kinetic equation. We therefore have

8F,  OF dpuy

S By S’
which shows that, in order to apply the general method outlined above, we
need first-order variational derivatives of solutions to the kinetic equation that
are sufficiently regular with respect to the initial data. Similarly, the generators
of fluctuation processes are written in terms of second-order variational deriva-
tives, making it necessary to study the second-order variational derivatives of
solutions to the kinetic equation with respect to the initial data.

In this chapter we address this issue by analyzing the smoothness with
respect to the initial data of the nonlinear Markov semigroups 7; () = u;
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constructed in previous chapters from equations of the type

d
E(g,uz)=(Au,g,Mz), o =pneM(S), geDCC(S), (&1

where A, is a Lévy—Khintchine type operator depending on /4 as on a param-
eter. Our aim is to identify an invariant core for the usual (linear) Markov
semigroup ®;, where @, F(u) = F(u;), of the deterministic measure-valued
Markov process ;. The strong form of equation (8.1) is

d
= A7 b, po = i € M(S). (8.2)

We are concerned with derivatives of first and second order only, because
they are responsible for the LLN (the first-order stochastic approximation to
the limiting kinetic equation) and the CLT (the second-order approximation)
for the corresponding interacting-particle systems.

Namely, we will study the signed measures

1
& (0, &) = Dg (o) = SE%I 3 (e (o + &) — e (o)l (8.3)
and

1
n: (o, &, n) = Dpé&i (o, §) = Sg%l N (& (o + 51, &) — & (1o, &)1, (8.4

denoting (with some abuse of notation) the corresponding variational deriva-
tives by

& (1o, x) = Ds, i (o) = Oits
! Spo(x)

1
= lim — [p: (o + $8x) — e (o)l (8.5)

s—>04 §

and
8 ’
n: (o, x, w) = Ds, & (1o, x) = M
po(w)

1
= lim — [& (1o + 8w, X) — & (1o, X)] (8.6)

s—=>04 §

and occasionally omitting the arguments of &, 1, to shorten the formulas.

In the following sections we shall analyze separately various classes of
kinetic equations, aiming at proving the existence of the above derivatives and
obtaining effective estimates for them. The most subtle estimates are obtained,
in Sections 8.4 and 8.6, for the processes of coagulation and collision.



8.1 Motivation and plan; a warm-up result 191

The following formal calculations will form the basis for this analysis.
Differentiating (8.1) with respect to the initial data yields

d 5A,,
E(g,ét(uo,é)) =/(Au,g(v)+/ B, (v )g(Z)Mz(dZ)) & (ro, &, dv)
(8.7)

and

d 8A,
E(g,m(uo,é,n)) =f(z4u,g(v)+/(3 e )g(z)m(dz)> n¢ (o, &, 1, dv)

Mt BAMI
// (Mz(u)g( Dt 5w

+/L (@Dpe(d ))
S o) &M
X él(u()’ Sa dU)St(,U«O’ n»du)a (88)

where the variational derivative for the operator A is obtained by variational
differentiation of its coefficients (see below for explicit formulas).

In the strong form, if u;, & or n; have densities with respect to Lebesgue
measure, which are also denoted u;, &, n; by the usual abuse of notation, and
if the operator A* and its variational derivatives act in L | (RY) (j.e. A* preserves
the set of measures with densities) then equations (8.7), (8.8) clearly take the
form

d A%
ES!(MOaSax) 1, (10, €, X)+/§z(uo g, v)dv ?)Mt(x) (8.9
and
d *
Ent(u“o’ Ev n, .X') = A;tnt(MOa Sv n, .X') + f nt(MOv %', n, U) dv (SM[Z;) Ml(x)
p 82A%,
+/§z(ﬂ0»§»v) v (o, n,u)d mﬂt( X)
SA*
+ / & (1o, 1, w) du——2 81 (10, §, )
e (u)
/Er(uo &, v)dvs W )Sz(uo 1, x). (8.10)

To conclude this introductory section, let us analyze the simplest case of
bounded generators, i.e. the problem (8.1) with A,, given by (6.3),

Apf(x) = /){f(y)V(x,u,dy) —a(x, n) f(x),
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for which the required smoothness with respect to the initial data is a direct
consequence of the standard theory of ODEs in Banach spaces (once global
existence is proved, of course).

Theorem 8.2 Under the assumptions of Theorem 0.1, suppose that the
variational derivatives

Sv da

-, dy),
s D S®

(z, 1)

exist, depend weakly continuously on x, z, u and are bounded on bounded
subsets of w. Then for any & € M(X) the derivative (8.3) exists strongly (the
limit exists in the norm topology of M(X)) and is a unique solution of the
evolution equation

Sv
S (v)

(z, M)g(z)> My (dz)} (8.11)

d
E(g,&(uo,é)) =/§t(uo,x,dv) [Aﬂ,g(v)+/ <f gy (z, u, dy)

da

S (v)

with initial condition &) (o, &)) = &. If the second variational derivatives of v
and a exist and are continuous and bounded on bounded subsets of |, then the
second derivative (8.4) exists and is a unique solution of the equation obtained
by differentiating (8.11).

Proof Equation (8.11) is obtained by differentiating (8.1) using the chain
rule for variational derivatives (F.7). By Theorem 6.1 this is a linear equation
with coefficients that are bounded uniformly in time. The rest follows from the
standard theory of ODEs in Banach spaces; see Appendix D. The statement
about the second derivative is proved similarly. O

In the rest of this chapter our strategy will be the following: approximate a
given equation by another equation with the same structure but with a bounded
generator, apply the standard result on smoothness with respect to the initial
data to this approximation and then pass to the limit.

8.2 Lévy-Khintchine-type generators

We shall start with the semigroup specified by the operator equation (7.9), with
all Lévy measures absolutely continuous with respect to Lebesgue measure.
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Equation (7.9) reads

Apfx) = (bx, p, Vf(X))+/Rd [fx+y) = fFO]vlx, 1, y)dy, (8.12)

and clearly we have

Sv
dp(v)

SA 8b
g(2) = ( (2, 1), Vg(Z)) +/Rd [gz+y) —2@)] (2. . y)dy

Sp(v) dp(v)
with a similar expression for the second variational derivative.

A particular case that is important for applications occurs when b, v depend
on . as integral linear operators:

Aufx) = (b(x) + / B(x. u(dz), Vf(x))

+fRd[f(x+y)—f(x)](v(x,y)+/ﬁ(x,z,y)u(dz)(dy)
(8.13)

for some functions b(x), l;(x, y), v(x,y), v(x,y, z), where clearly

SA -
A ) = (v, Ve@) + / [z + y) — g3z, v, y)dy,
572(0)

§AZ
" _—0
Sp(v)Spu(u)
This situation is already rich enough to include, say, the Vlasov equation (when
v and v vanish) and the LLN limit for a binary interacting «-stable process with
o< 1.

In the case of operators given by (8.12), the solution to (8.7) generally does
not belong to M(R?) but to the larger Banach space (Céo (RY)*.

Theorem 8.3 Let k € N,k > 2 and let the coefficient functions b, v be k
times continuously differentiable in x, so that

ab akp
sup blx, ) + | =, |+ + | w| ) <oco, (814
|l <M.xeRd dx dx
k alv
[minn s S|y < @1s)
lll<M,xeRd j—o 19X

Forap € MRY) orap e Wll(Rd), Il =0,...,k — 1, we denote by |i;
the corresponding unique solution to (8.1), (8.12) with initial data pno =
given by Theorem 7.5. Moreover, let the variational derivatives of b, v exist
and (7.15), (7.16) hold. Then equation (8.7) is well posed in (C;Q (RY)Y*. More
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precisely, for any u € M(R?) and & € (Céo(Rd))* there exists a unique
*-weakly continuous curve & € (Ccl>o R* with & = & solving (8.7) x-weakly
in (Cg0 (R))*. Furthermore & depends continuously on w in the sense that
if W' — W in the norm topology of (Céo (RY))* then the corresponding &
converge to & in the norm topology of(Cgo (RY))* and »-weakly in (Céo (R))*.
Finally, if ¢ € MS2(X) then & represents the Gateaux derivative (8.3),
where the limit exists in the norm topology of (Cgo(Rd))* and *x-weakly in
(CLRN)™.

Proof The equation

d
77861 8) = (A 8. & (o, )

is well posed, by (8.14), (8.15) and Theorem 4.18. Conditions (7.15), (7.16)
ensure that the operator

SAIM
g / gD (dz) (8.16)
Sper (L)

appearing on the r.h.s. of (8.7) is a bounded linear mapping C!(R?%)

Céo (Rd ) that is uniform for bounded w, so that the stated well-posedness of
(8.7) follows from perturbation theory.

Remark 8.4 Notice that this operator is not defined on C (R?), hence the
necessity to work with the evolution of &; in (C ;o (Rd))* and not in M (Rd).

The continuous dependence of & on p follows from the continuous depen-
dence of u; on j in the norm topology of (C (R?))*, the standard propagator
convergence (Theorem 2.11 with D = Cgo (Rd), B = Céo (Rd)) and the
observation that

(A, — Ayy) +f‘“‘“ @ (d)—/“’“ Yua(d2)
1 w28 M(_)gzm 2z Sﬂ(.)g(z na(dz

<cligllcrmayllier — MZ“(C})O(R"))*’ (8.17)

C!(RY)

which follows from (7.15) and (7.16) (or more precisely from their implica-
tions, (7.13) and (7.14)).

In order to prove (8.3) we shall approximate the operator A, by a sequence
of operators AJ that are bounded in Coo (R) and are given by

AL f ) =1f(x+blx, w/n) — fx)n

+ / LF G+ y) = FOOTCe e y)dy (8.18)
RA\By,

for n € N, so that
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1
||(AZ —ADSI = ;C||f||c2(Rd) (8.19)

uniformly for bounded . Since these operators enjoy the same properties as
A, well-posedness holds for them in the same form as for A,,. Let us denote
by uy, &, ni the objects analogous to i, &, n; constructed from A},

Since the (AJ)* are bounded linear operators in Migned(Rey and
(c éo (R?)*, the equations for x; and & are both well posed in the strong sense
in (Céo (R%))* and Msiged(R). Hence the standard result on differentiation
with respect to the initial data is applicable (see Theorem D.1), leading to the
conclusion that the &' represent the Gateaux derivatives of u} with respect to
the initial data in the norm of (Céo(Rd ))*. Consequently

1
wy (e + h&) — puf () = h/O El'(u + shE)ds (8.20)

holds as an equation in (Ccl,o(Rd))* (and in M%€"d(R?) whenever & €
Msigned (Rd)).

We aim at passing to the limit n — oo in equation (8.20) in the norm topol-
ogy of (Cgo (R%))*, in the case when & € M?®gd(R?) Using Theorem 2.15
with D = Cgo (R?) we deduce the convergence of the p} in the norm of
(C2, (R%))*. Next,

& (1) — St(/i)”(cgo(Rd))* = sup ](g, &' (1) — ft(M))|

18l c2, )<

= sup  (Ug—Uug. 8 < lEllpmmsIU'g — Upglicrey

Hg”cgo(Rd)gl

where U' = U’ denotes the backward propagator in Co(R?) that is dual
to the propagator on £ given by equation (8.7). The last expression above can
now be estimated by the standard convergence of propagators, given in Theo-
rem 2.11, for D = C go (R?), B = C5(R%) together with the observation that
combining the estimates (8.17) and (8.19) yields

n

H(A" —A) +f8A“" ) "(d)—/“’“‘ () u(dz)
TR T [ s 8T ] S0 8

C(RY)
1 n
< cliglic2ray r_t + 1™ = wll 2, rayy ) -
Consequently, passing to the limit n — oo in (8.20) yields the equation

1
b+ hE) — () = h fo £ (1 + she) ds. (821)

where all objects are well defined in (C;o (R9Y))*.
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This equation together with the stated continuous dependence of & on u
implies (8.3) in the sense required. O

In the following exercise the additional regularity of the variational deriva-
tives & is discussed.

Exercise 8.1 Under the assumptions of the above theorem, let an m| € [1, k]
exist such that

at 8b LA )‘ 5o
>iP n)| < oo, )
llell <M, x,veRd 1o ax! 8 (v)
i b sv
min(1, |y|) sup — (Y| dy <oo  (823)
lnll<M,x,veR? 1 — axt su(v)

(of course, all the derivatives in these estimates are supposed to exist). Show
that, foranyuer,.feWml_l Lk —1,m <min(m; — 1,1 — 1),
there exists a unique global solution & = 5, (no, &) € Wlm of equation (8.9)
considered as an equation for the densities &; of the measures & (we now iden-
tify the measures and their densities both for i, and &;) in the norm topology
of W{" -1 Also, show that this solution represents the Gateaux derivative (8.3),
where the limit exists in the norm topology of Wy" ~!. Hint: Conditions (8.22)
and (8.23) imply that the second term on the r.h.s. of equation (8.9) defines
the bounded operator L(R?) W{n ind=1mi=1 Hence the well-posedness
of equation (8.9) follows from perturbation theory (Theorem 2.9) and from
Theorem 4.18. The other statements follow by the same arguments as in the
theorem above.

Theorem 8.5  Under the assumptions of Theorem 8.3 suppose that the second
variational derivatives of b, v exist and are smooth, so that

a 52b 52b
sup s Wt | e
il <M.x,v.ueRd \| IV Su(v)cm(u) ou 5,u(v)5,u(u)

+‘ 8%b ( )‘+ 32 8%b ( )D
S () (u) R Avdu S (v)Su(u) L) =0

(,u)‘

and the function

( L N
sup — (X, i,y L_°"
Il <M. x,v,uerd \| 9V 8p(v)8u(u) du S ()8 (u)

8%y 92 8%y
+ (x, 1, y)

d 8%y

(x,u,y)‘

Hsesren | van sp@sr@

is integrable with respect to the measure min(1, |y|)dy.
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Then, for any n € M(R%), £, n € (C éo (RY))*, there exists a unique weakly
(and vaguely) continuous curve n; € (C})O(Rd))*, with ng = 0, solving (8.8)
weakly in (Cgo(Rd))*. Moreover, n; depends continuously on |4 in the sense
that if W — w in the norm topology of (Céo(Rd))* then the correspond-
ing n} converge to n; in the norm topology of (Cgo(Rd))* and weakly in
(CL R . Finally, if £,n € M5 (X) then n, represents the Gateaux
derivative (8.3), where the limit exists in the norm topology of (C go (RYY)* and
weakly in (CL (RY))*.

Proof Well-posedness for the nonhomogeneous linear equation (8.10) fol-
lows from the well-posedness of the corresponding homogeneous equation,
(8.9), obtained above, from the du Hamel principle (see Theorem 2.40) and
from the observation that the assumed smoothness of the variational derivatives
ensures that the second integral in (8.10) is well defined for g € C!(R?) and
& e (C ;O(Rd ))*. The validity of (8.4) follows, as above, by the approximation
argument. U

The smoothness of the solutions w; to the kinetic equations is of interest
both theoretically and practically (say, for the analysis of numerical solution
schemes). Moreover, it plays a crucial role in the analysis of the Markov
semigroup ®,, where &, F () = F(us()), arising from the deterministic
measure-valued Markov process 1, (1) and its Feller properties. Clearly, the
operators @, form a semigroup of contractions on the space of bounded mea-
surable functionals on measures. For the analysis of this Markov semigroup,
naturally arising problems are the identification of a space where it is strongly
continuous and the specification of an appropriate core (preferably invariant).
The above results allow us to solve these problems easily and effectively.

We shall need the notation introduced in Appendix D and some natu-
ral extensions of this. In particular, we denote by Cvlv’:ak(M w(R%)) (resp.
Cég’éue(/\/l M(Rd))) the space of weakly (resp. vaguely) continuous function-
als on M s (X) (measures with norms bounded by M) such that the variational
derivative § F/8Y (x) exists for all Y, x, is a bounded continuous function of
two variables with Y considered in the weak topology and is k times differen-
tiable in x, so that (3¥/9xK)(8 F/8Y (x)) is also a weakly continuous bounded
function of two variables (resp. if ¥ is considered in the vague topology and if
additionally

SF(Y)
3Y (.)

e Ck (RY)

uniformly for ¥ € My (R%). The spaces C‘i,’fak(./\/lM(Rd)) and
C\};;gue(MM(Rd)) become Banach spaces (note that Cvlégue(MM(Rd)) is
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actually a closed subspace of cl k(/\/l m (R?))) if equipped with the norm

H SF
PlSYO)

wea

I F|| -1k = .
Cweak(MM(Rd)) ck (Rd)

Similarly, we denote by C_; 2,2 (/\/l u(RY)) (resp. C\%aéﬁe(MM(Rd))) the sub-

weak

space of Cweak(M wRH)N Cweak(M w (R?)) such that the derivatives
8l+m 82 F

axlaym 8Y (x)8Y (y)
exist for /, m < k and are continuous bounded functions (resp. the same with
“vague” instead of “weak” everywhere and if, additionally, the derivatives in
the above expression belong to Coo (X 2) uniformly for Y). The Banach norm of
these spaces is of course defined as the sum of the sup norms of all its relevant
derivatives. As we shall see in the next chapter, the spaces C%géﬁe(./\/l w(RDY)
play a crucial role in the study of LLN approximation to nonlinear Markov
processes.

¥)

Theorem 8.6 (i) Under the assumptions of Theorem 8.3 the semigroup ®; is
a Feller semigroup in Cyygue(M w(RY)) and Céééue (M pr(R?)) represents its
invariant core, where the generator A is defined by
SF(Y
SFAD Ty
Y ()

(ii) Moreover, the space of polynomial functions generated by the monomials
of the form fg(xl, oo X)) Y(dxy)---Y(dxy) with g € Céo(Rd") is also a
core (though not necessarily an invariant one) for any [ > 1.

(iii) Under the assumptions of Theorem 8.5 the space ngéue(/\/l u(RY) is
also an invariant core.

AF(Y) = (Ay (8.24)

Proof (i) Let F € Clague(Mp (R?)). Then

S F () _ SF(me(w)) :/ SF(pur) Spae () dy)
S (x) S (x) Spe(y) Sp(x)
SF
/ SPUD ¢ o dy), (825
x S (y)

implying that this derivative is well defined, since & € (C;o (Rd))* and
8F(1y) /8 () € CL(RY). Moreover

(g, &, x,)) = (U'g,8) =U'gx),

where by U we denote, as above, the backward propagator in Ca (R?) that is
dual to the propagator on £ given by equation (8.7). Since the operators U prop-
agate in C;O (R?) uniformly for bounded s, it follows that the function (8.25)
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belongs to C éo (R?) also uniformly for bounded n. Hence ®; is a bounded
semigroup in Cvlg.éue (Muy(RD)). Differentiating F (u,) yields on the one hand

d _ SF ()
EF(IM) = (A}M 0 Mz), (8.26)

implying (8.24). On the other hand it follows that, for ||x|| < M and F €
Cuigue(My (RY)),

SF(n)
Su()

| P F () — F()| < te(t, M) H

CL(RY)

implying that ®; is strongly continuous in C\}géue (M (R?)) in the topology of
Cague (MM(Rd)) and consequently strongly continuous in Cy,gue (MM(Rd))
by the usual approximation argument, since C\l,ééue(/\/l »(RY)) is dense in
Cyague(M u(RYY)) by the Stone—Weierstrass theorem. It remains to observe
that AF from (8.24) is well defined as an element of Cyugue(M w(RYY)
whenever F € Cyzpue (M (RY)).

(ii) This follows from statement (i) and Proposition I.1.

(i) If F € Ciague(My (RY)) then

8@ F (1) _/ OF (o) i)
spon(y)  Jx sy " A
+f 52Fﬁéz(u,x,dv)%'t(u,y,a’u), (8.27)
x S (V) (u)

everything here being well defined owing to Theorem 8.5. It remains to con-
sider differentiability. Since we have supposed that the second variational
derivatives of F' have continuous mixed second derivatives in u, v, one only
needs to show that

9 9 9 9?
aé(u, X, ), an(u, X, ¥), @n(u, X, ), mn(u, X, )

are well defined as the elements of (Céo (R?%))*. And this in turn follows by dif-
ferentiating equations (8.7) and (8.8). Equation (8.7) with & = §, has the same
form after differentiation with respect to x. Consequently, & (u, x)/dx solves
the same equation with initial condition &, € (C C])O (R%))* and hence belongs to
this space owing to the well-posedness of this equation. Next, on differentiating
(8.8) we see that the homogeneous part remains the same after differentiation
and that the nonhomogeneous part, after, say, two differentiations with respect
to x and y, takes the form
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// oA (v>+5A"’ (u)+/52#<) (d2)
s T S (0)® St (0ot () S HEE

d 0
x —& (1o, x, dv) —& (o, y, du).
ox ay

Here everything is well defined, since

0
560, ) € (CL RN,
X

Continuity of the derivatives of 1 with respect to x and y (and of the second
mixed derivative) follows from the continuity of the derivatives of &. ]

We have shown how one can work with an arbitrary smooth dependence
of the coefficients on measures. As the results and proofs are rather heavy at
the present level of generality, we shall consider now an example of nonlin-
ear stable-like processes with the most elementary type of nonlinearity. More
general extensions can be obtained if needed using variational derivatives as
above.

Thus, let A, have the form given in (3.55), with o, w, v independent of p
and with

bu(x) = / bl YY), apu(r.s) = / ay(r. s, (dy)  (828)

for some functions b, a. In this case clearly

A K
—g(x)=(b(x,U),Vg(x))-F/dP/ d|y|/ ap(x,s,v)
Sp(v) pJo sd-1

gx+y)—g)—(y,Vgx))
X |y|ccp(x,s)+l

d|ylwp(ds).

Unlike the situation previously discussed the operator (8.16) is defined in
C go (Rd) and not just in C éo (Rd ). The following result is proved in the same
way as Theorem 8.6 but taking into account this additional feature.

Theorem 8.7 Under the assumptions of Theorem 7.9 suppose that the non-
linear dependence is as described above, with b(x,.),a(x,s,.) € Cgo (Rd)
uniformly for x and s and that other coefficients satisfy the assumptions of
Proposition 3.17(ii) for k > 4. Then the equations (8.7) and (8.8) for &
and n; are well posed in (Cgo(Rd))* (they solve (8.7) and (8.8) x-weakly
in (Céo(Rd))*) and are given by the limits (8.3), (8.4) in the norm topol-
ogy of (Cgo(Rd))*. Moreover, the semigroup given by ®;F(u) = F(u;) is
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a Feller semigroup in Cyague(Muy (R%)) and the spaces Cvlgéue (Muy (R and
ngéue My (Rd)) represent its invariant cores.

One can treat the nonlinear counterpart of the unbounded-coefficient evolu-
tion from Proposition 5.5 similarly.

Exercise 8.2 State and prove the analog of the regularity statement (ii) from
Theorem 8.3 for the second derivative of 7.

Exercise 8.3 Under the assumptions of Theorem 8.3 the semigroup
®, is also strongly continuous on the closure of Cvlv’elak(MM(Rd)) in
the space Cyeak(Mpr(X)), the space C‘i,’elak(MM(Rd)) (and, under the
assumptions of Theorem 8.5, Ci’ezak(MM(Rd)) also) is invariant, and for
F € Cvlv’elak(MM(Rd)) equation (8.24) holds for each Y with AF €
Cweak(My (Rd )). Moreover, to achieve this result one can essentially relax the
conditions of Theorem 8.3 by, say, allowing, in conditions (7.15), (7.16), the
corresponding functions to belong to C (R?) and not necessarily to Coo (Rd ).

Hint: See Exercise 11.5.

8.3 Jump-type models

In this section we shall prove smoothness with respect to the initial data for the
kinetic equations with pure jump interactions, focusing our attention on the
most important binary interactions (extension to interactions of other orders
being more or less straightforward) for non-increasing particle number. (The
latter assumption simplifies calculation but is not essential for the validity of
the methods developed.) Namely, we are going to study the signed measures
(8.5) and (8.6) for the solutions of the weak kinetic equation

d
g =4 / / (8 () — g(x1) — g 1P Cxr, 22, dY) s (dx1) s (dxca)
t X XZ
= %/ / [g(y) — g(x1) — g(x2)]P(x1, x2,dy)
X2 X

+/Xz[g(y1)+g(yz)—g(X1)—g(x2)]P(x1,xz,dyldyz)}

X e (dxp) e (dxa), (8.29)

which includes as particular cases the spatially homogeneous Boltzmann and
Smoluchovski models. As neither the number of particles nor the quantity E
are increased by the interaction we shall assume that all initial measures (and
hence under an appropriate well-posedness condition all solutions) belong to
the subset
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Meg,e (X) ={n € MX): (L, w) < e, (E, ) < er}. (8.30)

The generally known results on the derivatives of evolution systems with
respect to the initial data are not applicable directly to this equation in the case
of unbounded coefficients. Thus we shall adhere to the same strategy as in
the previous section, introducing approximations with bounded kernels (Theo-
rem 6.13), applying standard results on variational derivatives to them and then
passing to the limit.

Differentiating formally equation (8.29) with respect to the initial measure
o one obtains for & and 7; the equations

d
(g5 = / / [(y) — g(x1) — g(¥) 1P (x1, 22, dY)E (dx 1) jas (dx2)
t XxX JX

(8.31)
and

d ®
d—(g, m(x,w;,~))=f / [¢®(y) — g(x1) — g(x2)] P(x1, x2,dy)
t XxXxJx

x [ Ce, wi dxp) e (dxp) + & (x; dxp)é (w; dxo)].
(8.32)

The evolution on functions that is dual to the dynamics (8.31) is specified by
the equation

—g(X) // [¢® ) — g(x) — g(2)] P(x, z, dy): (d2). (8.33)

More precisely, the proper dual problem to the Cauchy problem of equa-
tion (8.31) is given by the inverse Cauchy problem for equation (8.33):

d
d—g(x) = —/ / [¢®(y) — g(x) — g(2)] P(x, 2, dy) ., (d2),
! xJx
tel0,r], g =g. (8.34)

As mentioned above we shall use the cut-off kernel P,, which, as in The-
orem 6.7, will be defined by equation (6.19). We shall denote by u}, &/, etc.
the analogs of j,, & arising from the corresponding cut-off equations (with P,
instead of P, i instead of wu, etc.).

The following result collects together the qualitative properties of the first
variational derivatives of the solutions to kinetic equation (8.29) and their cut-
off approximations.

Theorem 8.8 Suppose that P(X,.) is a continuous function taking SX* to
M(X U SX?) (where the measures are considered in the weak topology) and
that it is E-non-increasing and (1 + E)®-bounded for some continuous non-
negative function E on X such that E(x) — 00 as x — 00. Suppose that
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w € Meye(X) and (1 + EP, ) < oo for the initial condition i = o and
for some 8 > 3.

(i) Then the inverse Cauchy problem (8.34) is well posed in Ci4fpo, © <
B — 2. More precisely: there exists a backward propagator U™ = U I’A” in
C\, gp-1(X) which preserves the spaces C1ge(X) for o € [1, B—1], specifies
a bounded propagator in each of these spaces and is strongly continuous in
Ciyge(X) forany w € (1,8 — 1]. Forany g € Ciygo(X), w € [1,8 — 2],
U'"g = g, is the unique solution to (8.34) in the sense that g; € C1go(X)
for all t and (8.34) holds uniformly on the sets {x : L(x) <1}, 1 > 0 and, for
any g € Ciipo (X)) and w € (1,8 — 2], U""g = g solves (8.34) in the
norm topology of Cy gw+1(X).

(ii) The dual (forward) propagator V*' is well defined in each space
Mili[gg(X), w € [1,8 — 1], and, for any & € ./\/lilfgg(X), VSIE s the
signed
1+EF-1
lem (8.31) (with initial data & at time s) weakly in M
& (w, x) = V18, is well defined.

(iii) &' (w, x) — & (u, x) as n — oo in the norm topology of M1 ge with
w € [1, B —2) and x-weakly in M gp-1.

(iv) & depends Lipschitz continuously on g in the sense that, for v €

(1.8 —-2],

sup [|E; (118, x) — £ (3, V) ll14E0 <c(t, (1 + EX, ub + 1))
s<t

unique weakly continuous curve in M (X) that solves the Cauchy prob-

signed

|+ EB-2 (X). In particular,

x [1+ E™ g — tdll o prvo.

(v) Equation (8.5) holds for & if the limit exists in the norm topology of
Miype(X) withw € [1, B — 1) and weakly in M, pp-1.

Proof (i) Equation (8.33) can be written in the form
g=A,g— Bg (8.35)
with
Arg(x) = /X/X [¢®(y) — ¢(0)] P(x, 2, dy) s (dz) (8.36)
and

Bzg(X)=/ g(Z)// P(x, z, dy) s (dz). (8.37)
X xJx

Thus it is natural to analyze this equation by perturbation theory, considering
B, as a perturbation. The equation g, = A,g; has the form (4.1) with

a(x) = /x /X P(x,z,dy)u(dz) < c[1+ E)] [uelli4E.
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and, forallw < 8 — 1,

B:g
14+ E

- Csu (fg(z)(l +E@) + E(z)mt(dz)>
N xp 1+ E(x)

= Cliglh+ke / [1+ E@][1 + E@]i(dz) < 3CIglh+ro il 4 porr-

I B:gllh+e = H

Moreover, as w > 1,
Ar(1 4 E®)(x) < C/ [1+[E@) + EQI” — E°(0)} [1 + E@) + E(0)] e (dz)
X
< Ce(w) / [E“ 0E@ + E°@] 11+ E@) + E@)] @),
X
(8.38)

Applying the second inequality in Exercise 6.1, at the end of Section 6.3,
allows us to estimate the integrand as

() {1 +EYTN Q)+ EC) [1 + E(z)]} ,
implying that
Ar(1+ E®)(x) < c(o, t, e, en)[1 + E“(x) + (E“T, 1. (8.39)

By Gronwall’s lemma this implies that the backward propagator Ui’r of the
equation g; = —A,g; possesses the estimate

U5 )] < c@. 1, eo enlglhvrell + EOG) + (BT ], (8.40)

and the required well-posedness of the equation ¢ = A;g follows from
Theorems 4.8 and 4.9 with y; = 1 + ES,s € [1, 8 — 2] and ¢ = 1 + EF~1L
Well-posedness for equation (8.33) follows from perturbation theory.

(i1) This is a direct consequence of (i) and duality.

(iii) The required convergence in the norm topology can be proved in the same
way as Theorem 6.13, and we omit the details. The corresponding *-weak
convergence follows from the uniform boundedess of /" and & in M| ps-1.
(iv) This is similar to the corresponding continuity statement (Theorem 6.12)
for the solution of the kinetic equation itself. Namely, setting g =
& (uy. x), j = 1,2, one writes

IE" — &1+ o
t
_ /O ds f (05 (1 + E“D®(y) — (03 (1 + E*)(x1) — (03 (1 + E*))(x2)]

x P(x1, x2, dy)[E] (dx1)pl (dx2) — E2(dx1) 2 (dx)],
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where o denotes the sign of the measure 5;1 — 5,2 (again chosen according to
Lemma 6.14). Next, writing

£l (dx)pl(dxa) — E2(dx1) i (dxa)
= o, (x1)|E) — E2(dx)pl(dxa) + E2(dx)(u! — p2)(dx2),

one may given an estimate for the contribution of the first term in the above
expression for ||<§t1 — §t2|| | +E©:

/OtdS/ {lE(x1) + E(x2)]” — E®(x)) + E®(x2) + 1} P(x1, x2, dy)
x |&! — &21(dx 1) (dxo)
< c/Otds /[Ew—1<x1)E<xz> + E®(x2) + 1[1 + E(x)) + E(x2)]
x |&) — E21(dx1) i (dx2)
< c(w. ep. 1) /O tdsus; — 1o g1y por -

The contribution of the second term is

t
1 2 2
c(@, eo, 1) / dsli! = 121y port 1E2] 1y pos
0

2 1 2 1 2 2
<clw,(1+E te, o + o)ty — uglirgert 1Eg 1l 4 ot

Applying Gronwall’s lemma completes the proof of statement (iii).

(v) As can be easily seen (adapting the proof of Theorem 6.10 to the sim-
pler situation of bounded kernels), the solution u} to the cut-off version of
the kinetic equation satisfies this equation strongly in the norm topology of
M, gp-e for any € > 0. Moreover, u!, depends Lipschitz continuously on 1o
in the same topology and &/ satisfies the corresponding equation in variational
form in the same topology. Hence it follows from Theorem D.1 that

1 n
[14) (1o, +582) — s (10) ]

&' =& (nos x) = lim -
s—04 §

in the norm topology of M| ps—, with € > 0. Consequently,

h
(g, iy (o + héy)) — (g, uf (o)) = /0 (g, & (o + s8x; x5 ) ds

forall g € Cy pp—(X) and € > 0. Using statement (ii) and the dominated
convergence theorem one deduces that

h
(g,m(qurth))—(g,uz(uo))=fo (8, & (o + 563 x;.))ds  (8.41)
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forall g € Ci1gr(X), with y < B — 2. Again using dominated convergence
and the fact that the & are bounded in M, -1 (since they are x-weakly
continuous there), one deduces that (8.41) holds for g € Cy pp-1 o (X). Next,
for such g the expression under the integral on the r.h.s. of (8.41) depends
continuously on s due to (iii), which justifies the limit (8.5) in the *-weak
topology of M, gs—1. Moreover, as & depends Lipshitz continuously on p
in the norm topology of M, ps— and since the & are bounded in M, g2,
& must depend continuously on s in the r.h.s. of (8.41) in the norm topology
of Mgy, withy < B — 1. Hence (8.41) justifies the limit (8.5) in the norm
topology of M4 gv(X), withy < B — 1. O

Theorem 8.9 Suppose that the assumptions of the previous theorem hold.

(i) There exists a unique solution n; = n(i, x, w) to (8.32) in the sense that
no = 0, 0y is a x-weakly continuous function t — M pp—2 and (8.32) holds
for g € C(X).

(ii) i (i, x, w) = (1, x, w) *-weakly in M pp—.

(iii) s (L, x, w) can be defined by the r.h.s. of (8.6) in the norm topology of
Mgy withy < B — 2 and in the x-weak topology of M ps—.

Proof (i) The linear equation (8.32) differs from equation (8.31) by the
addition of a nonhomogeneous term. Hence one deduces from Theorem 8.8
the well-posedness of equation (8.32) and the explicit formula

t
N (x, w) = / VESQ(x, w)ds, (8.42)
0

where V% is a resolving operator for the Cauchy problem of equation (8.31)
that is given by Theorem 8.8 and Q;(x, w) is the measure defined weakly as

(8, 2 (x, w)) =/ / [(V) — g(z1) — g(z2)] P(z1, 22: dy)
XxX JX
x & (x5 dz1)& (w; dz2). (8.43)
Thus
1€ (e, W)l o < / [+ e + B e s dzg s dza).
X

(i1) This follows from (8.42) and Theorem 8.8 (ii).
(iii) As in the case of &;, we first prove the formula

h
(g, & (o + hdy: x,.)) — (g, & (mos x, ) = /O (g, n (o + $8w; x, w; ) ds
(8.44)
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for g € Coo(X) by using the approximation 1} and dominated convergence.
Then the validity of (8.44) is extended to all g € C; gp-2 o, using dominated
convergence and the bounds obtained above for 7, and &;. By continuity of the
expression under the integral on the r.h.s. of (8.43) we can justify the limit (8.6)
in the »-weak topology of M, ps—2(X), completing the proof of Theorem 8.9.

O

As a consequence of these results we can get additional regularity for the
solutions of the kinetic equations and the corresponding semigroup given by
O F () = F(pr).

Let MEMI (X) = Mey,e, (X)NM; gs(X); thisis clearly a closed subset of
My gs(X). Let Cvague(Mgo,el (X)) be the Banach space of x-weakly (in the
sense of M, ps(X)) continuous functions on /\/lfO,g1 (X). The starting point
for the analysis of ®; is given by the following theorem.

Theorem 8.10 Under the assumptions of Theorem 8.8, the mapping
(t, ) +— uy is *-weakly continuous in ./\/leﬂo,e1 (X) (if both w and ; are
considered in the x-weak topology of M, gs(X)), and consequently the

semigroup Oy is a contraction semigroup in Cyygue (/\/lfo,e] (X)).

Proof Suppose that w, iy, n2,... € Mfo,gl (X) and that u"* — u *-
weakly in M, gg(X). By the uniform boundedness of u} in M, ps(X),
in order to show that u; (") — s () *-weakly in M, ps(X), it is enough
to show the convergence (g, u; (")) — (g, us(n)) for any g € C¢(X). From
Theorem 8.8 it follows that

(g, e (")) — (g, pe ()

h
= /0 ds // §ME& (e +s(u" — ), x,dy)(u" — w)(dx)  (8.45)

forany g € Cy 1 pp-1 o (X). To show that the r.h.s. tends to zero it is sufficient
to prove that the family of functions

/g(y)éz(u +s(u" — ), ., dy)

is relatively compact in Cy gp o (X). As this family is uniformly bounded in
Cips-1(X), again by Theorem 8.8, it remains to show that by the Arzela—
Ascoli theorem it is uniformly (with respect to n) continuous in any set
where E is bounded. But this follows from the proof of Theorem 4.1 (see
equation (4.20)). O

We are now interested in a rather useful invariant subspace of
Cvague(MEO,el(X)), where ®; is strongly continuous, and an appropriate
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invariant core. To begin with we observe that if the first variational derivative
of F exists and is uniformly bounded on Meﬂo‘el (X) then @, F is strongly con-
tinuous (and even smooth in 7). However, it is not at all clear that the space of
such functionals is invariant under ®,, since all our estimates of the variational
derivatives of , depend on the M ps(X)-norm of . Hence the choice of
invariant subspace must be a bit subtler, as is explained in the next result.

Theorem 8.11 Under the assumptions of Theorem 8.8 the subspaces K,
w € [1, B — 1], of functions F from C\,ague(/\/leﬂoye1 (X)) having the properties
that

(i) 8F(w)/8mu(x) exists and is vaguely continuous for x € R? n €
My e, (X),

(i) SF () /8 (.) € Ci4ge uniformly for bounded |||y g5,

(iii) Supuero.e, x) <
are invariant under ®;, and ®; is strongly continuous (in the topology of
C\,ague(./\/lfo,e1 (X))) in these spaces.

Proof

SF (s (mu)) :/ 8F (s (mu))
Sp(x) x  Sue(y)

As [|E (1, x, )y ge—t < c[1+ EP~1(x)] uniformly for bounded |||l s, it
follows that properties (i) and (ii) are invariant (the continuity of the variational
derivatives in p follows from duality). The invariance in (iii) follows from the

equation
SF( SF
(M AM) =< ). Am)_
() S (L)

This equation simply expresses the commutativity of the semigroup and its

SI(/’vav dy)

generator, ®; L F () = L®; F (). However, as we do not know that our semi-
group is strongly continuous, we must justify the above equation by the usual
cut-off approximations. O

8.4 Estimates for Smoluchovski’s equation

Unfortunately, application of the perturbation series representation to bound
the norms of U™ in C14go(X) would yield only the exponential dependence
of these norms on (E#~!, 11), and this does not allow for effective estimates of
the LLN rate of convergence. To obtain better estimates is not a simple task. We
shall derive them now only for pure coagulation processes, imposing further
assumptions. Namely, we shall prove two results on the linear dependence of
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the variational derivatives of the moments of wu, assuming either additional
bounds on the rates or some smoothness of the kernel. These estimates will
play a crucial role in obtaining precise rates of convergence for the LLN for
coagulation processes.

In what follows we shall often use the elementary inequalities

(E', v)(EX, vy < 2(EFT=1 vy (E, v), (8.462)
(EX, VE(x) < (E* v) + (B, v)EF (%), (8.46b)
which are valid for arbitrary positive v and k, [ > 1.

Remark 8.12 These inequalities are easy to prove. For example, to get
(8.46b), one writes

(E', v)(EF, v) = / f E'(x) EX(y)v(dx)v(dy)

and decomposes this integral into the sum of two integrals over the domain
{E(x) > E(y)} and its complement. Then the first integral, say, is estimated
as [[ EF* 1) E()vdx)v(dy).

Theorem 8.13 Under the assumptions of Theorem 8.8 assume additionally
that we have pure coagulation, i.e that P(x1, xa, dy1dy>) vanishes identically
and the remaining coagulation kernel P = K is (1 +/E)®-bounded, i.e. that

K(x1,x) < C [1 + \/E(xl)] [1 n ,/E(xz)] . (8.47)
Then
1U™ e, 5 < c(r.eo. e1) (8.48)

(using notation from Theorem 8.8). Moreover, for any w € [1/2, 8 — 1/2] we
have

U ()] < ey e, enlighn {1+ E2) + [1 4+ VE@ | B2, ],
(8.49)

EN2 0lEN vz)

(8.50)

IV EN My g0 < €00, 1) (IE A g + €

Sup I, (u: )l < (o, €1) {14+ B2 + @72 0 14+ VE®] |

(8.51)
Finally, for v € [1/2, B — 2],
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sup [[ns (i, x, w; )|l 14+E
s<t
<c(t. o, e0. el + E*TN(x) + ET () + (E“F2, ). (8.52)
Proof To begin, observe that the estimate

A1+ E®)(x)

< C/X (14 [E) + E@Q)]° — E“(x)) [1 + \/E(z)] [1 n ,/E(x)] 10:(dz)

holds for all @ > 0, and not only for @ > 1 (here the absence of collisions
is taken into account). After simplifying with the help of Exercise 6.6 we
obtain

A+ EN) = €1+ B2 + [14+ VE® | (B2, )

for w > 1/2 and, consequently, by Gronwall’s lemma,

UL 800l < c(reo. enliglsps {1+ EG) + 1+ VE®| (B2 w)
(8.53)
for g € C14go(X), @ > 1/2. In particular,

UL gWlc,, 7 <clr e enlglc,,

Moreover, as

1Biglly, g < c/g@ [1+ VEG | wrtd2)
< cliglhsgo il gosrr

for @ > 0, the operator B is bounded in C;, ,z with estimates depending
only on eq, e; so that from perturbation theory applied to the equation ¢ =
—(A; — B;)g one obtains (8.48) directly. Moreover, it follows from (8.53) that

|BUS g < e e0, e = Dlighisge [1+VE®] [1+ EF12, )]

and since from perturbation theory

,
Ut = Uj(g+/ U™B,U," g ds,

t

one obtains (8.49) from (8.48) and (8.53). Formula (8.50) follows then by
duality, and (8.51) is its direct consequence.
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Finally, if @ > 1/2 it follows from (8.43) that

1920 G, w1150 < c/

| D e+ B [14 B e [14 £ )]

X & (x; dz1)& (w; dz2).
=c (||‘§t(,Un x)||1+Ew+1/2 1&: (e, w)||1+El/2
+ & (e, w)||1+Ew+1/2 1&: (e, X)||1+E1/2) s

which by (8.51) does not exceed

c {1 +EOH2(x) 4 (EOH2 ) [1 + \/%]] [1 n \/W]
Y {1 + EOH 2 (w) + (B2, ) [1 n \/M]} [1 n \/W]

<[l 4 E“T (x) + E“T (w) + (E“T2, ).
Hence by (8.50)

sup [, (x, w; Hl14+Ee
s<t

EOtT1/2

< c(t, eo, er) sup [|€2: (x, w) |l 14£o + ( , W) sup [|€2 (x, Wl /5
s<t §<t

< C(t, €q, e]) {1 + Ew+1(x) + Ew+l(w) + (Ew_;,_z’ /_,(,)
@R [14 B0 + B + B 0.

It remains to observe that the last term here can be estimated by the previous
ones, owing to (8.46b). O

Our next result deals with the case of a smooth coagulation kernel. For sim-
plicity, we shall consider here only the classical Smoluchovski model, where a
particle is characterized exclusively by its mass, i.e. the state space is R Let
us introduce now some useful functional spaces.

Let X = R; = {x > 0}. For positive f we denote by C}’O = C}’O(X) the
Banach space of continuously differentiable functions ¢ on X = Ry such that
limy .0 ¢ (x) = 0 and the norm

”d’”c};o(x) = ||¢/||Cf(x)

is finite. By Cfc’o = CJZC’O(X) we denote the space of twice continuously

differentiable functions such that lim, .o ¢ (x) = 0 and the norm

90200, = 19/l + 119”11
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is finite. By M}(X) and M?(X) we denote the Banach spaces dual to C}’O
and C?O respectively; actually, we need only the topology they induce on
(signed) measures, so that for v € M(X) N /\/l’f (X),i=1,2,

19l x) = SUPLEB. ¥) < gl o < 1)

Theorem 8.14 Assume that X = Ry, K(x1, x2,dy) = K(x1, x2)6(y —x1 —
x3) and E(x) = x and that K is non-decreasing in each argument that is
twice continuously differentiable on (R+)2 up to the boundary, all the first and
second partial derivatives being bounded by a constant C. Then for any k > 0
the spaces C llek and C ffEk are invariant under U"" and

(U™ g) (x)| < k(C, 1k, ep, enligl 1o . [1 +Ef() + (EHI’MO)]’

I+E
(8.54a)
((U""9)" ()] <k (C.1 k. eo.en)llgll 20 [1 + EX(x) + (B, Mo)] ,
1+E
(8.54b)

sup (1§ (o; x3 )l pq0

s<t 1+EK
<K (C.r ko, e {E@) [14+ B ug) |+ B o} 855)
and
sup s Guo: x. wi e = K(Ct ke en) [14 (B o) |
x {[E@ 1+ B2, o) + B0 E(w)
+[E@1 + B2 g + B2 | E) .
(8.56)

Proof Notice first that if g,(0) = O then g; = 0 for all 7 according to the
evolution described by the equation ¢ = —(A; — B;)g. Hence the space of
functions vanishing at the origin is invariant under this evolution.

Recall that E(x) = x. Differentiating the equation ¢ = —(A; — B;)g with
respect to the space variable x leads to the equation

. K
g'(x) = —A(gH(x) - /[g(x +2) —g(x) — g(Z)]E(x, D (dz). (8.57)
For functions g vanishing at the origin this can be rewritten as

§'(x)=-Ag - Dig
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with
x+z 4 oK
Dt¢<x>=/<f ¢<y>dy—f0 ¢<y)dy) = o).

Since
I D:@ll < 2CNPICE, pr) = 2Cer @l

and Uz’r is a contraction, it follows from the perturbation series representation,
with D; considered as the perturbation, that

|u* < c(r, ep, e1),

"llero
(X))
proving (8.54a) for k = 0. Next, for k > 0,

D1 ()] < cllgll i / [+ 2t bt b2 )

< )bl g / @2+ + 2 da),
which by the propagation of the moments of 1, does not exceed

clk, eIl e[+ x5) + (B o).

Hence, by equation (8.40),
r
J

which by induction implies that

UL DU g(0|ds = ¢ = Dk ks eo, )l

x [1+ EX(x) + (EF wo)l,

/ U Dy, - - Dy, Uf\"’rg(x)‘ dsy - - -ds,
1<§]<--<sp<r
r—n"
< K" (r, k, e, eDllglly g1 4+ EX(x) 4+ (EXT o).

n!
Hence (8.54a) follows from the perturbation series representation to the
solution of (8.57).

Differentiating (8.57) leads to the equation

g0 = —A(g"NH ) = ¥, (8.58)

where

/ / 8K
Yy = 2[ [¢'(x +2) — g’ (0)] = D d)

x+z b4 32K
+/ (/ g/(y)dy—/ g’(y)dy> =27 (6 D (da).
X 0 X
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We know already that for g, € C f LB the function g’ belongs to 1 + E* with
the bound given by (8.54a). Hence by the du Hamel principle the solution to
(8.58) can be represented as

,
o =Uigl+ [ Uitvds
t

Vi@ < (Cor = toe.e0) [14 B0 + (B o)

(8.54b) follows, completing the proof of (8.54), which by duality implies
(8.59).
Next, from (8.42), (8.43), duality and (8.54) one obtains

sup (|75 (103 %, w3 Illpge < tsupsup{|(U™'g, Q(x, w))| : llgll 20 <1}
s<t 1+Ek s<t 1+ £k

< «(C,t,ep, er)sup sup (g, 2s(x, w)),

S<t gell}

where
M= {g: 80 = 0, max(ig' W1, 1" WD = 1+ EX0) + (B o)}

It is convenient to introduce a twice continuously differentiable function x on
R such that x (x) € [0, 1] for all x and x (x) equals 1 or O respectively for x > 1
and x < —1. Then one writes Q; = Q} + Qf, with Q! (resp. Qz) obtained
from (8.43) with y (x;1 —x2) K (x1, x2) (resp. [1 — x (x1 —x2)]1K (x1, x2)) instead
of K (x1, xp). If g € T, one has

(g 2 (x, w)) = // [g(x1 4+ x2) — g(x1) — g(x2)] x (x1 — x2)
x K (x1, x2)&5 (x; dx1)&s (w3 dxz),

which is bounded in magnitude by

d
—/ { [g(x1 4+ x2) — g(x1) — g(x2)]

(w, . su
€6 (. Dl 58P |5

x x(x1 —x2) K (xy, Xz)} E(x; dxy)

< l&s(w, ')”M:(X)Hés(x, ')”M}_,_EHI(X)
2

3)623)61

-1
X sup [1 + Ek+1(X1)] { [g(x1 +x2) — g(x1) — g(x2)]

X1,X2

X x(x1 —XZ)K(XI»XZ)} ‘
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Since

2

{[g(x1 +x2) — g(x1) — g(x2)] x (x1 — x2) K (x1, x2)}

(X K)(xy,x2)
0x1

0x20x]
=g"(x1 + x2) (X K)(x1, x2) + [¢/(x1 + x2) — g'(x2)]

d(x K)(x1, x2)
0x2

(X K)(x1, x2)
8x18x2

+ [/ (x1 + x2) — g’ (x1)]

+ [g(x1 + x2) — g(x1) — g(x2)]
this expression does not exceed in magnitude
L ESF o) + (BFF o) (1 + E(x1)
(up to a constant multiplier). Consequently,
1
(& @), w)| < K ONE @, g 16 nge )

X [1 + (Ek+l, ,uo)] .

The norm of Qf may be estimated in the same way. Consequently (8.55) leads
to (8.56) and this completes the proof of the theorem. O

We shall prove now the Lipschitz continuity of the solutions to our kinetic
equation with respect to the initial data in the norm topology of the space
1
M1+E’<'
Proposition 8.15 Under the assumptions of Theorem 8.14, for k > 0 and
m=1,2,
sup |45 (1g) — s u)laer < #(C 1.k, €0, en)(+ EE, g+ 1)
s<t

X g — gl (8.59)

rln+Ek ’
Proof By Theorem 8.8,
t
(g, e (1ed) — me(ped)) = /0 ds // SONE(d + s(u — 1d); x; dy)
X (g — 1) (dx). (8.60)

Since

(8. &(Y;x;.) = (U™ g, &Y, x;.)) = (U™ @) (),
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it follows from Theorem 8.14 that (g, &(Y; x;.)) belongs to C:"_;%k as a
function of x whenever g belongs to this space and that

18, & (V35 Dllgno ) = #(Ct.kse0,enliglonn ) [14+ EFL 1]
1+Ek 1+Ek

E

Consequently (8.59) follows from (8.60). O

Exercise 8.4 By Lemma 6.14 and Theorem 8.8, the norm of the solution
to the Cauchy problem (8.31) with initial data & € M ;g0 (X), w < 8 — 1
satisfies the equation

€M, po ()
t
= 1€ ptys o) + /0 ds / P(x. 2, dy)&s(dx)us (d2)
% [(@3(1 + E*N®(y) — (0 (1 + E“)(x) — (031 + E*N()],

where o; is the density of & with respect to its positive variation |&;|. Deduce
from it that

€M, po (x) = NE M, po x) + c(e0, €1, 1)
t
x f Ecp,, o) + NEl o /g (EFV2, )] ds,
0

which implies (8.50) directly, bypassing the use of dual equations on functions.

8.5 Propagation and production of moments
for the Boltzmann equation

Here, in preparation for the next section, we prove two well-known special
features of Boltzmann-equation moment propagation (in comparison with the
general jump-type processes of Section 6.4): first, the bound to the moments
can be made uniform in time and, second, finite moments are produced by the
evolution, i.e. the moments become finite at any positive time even if for the
initial state they were infinite. The exposition follows essentially the paper of
Lu and Wennberg [164].

Recall that the Boltzmann equation in its weak form (1.52) or (G.3) can be
written down as

d
d—(g, ES: f f [g(v) + gw") — g(v) — gw)]B(Jv — w, 6)
t gd—1 J g2d
x dn py(dv)p (dw), (8.61)
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where the input and output pairs of velocities are denoted by (v, w) and
(v', w"). We shall work with the hard-potential case, using a cut-off; i.e. will
assume that

B(|v],0) = b@®)|v|?, B e (0,1], (8.62)

where b(0) is a bounded, not identically vanishing, function. Notice that we
exclude the case of bounded kernels (i.e. kernels with 8 = 0).

Remark 8.16 For applications it is important to allow certain non-integrable
singularities in b(6), for € near 0 and 77 /2. As can be seen from the proof of
Proposition 8.17, below, our estimates remain valid only if

/2
/ b(0) cosb sin?" 19 do < .
0

Here we shall use the following shortened notation for the moments of
positive functions f and measures j:

I£1ls =ff(X)(l+|v|2)”2dx, el =/(1+|v|2)”2u(dx>.

In our general notation, ||| is written as ||| o4 RY)> where E (v) =

a+Ey/2(
v? is the kinetic energy.

Proposition 8.17 Under condition (8.62) let i = o be a finite measure on
R with ||\puolls < oo for some s > 2. Then

) B2
laelly < & s
" L+ @l PO pyyemashi/o-)

where

~ ~ —B(s—2
ag =agllulla, by = byllulollwl;?¢ (8.64)

and ay, by are positive constants depending only on s. In particular

a

b+ (@lpollyly — bye—e

liell2+p < (8.65)

where a, b depend on || i1ollo and || 1Loll2-

Proof From the general results in Theorem 6.7 we know that the | u;||s
remain finite for all ¢z (in fact one can prove this without referring to
Theorem 6.7by means of the usual approximations combined with the a priori
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estimates given below). From the Boltzmann equation (1.52), for any non-
negative solution ., we get

d
d—”ll«t”s:}; / / (e (dv) e (dw) v — w|Pb(O)dn
1 gd—1 J g2d
x [(1+ )72 4+ (1 + [w'?)?
— (14 2 = (14w,

which by the collision inequality (G.7) does not exceed

26 / pe(do)pta (dw) v — wlP (1 4+ P21 4 w2y /2
R .

= dmin(§s6 - 2.2) k2 [ oo - w1+ 1P
R2d
(8.66)

where

/2
K1 =/ b(@)lcos@||sin9|dn=2Ad_2/ b(6) cosOsin? 16 do,
sd—1 0

/2
Ky = / b(6)cos?Osin®O0dn = 2A4_» / b(6) cos 0 sin? 6 d6.
sd-1 0
Here A, denotes the surface area of the d-dimensional unit sphere. Using the
elementary inequality
v —wl? = A+ P2 = 1+ w2,

one deduces that
/M s (@) (dw)lv — wi (1 + o)
R

> Nl llolillsp — el plsells
1 s—2 —B(s—2
> llelolee 1P 15772 = ellgllge s

The latter inequality follows from the Holder inequality withg = 148/(s—2),
p=1+(—-2)/B,ie.

_ -2
P2 < 15 ) el

Consequently, using [v — w|? < |v|? + |w|? for the first term in (8.66), it
follows from (8.66) that

d _
Sl < aslils — byl I TP, (8.67)

with ag, by from (8.64). Applying the result of the easy exercise given below
completes the proof. O
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Corollary 8.18 Under the condition (8.62) let || j1oll2 < 00. Then there exists
a solution ;, preserving mass and energy and having all moments finite for
all positive times, that possesses the estimate

Ay
bs(1 + e—apt/(s=2)

B/(s—2)
] (8.68)

l[ells < [

Proof For o with a finite moment ||2o||s this follows directly from (8.63).
For other 1o one obtains the required solution by approximating o with p
having a finite moment. O

Remark 8.19 From (8.68) one can also deduce the uniqueness of the
solutions preserving mass and energy; see Mishler and Wennberg [188].

Exercise 8.5 Show that the ODE
X =ax — bx't® (8.69)

in Ry, where a, b are positive numbers, has the explicit solution

l/w
a
= 8.70
* |:b + (ax,“ — b)e—“‘”’:| (8.70)

and, moreover, that the sign of the expression ax~® — b remains constant in
the solutions. Hint: check that the function z = ax™® — b satisfies the linear
equation

= —waz.

8.6 Estimates for the Boltzmann equation

Theorem 8.8 allows us to estimate the moments of the derivatives &;, with
respect to the initial data, of the solutions u, to kinetic equations of jump type,
in terms of the moments of the w,. However, as mentioned already, follow-
ing the proof of Theorem 8.8 yields only the exponential dependence of such
estimates of the moments of p, which would not be enough to obtain effective
estimates for the LLN developed later. With the latter objective in mind, in Sec-
tion 8.4 we obtained estimates for the norms of & having a linear dependence
on the moments of u, using specific features of coagulation processes. In the
present section we shall use specific features of Boltzmann collisions (devel-
oped in the previous section) to get polynomial estimates of the moments of
& in terms of the moments of ;. We shall use the notation for derivatives
introduced at the beginning of this chapter in (8.5) and (8.6).
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Theorem 8.20 Assume that (8.62) holds for a bounded non-vanishing b(0).
Then, for s > 2,

|U""g()| < c(r, s, eo. eD)Igll (14 gys2 (1 + 0]/
x (1 Iollp ol 50 ®8.71)

IV™Ells < elt, s, eo, €1) (1 + ||uo||s+,aII;LoII‘z”f,’fo’e”) IEls,  (8.72)

Sup (1§, (1, )5 < (¢, eo, e (1 + 1172 (1+ lollp ol ")
r<t

(8.73)

Sup [ e, x, w3 )lls = et s, e, en) (1+ lollysalliolly ")

s<t

x [(1+ o)1+ [wl? + A+ w21+ JvH].
(8.74)

Proof As in Exercise 8.4, we begin by noting that, by Lemma 6.14 and
Theorem 8.8, the norm of the solution to the Cauchy problem equation (8.31)
with initial data § € M1 p0(X), ® < B — 1, satisfies the equation

”Et“MH,Ew(X)
t
= &My g0 0) +/o dT/P(X,Z,dY)Er(dX)Mr(dZ)
X [(z (1 4+ E“N®(y) — (0: (1 + E?)(x) — (0 (1 + E?) (2],

where o; is the density of & with respect to its positive variation |&,|. Under
the assumption of the present theorem it follows that

t
&5 < 15olls +c/0 /RM('”'ﬁ + 1wl (dv)pe (dw) d
X [+ v + T+ w72 = A+ [ + 4+ [wH2,
and consequently, by inequality (6.16),
t
&N < 5ol +c/O /RM(W + wlP)&; (dv) e (dw) dt
x [(1+ [wH 1+ )7 4+ A+ w2 + A+ (w7,

implying that
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t
16115 < N1&olls +C/0 dr (& sl fxll2 + NE M2l fz lls+p)- (8.75)
Thus

t
&:1l2 < exp <C/ ll14s 12+ dS) 50ll2-
0

Hence, if ||uoll24+p < a/b (see equation (8.65)) then || usll24+p < a/b for all s
and

I& 112 < exp(cta/b) lIgoll2-
If [liolla4p > a/b then, by (8.65),

! ads
e < exp (e [ S— T
0 b—(b—alluol; e

Using the elementary integral

d ,
/—y=1og(e>—c), c<1,y>0,
1 —ce™

one then deduces that

— t
/, ads 1 . b—alwoliy,
— =—-log|e” — ———
0 b—(b—allpoliy e b b

0

L 1+b(‘” Dllpoll
= —1lo — (e — s
b g p Holl2+p

implying that

b 1/b
€2 < <1 + ;(e“’ - 1)||MO||2+ﬂ> §oll2 (8.76)

and hence that (8.73) holds for s = 2. Now one may conclude from (8.75),
(8.76) and Gronwall’s lemma that (8.73) holds also for s > 2. One obtains
(8.72) similarly, and (8.71) follows from duality. Finally, (8.74) is obtained
from (8.42) as in the coagulation case. ]






PART III

Applications to interacting particles






9

The dynamic law of large numbers

In the introduction to this book general kinetic equations were obtained as
the law of large numbers (LLN) limit of rather general Markov models of
interacting particles. This deduction can be called informal, because the limit
was performed (albeit quite rigorously) on the forms of the corresponding
equations rather than on their solutions, and only the latter type of limit can
make any practical sense. Thus it was noted that, in order to make the theory
work properly, one has to complete two tasks: to obtain the well-posedness
of the limiting kinetic equations (specifying nonlinear Markov processes) and
to prove the convergence of the approximating processes to the solutions of
these kinetic equations. The first task was settled in Part II. In this chapter we
address the second task by proving the convergence of approximations and also
supplying precise estimates for error terms.

We can proceed either analytically using semigroup methods or by work-
ing directly with the convergence of stochastic processes. Each method has
its advantages, and we shall demonstrate both. To obtain the convergence of
semigroups we need to estimate the difference between the approximating and
limiting generators on a sufficiently rich class of functionals (forming a core
for the limiting generator). In Section 9.1 we calculate this difference explicitly
for functionals on measures having well-defined first- and second-order varia-
tional derivatives. Section 9.2 is devoted to the case of limiting generators of
Lévy—Khintchine type with bounded coefficients. The remaining sections deal
with pure jump models having unbounded rates.

9.1 Manipulations with generators

In this section we carry out some instructive manipulations with the genera-
tors of approximating Markov chains, leading to an alternative derivation of
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the limiting equation (1.75). Instead of first deducing (1.73) as the limit of the
action of the approximating generators on linear functionals F, and then lift-
ing the obtained evolution to arbitrary functionals, we will obtain the action
of the generators (1.60) on arbitrary (smooth enough) functionals on measures
in a closed form. This approach leads not only to (1.75) but also to an explicit
expression for the difference between (1.66) and its limiting generator, which is
useful when estimating this difference in an appropriate functional space. For
arbitrary k, G < from (1.67) and A* from (1.66), these calculations were car-
ried out in Kolokoltsov [134]. Here we shall simplify the story by considering
only binary interactions, which are by far the most important for applications,
and also only conditionally positive A¥ as only such operators are relevant for
(at least classical) interacting particles.
Let us start with interactions preserving the number of particles, i.e. those
given in (SX)" by
n
D BYif@r )+ Y B[ Gx), OD)

i=1 {i,/}c{l,....n}

where (B,li)i and (BZ),-./ denote the actions of the operators B/i and Bﬁ on
the variables x; and x;, x; respectively. Here B:L and BZ are Lévy-type oper-
ators, in C(x) and CY™(X?) respectively, depending on a measure y as on a
parameter and allowing for an additional mean field interaction:

B, f(x) = 5(Gu(x)V, V) f(x) + (bu(x), V £ (x))
+ / [fG+3) = F&) = (VFE), )1, ()] v (x, dy)

and

Bj f(x.y)
9 9 9 9 9 9
= [% (Gu(x,y)a, §>+ % (Gu(y,x)g, $>+ (yu(x,y)£, 5>]f(x,y)

a d
+ |:(b/,t(x7 y)v a) + <blt(yvx)7 5) f(-xv y)]

+ [ e, dvldvz)[f(x oy ) = )

a 0
—<af(x»)’),vl) 131(”1)_< f(x’y)ﬂv2> 131(1)2)]7
X ay

where G(x,y) and y(x,y) are symmetric matrices such that y(x,y) =
y (v, x) and the Lévy kernels v satisfy the relation

v (x,y,dvidvy) = v, (y, x, dvadvy).
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Remark 9.1 The symmetry condition imposed on the coefficients of B>
is necessary and sufficient for this operator to preserve the set of functions
f(x, y) that are symmetric with respect to the permutation of x and y.

The procedure leading to the kinetic equations consists of scaling B> by a
multiplier 2 and substituting the function f(x) on S&" by the functional F (hdx)
on measures. This leads to a generator given by

n
(Al + ADF(SxX) =Y (Bys JiF(hs) +h Y (Bjs )ijF(héy).
i=1 (i, c(l,...n}

The calculation of this generator is summarized in the following.

Proposition 9.2 If F is smooth enough, which means that all the derivatives
in the formulas below must be well defined, then

ALF(Y)

_ g1 OF h(ooond 2 8*F
_/x[( YSY(.))(xHE( Yma?’@) 5Y (X)8Y ()

! 8°F
“rh/ (1 —S)dS/ <—(Y+Sh(5x+y_5x))s (5x+y_8x)®2)
0 X2

} Y (dx)

y=x

sY()8Y ()
x vy (x,dy)Y (dx) 9.2)
and
AZF(Y)
_ ! B> 5F )\ Y(dx)Y(d
=5 [ (# (5v5) ) e oranray
h , [ 8F \® 3 o
_E/X (BY <_8Y(.)) )(x,x)Y(dx)+h {i,j}%...,n}QY(x“xj)’
9.3)
where Y = héy, x = (x1, ..., x,) and

o )_( ol B8P
PR = Y8 8y ) sy (osy ()

+(6ye )a 9 82F
el Oy __¥F
Y S 9y ) Y (0)8Y (v) ly=s



228 The dynamic law of large numbers

1
+f (1 —s)ds vK(x,y,dvldvg)
0

82
X (m()’ + 5h(8xqv; — 8x + Sypvy, — 8y)),
(Bxtvy — Ox + Sysuy — 5y>®2> :

Proof For differentiation we use the rule

9 pihsy = n22E) Y = héy, x=( ) e X
— =h— , = , X =(x1,..., X
ax; % ax; 8Y (x;) X : "

(see Lemma F.4), which implies that

a 9
G—,— ) Fhs
( ax; 3)6,') (ko)

d 3 \SFY) 9 9 82F(Y)
=h|{G—, — +rG—, — | ———— .
ox; dx; ) Y (x;) ay 09z ) §Y(y)8Y (2) ly=z=x;

Thus

AGF(Y) =) (Bys )i F (hdy)

i=1

_2":{/1@( ) 9 5F(Y)) < ( ) >8F(Y)
T4 Y e sy ) T2\ "ox; ) Y (x;)
(e ) R

2 7%y 92 ) Y (387 (@) ly=e=n

+ / [F(hSx + hds,+y — hdy;)

0 6F
— F(h(SX)—h<axl 5Y(( ; )131(y)} VY(xi,dy)}~

By (F.52),

F(hdy + hdy, 1y — hdy,) — F(hdy)

_ SF(Y) 5 5
B (5Y<.)’ AR )

1 S2F(Y + hs(8y. 1y — Sy
+h2/ (1—s) ( (Y + hs( xXi+y x,))’ (Srey — 6Xi)®2) ds.
0

8Y ()Y (L)

implying (9.2).
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Similarly,

3\ SF(Y)
AhF(Y)—hZ{ (GY(XI’XJ)BX, 3x,~>5Y(Xi)

h 9 8\ SF(Y)
+§<GY("J’X’)3 ax,>sy(xj)

2 (6rm a2 1) BFD_
+h (Gy(xnxj) ) Z) 5Y(y)(SY(Z)‘}'=Z:xi
» o) g
VY(xlaxJ) axj 8Y (x;)8Y (x})

) 5F(Y) e, D SF()
(by(x,,x]) o 6Y(xl)> +h <bY(x]7XI)’ ax] (SY(XJ)>

+/ |:F(h5x + haxi-&-v] - haxi + haxﬁ—vz - h(ij) - F(hax)

3 SF(Y) d SF(Y)
h (aTc,» Y () ’”) Loy (o) —h <8x, 5Y(x;)" ) 131(”2)]

XvY(xi,xj,dvldvz)} .

Applying formula (F.5) to express
F(h3x + haxi—&—vl - h5xi + hax,'+v2 - haxj) - F(hax)
in terms of variational derivatives yields (9.3). O

Remark 9.3 (i) Formula (9.2) can be used to extend the action of A}, to
arbitrary, not necessarily discrete, measures Y but only for functionals F that
are defined on signed measures, since the measure Y + sh(8y4y — dy) may
not be positive. This is important to have in mind, as we are often interested
in functionals of the type F (u;(110)), where u; solves the kinetic equation and
hence is defined only for positive measures f(.

(i1) By (H.1) one can rewrite the last term in (9.3) as an integral:

oY Qyxx))
(i, /)l em)

—h // Qy (. WY (dX)Y (dy) — h / Qy (x, )Y (),

which is more convenient for analysis but can be used only for functionals F'
that extend beyond the set of positive measures, as Qy (x, x) is not defined
otherwise even for Y = hdy.

Similar formulas are valid for interactions that change the number of
particles. See, for instance, the following exercises.



230 The dynamic law of large numbers
Exercise 9.1 Show that if Ag is given by (1.38) then

AVE(Y)

_1 SF(Y)\® SF(Y)\® o
N E/Xz/X [( 5Y() ) (y) — ( 570) ) (z)} P(z,dy)Y®*(dz)
- ﬁ/ / <8F(Y)>®( DT e
2Ll \Gry ) ¥ el

1
+n ) /(l—s)ds/ P(xi, x;,dy)
)70 :

{i.j}c{l,...n

8°F ®2
X <W(Y +5h(8y — 8x; — 8x;)), (By — Ox; — 8x;) ) 9.4)
Exercise 9.2 Extend formulas (9.2)—(9.4) to the case of k-ary interactions,
giving the answer in terms of the operators @é‘[ f1 from equation (H.8). Hint:
consult [134], where the full expansion in /4 is obtained for the generators Al;l
on analytic functionals F (Y).

The main conclusion to be drawn from the calculations above is the follow-
ing. To approximate the generator A of a nonlinear process by the generators
of approximating interacting-particle systems we must work with functionals
F whose second-order variational derivative has the regularity (with respect
to the spatial variable) needed for it to belong to the domain of the generator
of the corresponding approximating system. For instance, this second-order
derivative should be at least twice continuously differentiable for full Lévy—
Khintchine generators — hence the the spaces Cgé]éue(M(Rd)) appear in a
natural way — or it should satisfy certain bounds for unbounded generators
of integral type.

To conclude this section, we consider the model of binary interaction
described by the generator given by (1.38) or (9.4) with limiting equation
(8.29) and under the assumptions of Theorem 8.8 and identify natural classes
of strong continuity for a semigroup T,h, specified below. The natural state
space to work with turns out to be the set

MZ%’el = Mg, (X)N MZ:S(X)s

where M, ¢, (X) is given by (8.30). As usual, we denote by i, = u;(1o) the
solution to the Cauchy problem (8.29).

Proposition 9.4 For any positive ey, ey and 1 < | < m, the operator Aﬁ
is bounded in the space C gt _ym (./\/l;%’el) and defines a strongly continuous
semigroup Tth there such that



9.1 Manipulations with generators 231

h
1T, sy < eXPIE(C.m, Dent]. 9.5)
Proof Let us show that
AIF(Y) < c(C,m, e F(Y) 9.6)

forY = hégxand F(Y) = (1+ E!, Y)™. Then (9.5) will follow by Theorem 4.1
or Gronwall’s lemma.

We have
AZF(Y)

DY / [(1 +ELY 4 h(8y — 85))" — (1 + E, Y)’”] K(x;: dy).
1c{l,.n):1]=2

Because

(14 E' h(y — 8y — 8:,)) < h {[E(x,-) +EG)] - El() — El(xj)}
< heE™ @) E(x)) + EG)E™" (x))],

and using the inequality (a + b)"" —a™ < c(m)(@™'b + b™), we obtain

AJF(Y) <hem,l) Y {(1 +EL vy [Elil(xi)E(xj)
I1c{l,...,n}:|1|=2

+ E(x,-)E’*l(x,)]

+ 0 [E By + EGE' o] Kz ay)

<c(Com.l) //[(1 +EL )" BT @) EG) + E@DE' ™ ()|
+ i B @B + B E @]}

x [1+ E(z1) + E(z2)] Y (dz)Y (dz2).

By symmetry it is enough to estimate the integral over the set where E(z1) >
E(z2). Consequently A%F (Y) does not exceed
! —1pl—1 —1[ i1 "
o [{as g vy e e + 1 B e |
x [1+ E(z))]Y(dz1)Y (dz2)

<c(l+ELY)Y™E,Y) + h’"—lc/ E™=DF YV EM (20)Y (dz1)Y (dz2).
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To prove (9.6) it remains to show that the second term on the r.h.s. of that
expression can be estimated by its first term. This follows from the estimates

/1
E" V) =hY E") < h () El(xi))m = ni=m/ gLyl
(EDHL Yy < hHEMTDYE, Y)
S I’l_m(l_l/l)(El, Y)m(l_l/l)(E, Y) D

The following statement is a straightforward extension of Proposition 9.4
and its proof is omitted.

Proposition 9.5 The statement of Proposition 9.4 remains true if the space
C(14+E! ym is replaced by the more general space

Caprh ym el ymi-

9.2 Interacting diffusions, stable-like and Vlasov processes

As already mentioned, we can roughly distinguish two approaches to the proof
of the LLN: analytical (via semigroups and generators) and probabilistic (using
the tightness of the approximating probability laws and choosing a converg-
ing subsequence). The first leads to rather precise estimates for the error term
of the approximating averages and finite-dimensional approximations, and the
second yields a stronger convergence in distribution of the trajectories. The
second, probabilistic, approach can also be used to obtain the existence of solu-
tions to the kinetic equations. We shall pay attention to both these approaches,
starting with mean-field-interaction Markov processes of a rather general form
(with Lévy—Khintchine-type generators) and then moving to popular and prac-
tically important models of binary jump-type interactions possibly subject to a
spatial motion.

We begin with mean-field-interaction Markov processes having generator
of order at most one, i.e. with the Markov process in (R?)" generated by an
operator G of the form (9.1) with vanishing B> and BIIL = A, of the form
(8.12), i.e.

Apfx) = (b(x,w), Vfx) + /Rd [f(x+y) = f)]vix, m, y)dy.
Then

Gf (1. oxn) = (As)i f(x1, ... Xn), 9.7)

i=1
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where §x = 8y, + --- + d,, and (As,); denotes the action of the operator
As, on the variables x;. According to Proposition 9.2 the corresponding scaled
operator acting on smooth functionals F (hdy) is defined by the formula

1
AnF(Y) ZAF(Y)'HZ/ (1 —S)dS/zvy(x,dy)Y(dx)
0 X
52F Y h(s 5 S P ®2 93
X<m< + 5hBxiy = 82)), (Bxay — 82) ) 9.8)

with

§F
AF(Y) = (Ay(sy(), Y).

Clearly Af € Cyague(My(R?)) whenever F € Cyigue(My(R?)). Notice
that the contents of the large parentheses in (9.8) equal

( 82F 5 82F 82F

TG+ TG +y)  SYry)er () 8Y(x)8Y(x))(Y 5h@rry = 80));

this expression is integrable with respect to a Lévy measure vy (x, dy).
Recall now that under the assumptions of Theorem 8.6 the solutions to the
Cauchy problem

d
—u, = A% uy, =L, 9.9
= Al po=p ©-9)
are well defined and specify the Feller semigroup ®;F(u) = F(u;) in
Cyague(Muy (Rd)) generated by A.

The following result states the dynamic LLN for mean-field-interaction
Markov processes with generators of order at most one in analytic form.

Theorem 9.6 Under the assumptions of Theorem 8.6, the operator given by
(9.7) generates a uniquely defined Feller process in R with invariant domain
Céo (RY"). The corresponding Feller semigroup Uyh on C (M;;; (RY)) of the
scaled process Zf in M;:S (RY) generated by (9.8) converges strongly, for any
M > 0, to the Feller semigroup ®, in the sense that

sup sup |U"F(héy,) — @ F(héy,)| — 0,  n— oo,
St [hdx, <M

for anyt > 0 and F € Cvague(./\/lM(Rd)). Moreover, in the case F €

Cg;éue(./\/l w(R?)) (using the notation introduced before Theorem 8.6) one has
the estimate
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sup sup |U}'F(héy,) — @ F(hdy,)| < c(t, M)h||F|.

2,2 dyy -
s<t ”haxn <M vague(MM(R )

(9.10)

Proof The hard work needed for the proof has been carried out already, in
previous chapters. The first statement follows directly from Theorem 4.13, and
the second from Theorem 8.6, equation (9.8) and Theorem 2.11 (or, better, an
obvious modification in which the approximating propagators act in different
spaces). O

Theorem 9.7 Under the assumptions of Theorem 9.6, suppose that the initial
measures hix,) of the approximating processes Z,h generated by Ay, converge
weakly to a measure 1. Then the distributions of the approximating processes
in D(Ry, M}era (RY)) are tight, with measures considered in their vague topol-
0gy, and converge weakly to the distributions of the deterministic process |i;
solving equation (9.9).

First proof  This follows directly from Theorems 9.6 and C.5.

Remark 9.8 We have avoided any discussion of the compact containment
condition that applies when one is working in the large compact space of pos-
itive bounded measures equipped with the vague topology. The price paid is,
of course, a weaker convergence result (vague but not weak convergence) than
one would expect. Proving this compact containment condition for the approx-
imations in the weak rather than vague topology, which is not very difficult,
would allow us to strengthen the result obtained. This is also relevant to the
second proof of the theorem, which now follows.

Second proof  Here we give a proof which is independent of the analysis of
Chapter 8 and even of most of Chapter 6. As we shall see, the straightforward
probabilistic argument yields the tightness of Z,h and that the limit of any con-
verging subsequence solves the corresponding kinetic equation. Thus the only
part of the previous analysis needed to carry out this proof is the existence of
the Feller processes generated by (9.7) and the uniqueness of the solutions to
the Cauchy problem of the kinetic equation (the latter being needed, of course,
to conclude that not only does a converging subsequence exist but the whole
family of approximations converges). This method, however, does not supply
the error estimates (9.10).

Independently of the convergence of the semigroup, the tightness of the
approximations follows directly via Theorem C.6 from equation (9.8). Let
us show that a converging subsequence, which we shall still denote by Z,h,
converges to a solution of the kinetic equation.
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Recall now that on the linear functionals F,(Y) = (g, Y) the scaled operator
Aj, acts according to

n
AnFo(hdy) =h) (Ans)ig®(X) = (Ans,g, hdy),
i=1
as follows from (9.8) but also directly from the definition of the mean field
scaling. Hence, by Dynkin’s formula and the fact that (9.7) generates a Feller
semigroup (by Theorem 4.13) it follows that

t
MI (@) = (g, hv) — (g, hv) — /0 (A, g, hvy) ds ©.11)

is a martingale, for any initial measure v = Jx, with respect to the natural
filtration of the process Zth. Here v; = 61 where xf’ is the process generated by
t

D (Ans )i f Ot oo )

i=1

in R?". Assuming that hv,; converges in distribution to a measure-valued
process [ it can be seen directly that the r.h.s. of (9.11) converges to

t
(g2 1) — (g, 1) — /0 (A8, 1s) ds

forany g € Céo(Rd).

Hence, in order to demonstrate that the limiting measure u; solves the
kinetic equation (9.9), it remains to show that the martingale (9.11) converges
to zero for any g € Cgo (RY). Taking into account that E(Mg)2 = E[Mg,’] (see
e.g. Appendix C on the basic properties of quadratic variations, in particular
Proposition C.7), it is enough to show that the expectation of the quadratic vari-
ation E[M ;’] tends to zero as h — 0. But [M g’] equals the quadratic variation
[(g, hvi)] of (g, hvy), and

[(g, hv)] = R [g®(x])],
so that
E[My]: = h* Elg®(x))] < nh? max E[g((x/)))]
<ch’n <ch

with constant ¢, because An is bounded (since the measures /v, are bounded)
and we know that E[g((x,h)i)] is also bounded, because it can be estimated by
the expectation of the square of the corresponding Dynkin’s martingale. This
is in turn bounded by the assumption g € C;O(Rd ). The proof is complete.
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Remark 9.9 Juggling the various criteria of tightness listed in Appendix C
yields various modifications of the above proof. For instance, one can avoid
Proposition 9.2 and equation (9.8) altogether. Namely it is enough to establish,
say by Theorem C.2, tightness for polynomials of linear functionals F for
which the action of Ay, is straightforward. To do this one can use either The-
orem C.9 (estimating the quadratic variation as above) or Theorem C.10, thus
working with only predictable quadratic variations, which are easy to calculate
using (C.7).

The method of obtaining the LLN for mean field interactions, discussed
above in detail for generators of order at most one, works similarly in other
situations once all the ingredients (well-posedness for the approximations and
regularity for the kinetic equation) are in place. Let us consider, for instance,
interacting diffusions and stable-like processes.

Theorem 9.10 Under the assumptions of Theorem 8.7, suppose that the
initial measures héx(,) of the approximating processes Zth generated by Aj,
converge weakly to a measure (. Then the distributions of the approximat-
ing processes in D(R4, Mits (RY)) are tight with measures considered in the
vague topology and converge weakly to the distributions of the deterministic
process [y solving equation (9.9). The estimates of convergence (9.10) also
hold for F € Czue(M(RD).

Proof It is the same as that of Theorem 9.7 and so is omitted. L]

The LLN can be obtained in a similar way for models with unbounded coef-
ficients or for the stochastic systems on manifolds discussed in Sections 7.4
and 11.4.

9.3 Pure jump models: probabilistic approach

In this section we take a probabilistic approach to the analysis of kinetic equa-
tions and the LLN for pure jump models of interaction. These results will not
be used in what follows.

We shall exploit the properties of and notation for transition kernels intro-
duced in Section 6.3. Recall, in particular, that the transition kernel P is called
multiplicatively E-bounded or E®-bounded (resp. additively E-bounded or
E®-bounded) whenever P(u;x) < cE®(x) (resp. P(u;x) < cE®(x)) for
all 4 and x and some constant ¢ > 0. In future we shall often take ¢ = 1 for
brevity.



9.3 Pure jump models: probabilistic approach 237

We start with multiplicatively bounded kernels and then turn to additively
bounded ones. Notice that if a kernel P is (1 + E)®-bounded then it is also
(1 + E)®-bounded, so the next result includes (1 + E)®-bounded kernels.

Theorem 9.11 Suppose that the transition kernel P(u,X,.) enjoys the
following properties.
(a) P(u, X, .) is a continuous function

M(X) x U sx! > MU, sx1),

where the measures are considered in their weak topologies.

(b) P(u,X,.) is E-subcritical and (1 + E)®-bounded for some continuous
non-negative function E on X such that E(x) — 0o as x — 00,

(c) The P(u,x,.) are 1-subcritical for x € X', 1 > 2. Then one has the
following.

(i) The Markov processes Zth (hv) (hv denotes the starting point) in M;;S (X)
are correctly and uniquely defined by generators of type (1.34) or (1.36),
and the processes (E, Zf’ (hv)) are non-negative supermartingales.

(ii) Given arbitraryb >0, T >0, h € [0, 1]and v = 6x with h(1 4+ E,v) <
b, one has

T,b
P( sup (14 E 20wy > r) < <2 9.12)
tel0,T] r
forallr > 0, where the constant c(T, b) does not depend on h; moreover,
Zth (hv) enjoys the compact containment condition, i.e. for arbitrary n >

0, T > O there exists a compact subset I';) 7 C M(X) for which

i]?fp(zh”(t) elyr for0<t<T)>1—n. (9.13)
vV

(iii) If the family of measures v = v(h) is such that (1 + E, hv) is uniformly
bounded then the family of processes Zf (hv) defined by (1.34) is tight
as a family of processes with sample paths in DRy, M(X)); the same
holds for processes defined by (1.36) whenever P is (1 + E)®- bounded.

(iv) If additionally P is L-non-increasing and interactions of order l > 1 do
not increase the number of particles then the moment measures of Zth (hv)
are uniformly bounded, i.e. the E(||Z"" (t)||") are uniformly bounded for
t € [0, T, for arbitraryr > 1l and T > 0.

Proof (i) Recall that we denote by F the linear functionals on measures:
Fo(u) = (g, ). By E-subcriticality,

A"Fp(v)y <0, ve MFX).
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By the 1-subcriticality of interactions of order [ > 2,
n
AFiam) <0y [ 1) = 1] Pl xi.dy)
i=1

for v =6y, 4+ -+ 4 dy,, and hence

n

A"Fy(hv) < hk Y (1 + E)(xi) = kFrig(hv),

i=1

as the number of particles created at one time is bounded by k. Moreover, the
intensity of jumps corresponding to the generator (1.34) equals

1 & 11
am =33 3 [ Pawixiidy) < 3 Y5 [eeti]

CAxtsenxn b 1=l =1

=~

(9.14)

for v = 8,, 4+ -+ 4 &x,. In the case of (1.36) the same estimate holds with an
additional multiplier 2~¢~1_ Hence the conditions of Theorem 4.10 are met if
F14 g plays the role of the barrier function.

(i1) The estimate (9.12) also follows from Theorem 4.10 and estimate (9.13) is
its direct consequence.

(iii) By the Jakubovski criterion (see Theorem C.2), when the compact contain-
ment condition (9.13) has been proved, in order to get tightness it is enough to
show the tightness of the family of real-valued processes f (Z,h (hv)) (as a fam-
ily of processes with sample paths in D(R., R) for any f from a dense subset,
in the topology of uniform convergence on compact sets, of C (M (X)). By the
Weierstrass theorem, it is thus enough to verify the tightness of f (Zth (hv)) for
an f from the algebra generated by F, with g € C.(X). Let us show this for
f = Fg (as will be seen from the proof, it is straightforward to generalize this
to the sums and products of these functions). By Dynkin’s formula, the process

t
M (t) = Fy(Z}(hv)) — Fy(hv) —/O A" F (2! (hv)) ds (9.15)

is a martingale for any g € C.(X). Consequently, by Theorems C.3 and C.9,
in order to prove tightness for F, g(Zth (hv)) one needs to show that

t
Vi) = / A" E (2! (hv)) ds
0

and that the quadratic variation [M g (t)] of M ;’ (¢) satisfies the Aldous condi-
tion, i.e. that, given a sequence 7, — 0 as n — oo and a sequence of stopping
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times t,, bounded by a constant 7" and an arbitrary € > 0, there exist § > 0 and
no > 0 such that

sup sup P [‘V;‘(t,, +6) — Vgh(rn)
n=ngp 0€l0,5]

>e]§e,

and

sup sup P [|[M2 1z +6) — (M2 (z)
n=no 9el0,5]

>e]§6.

For Vgh this fact is clear. Let us prove it for [M| g ].
Since the process Zf (hv) is a pure jump process,

2
AGED B INACAON
s<t
where AZ(s) = Z(s) — Z(s—) denotes the jump of a process Z(s) (see (C.6)).
Since the number of particles created at one time is bounded by k, it follows
that

|Afg(ZM ()] < 4k g]1*h (9.16)
for any s, so that
[M} ()] = [M}(5)] < ch*(N; — Ny),

where N, denotes the number of jumps in [0, ¢]. By the Lévy formula for
Markov chains (see Exercise 2.1) the process N; — fé q(Zi’) ds is a martin-
gale where ¢(Y) denotes the intensity of jumps at Y; see (9.14). Hence, as
t—s<60,

E(N; — Ny) < 0Esupq(Z") ds. 9.17)

s<t

Consequently, by the compact containment condition and Chebyshev’s
inequality, conditioned to a subset of probability arbitrarily close to 1, Ny — N
is of order (f—s)/h uniformly for all s < ¢ and, consequently, [M g (t)—M :,‘ ()]
is uniformly of order (+ — s)h with probability arbitrarily close to 1, implying
the Aldous condition for [M g (t)]. This completes the proof of the theorem in
the case (1.34). In the case (1.36), assuming the (1 + E)®-boundedness of P
one obtains the intensity estimate

>~

1
q(hv) < Zl_ F1+E(hv)

which again implies that ¢ (hv) is of order 2~ and thus completes the proof in
the case of the generator given by (1.36).
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(iv) Observe that

A (Fy) (hv)
1 k 00
- EZh’ Z h Z [(n+m =17 —n"] P(xp;dyr...dyy),
I=1 Ic{l,..n},|I|=l m=0
and since the interactions of order /[ > 1 do not increase the number of
particles, this does not exceed

Don [n+k—1)" =n"] P(xisdy) < cFiyp(hv)h™ (n+ k)
i=1
< cFip() [Fi(hw)]

As P is E-non-increasing, F E(Z,h (hv)) is a.s. uniformly bounded, and using
induction in » we can conclude that

E ARz ) ] = ¢ [14+ERY o]

This implies statement (iv) by, as usual, Gronwall’s lemma and Dynkin’s
martingale applied to (Fy)”. O

We shall turn now to the convergence of many-particle approximations, i.e.
to the dynamic LLN, focusing our attention on equation (1.34) and referring to
[132] for a similar treatment of the processes defined by (1.36). Notice that in
the next theorem no uniqueness is claimed.

We shall say that P is strongly multiplicatively E-bounded whenever
P(u;x) = 0(1)xs oo E®(x), ie. if

j=1
forl=1,...,k.
Theorem 9.12 Under the assumptions of Theorem 9.11 (including condi-
tion(iv)) suppose that the family of initial measures hv converges (weakly) to
a measure i € M(X) and that the kernel P is strongly (1 + E)®-bounded.
Then there is a subsequence of the family of processes Zg’ (hv) defined by the

generator (1.34) that weakly converges to a global non-negative solution iy of
the integral version of the corresponding weak kinetic equation, i.e.

/g(z)m(dz) —/g(z)uo(dz)

t -
- /0 ds f [6°¥) — @] P(u, 2, dy)u(dz) =0 (9.18)

forallt and all g € Cc(X).
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Proof By Theorem 9.11 one can choose a sequence of positive numbers &
tending to zero such that the family Z[h (hv) is weakly converging as i — 0
along this sequence. Let us denote the limit by u, and prove that it satisfies
(9.18). By Skorohod’s theorem, we can assume that Zth (hv) converges to [,
a.s. The idea now is to pass to the limit in equation (9.15), as in the second
proof of Theorem 9.7, though additional care is needed to take into account
unbounded coefficients. From the estimates of the quadratic variation [M :,‘](t)
from Theorem 9.11 it follows that it tends to zero a.s. Moreover, statement (iv)
of Theorem 9.11 implies the uniform bound O (1)8/ h for the r.h.s. of (9.17),
and consequently the convergence E[ M| ;’](t) — 0 as h — 0. This implies that
the martingale on the L.h.s. of (9.15) tends to zero a.s. and also in L,. Moreover,
owing to Proposition B.3 and the estimate (9.16), any limiting process u; has
continuous sample paths a.s. The positivity of u; is obvious as it is the limit of
positive measures.

Clearly, the first two terms on the r.h.s. of (9.15) tend to the first two terms
on the Lh.s. of (9.18). So, we need to show that the integral on the r.h.s. of
(9.15) tends to the last integral on the L.h.s. of (9.18). Let us show first that a.s.

|A" o (ZI(hv)) — Afo (21 (hv))| — 0, h— 0, 9.19)

uniformly for s € t. Since, for n = 8y, + -+ + &y,

k
IVACHED I DY ‘/Gﬁw—ikm»Pmemw

=1 I1c{1,...m},|1|=l iel
we may conclude by (H.5) that in order to prove (9.19) we need to show that

k—1
h/ P(hn.z1.21. 22, .- zk—1:dy) [ [(n(dzp) - 0. h— 0,
Xk=lxx =1
(9.20)
uniformly for all n € /\/l;r(X ) with uniformly bounded Fi1 g (hn).
Owing to the assumed strong multiplicative boundedness of P, it is enough
to show that

h /XH [1+ E(z1)]2[l +E@)|- 1+ En]

k—1

x 0o(1)z»o0 | [n(dz)) >0, h—0,
j=1

with uniformly bounded Fi4 g (hn), and consequently that

h/ (14 E@)1?o(1)imochn(dz) -0, h—0
X
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with uniformly bounded F4 g (hn). As the boundedness of Fg (hn) implies, in
particular, that the support of the 7 is contained in a set for which E is bounded
by ¢/ h with some constant c, it is now enough to show that

h/ (14 E@)1* o(1)muohn(dz) = 0,  h— 0.
{z:E(z)=<c/h}

To this end, let us write the integral here as the sum of two integrals over sets
where E(z) < K and E(z) > K respectively, for some K > 0. Then the first
integral clearly tends to zero, as E(z) is bounded. The second does not exceed

/ [1 + EG)]o(1) ko0 (i) (d2)
2.E(2)>K

and tends to zero as K — o0.
Once the convergence (9.19) is proved, it remains to show that

t
/0 |AFg(Z} (hv)) — AFg ()| — 0

or, more explicitly, that the integral

t ~
/O &5 [ [0 - @) 1PGuci 2. ayed do)
— P(Z'(hv), 2. dy)(Z" () B (dz)]  (9.21)

tends to zero as ~ — 0 for bounded g. But from weak convergence, and the
fact that u, has continuous sample paths, it follows (see Proposition B.3(ii))
that Zf‘ (hv) converges to ug for all s € [0, 7]. Hence we need to show that

t - -
f dsP (. 2. dy)E(d2) — (2" ()2 (d2)]
0
t -
+ / ds[P(u,z,dy) — P(Z!(hv), z,dy)|(Z! (hv))®(dz)  (9.22)
0

tends to zero as 7 — 0 under the condition that Zﬁ’ (hv) weakly converges
to u;. Moreover, as in the proof of (9.20), one can consider (1 + E, uy) and
1+ L, Zf (hv)) to be uniformly bounded, as this holds a.s. by the compact
containment condition.

We now decompose the integrals in (9.22) into the sum of two integrals, by
decomposing the domain of integration into the domain {z = (z1,...,2m) :
max E(z;) > K} and its complement. By strong (1 + E)®-boundedness, both
integrals over the first domain tend to zero as K — oo. On the second domain
the integrand is uniformly bounded and hence the weak convergence of Z f’ (hv)
to i, ensures the smallness of the 1.h.s. of (9.22). Theorem 9.12 is proved. [
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Let us return now to our main focus, the case of additively bounded kernels,
concentrating for simplicity on the case of binary interactions (k < 2) (see
[132] for k-ary interactions).

Theorem 9.13 Under assumptions of Theorem 9.11 suppose additionally
that the family of initial measures hv converges (weakly) to a measure |1 €
M(X) and that these initial conditions hv are such that f(Eﬁ)(x)hv(dx) <C
forall hv and some C > 0, B > 1, the transition kernel P is (1+E)®-bounded
and E-non-increasing and k < 2.

Then there is a subsequence of the family of processes Z,h (hv) defined by
(1.34) that weakly converges to a global non-negative solution p; of (9.18)
such that

sup / A+ EPY(x)pe(dx) < C(D), (9.23)
t€l0,T]
for some constant C(T') and for arbitrary T.

Moreover, if P is not only E-non-increasing but also E-preserving then the

obtained solution |i; is also E-preserving, i.e. for all t

/E(x),ur(dX) = Fe(u) = Fe(uo) =fE(X)/Lo(dx)-
Proof Let us first show (9.23). To this end, let us prove that
EFps(ZE () < c[1 4 Fps(hv)] (9.24)

uniformly for all s € [0, ¢] with arbitrary ¢ and some constant ¢ depending on
t and § but not on /. As the process is E-non-increasing, the process Zﬁ‘ (hv)
lives on measures with support on a compact space {x € X : E(x) < c¢/h}
for some constant c. Hence Fgp(Z ? (hv)) is uniformly bounded (but not nec-
essarily uniform in /), and one can apply Dynkin’s formula for g = E#.
Hence

t
EFps(Z!(hv)) < Fgp(hv) + / EA"(Fpp(Z"(hv))) ds. (9.25)
0
From (6.21) we know that

arp = [ [[EPeo+ B )] Bt u@n)

(here we assume that k < 2). Consequently, since P is E-non-increasing, so
that (E, hv;) < (E, hv), one concludes using induction in g that

EA"Fps(hve) < c[1 +EFgs(hvy)],

implying (9.24), by Gronwall’s lemma, and consequently (9.23).
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Now following the same strategy as in the proof of Theorem 9.12, we need to
show the convergence (9.19). But this is implied by (9.20), which is obvious for
(1 + E)®-bounded kernels. It remains to show (9.21). Again one decomposes
the domain of integration into the domain {z = (z1,...,2,) : max E(z;) >
K} and its complement. The second part is dealt with precisely as in Theo-
rem 9.12. Hence we need only to show that, for any /, by choosing K arbitrarily
large one can make

2 2
fL( ) K[1+E(zn](1‘[m(dz,-)+]‘[(Z?(hv»(dz,-))

j=1 J=1

arbitrary small. But this integral does not exceed

2 2
k=D / [1 + E@DIEG)F! ( [Trs@zp + ]‘[<Zi’<hv>><dzj>>,

j=1 j=1

which is finite and tends to zero as K — o0, in view of (9.23).

It remains to show that wu; is E-preserving whenever the transition ker-
nel P(x;dy) is E-preserving. As the approximations Zf(hv) are then E-
preserving, we need to show only that

hnmof E(x)[1e — Z!(hv)](dx) = 0.

This is done as above. Decomposing the domain of integration into two parts,
{x : E(x) < K} and its complement, we observe that the required limit for the
first integral is zero owing to the weak convergence of Zﬁ’ (hv) to uy, and in
the second part the integral can be made arbitrarily small by choosing K large
enough. O

As a consequence, we may obtain now a version of the propagation of chaos
property for approximating interacting-particle systems. In general, this prop-
erty means that the moment measures for some random measures tend to their
product measures when passing to a certain limit. The moment measures )"
of the jump processes Zth (hv) (see Section 1.9) are defined as

i dx d) = B[ ZP ) @xp) -  ZE o) |

Theorem 9.14 Under the conditions of Theorem 9.13 suppose that P is
(1 + E*)®-bounded for some o € [0, 1], where B > « + 1, and that (6.25)
holds. Let the family of initial measures hv = hv(h) converge weakly to a cer-
tain measure o as h — 0. Then, foranym =1, 2, ..., the moment measures
,u;’fh converge weakly to the product measure ,u?m.
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Proof By Theorems 9.13 and 6.12, for any g € C.(SX™) the random
variables

= /g(xl, e X)) ZE () @) - Z0 () (d )

converge a.s. to the integrals [ g(xi,. ..,x,,,)l—[’;-;1 ut(dxj). To conclude
that the expectations of the random variables 7, converge to a pointwise
deterministic limit, one only need show that the variances of the n; are uni-
formly bounded. Consequently, to complete the proof one needs to show that
E(]| Zth (hv)||") are bounded, for any positive integer r, uniformly for ¢ € [0, T']
with arbitrary 7 > 0. But this was done in Theorem 9.11(iv). ]

9.4 Rates of convergence for Smoluchovski coagulation

Theorem 9.15  Under the assumptions of Theorem 8.13 let g be a continuous
symmetric function on X™ and let F(Y) = (g, Y®™); assume that Y = hdy

belongs to M;5", where X = (x1, ..., xp). Then

sup| 7" F(Y) — T, F(Y)|
s<t
< he(m. k. t,eo. eD)|Igll 1 gryon (1 + E*F2 7)1+ EX, Yy
(9.26)

forany 2k € [1, B — 1.

Remark 9.16 Theorem 9.15 gives the hierarchy of estimates for the error
term, making precise an intuitively clear fact that the power of growth of
the polynomial functions on measures for which the LLN can be estab-
lished depends on the order of the finite moments of the initial measure.
One can extend the estimate (9.26) to functionals F' that are not necessarily
polynomials.

Proof For brevity we shall write ¥; = (YY), so that ,F(Y) =

F(u;(Y)) = F(,). For a function F(Y) = (g, Y®") with g €
Cflny)m,oo(X’"),m > 1and Y = héx one has
t
T,F(Y)—Tf’F(Y):/ T (A} — AT F(Y)ds. (9.27)
0

AsT,F(Y) = (g, Y®™), Theorem 8.8 yields

ST,F(Y) -
———— = m/ g1, Y2 o y)& (Vs s dyn) VPV (dys . dym)
3Y (%) o

and
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82T, F(Y)

m:m/mg(yla)b,...,ym)

x 0 (Vs x, wi dypY 2"V (dys .. dyn)
+m(m — 1)/ g, ya, oo Y& (Y x: dyy)
Xm

x &(Y; w; dyz)Yt®(m_2)(dy3 coodym).
(9.28)

Let us estimate the difference (Ag — A)T; F(Y) using (9.4), i.e.

AVF(Y) = AF(Y)

=__//(5F(Y> ”(Y))p(z,z,dymdz)
Y (y) Y (2)

+ 1 /(l—s)ds[P(x,,X/,dy)

(i J}C{l ,,,,,

82FYh888588®2929
X m( +S(y_xi_Xj))v(y_xi_Xj) )( )

Let us analyze only the rather strange-looking second term, as the first is ana-
lyzed similarly but much more simply. The difficulty lies in the need to assess
the second variational derivative at a shifted measure Y. To this end the esti-
mates of Section 8.4 are needed. We will estimate separately the contributions
to the second term in (9.29) of the first and second terms of (9.28).

Notice that the norm and the first moment (£, -) of ¥ + sh(8y — 8y, — SX_/)
do not exceed respectively the norm and the first moment of Y. Moreover, for

€ [0,1], h > Oand x;,x;,y € X with E(y) = E(x;) + E(x;), one has,
using Exercise 6.1,

(Ek, Y +Sh(8y - 8)(,' - SX_/))
= (EX, Y) + sh [EG) + EG)]S — hE* () — hE*(x))
< (B )+ he®) [E ) EGp) + EG)E ()

c(k) depends only on k. Consequently, by Theorem 8&.13, one has

In: (Y + Sh(‘sy — 8y — axj); X, W; ‘)”H—Ek
< c(k. 1, e e1) {1 + EM ) 4+ B (w) + (EF2, Y)

+ he [Ek+l(xi)E(xj) + Ek+1(xj)E(xi):|] .
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Thus the contribution of the first term in (9.28) to the second term in (9.29)
does not exceed

c(t,k,m, eo, )8l (14 Ekyom

x Zf(l + EX Y 4 sh(Sy — 8y — 8" P(x, x5, dY)
i#]
x [ (Y + Sh(‘sy - sx,- - ij); X, w; ')”H—Ek

<c(t, k,m,eqp,er) ||g||(1+Ek)®mh3

S a+ B e [Ean + B 1 Eon + Bop)
i#j
X !1 + EF T () + EkH(xj) + (E*2Y)

+h [Ek“(x,-)E(xj) + Ek+l(xj)E(xi):” :

Dividing this sum into two parts, in the first of which E(x;) > E(x;) and in
the second of which E(x;) < E(x;), and noting that by symmetry it is enough
to estimate only the first part, we can estimate the last expression as

m—1
c(t kom, eo, enllglppyenh® Y {(1 + B )0 o [hE ) }
i#]

x {1 EMR200) 4+ (B2, 1) [ EGa) ]+ hES 2 ) B |
Consequently, taking into account that hzil < (1,Y) < ep and that

>oaibi <3 a Zj b; for any collection of positive numbers a;, b;, so that,
say,

S [heten]" < (Z mE"oc,-))m_1 ,

we conclude that the contribution of the first term in (9.28) to the second term
in (9.29) does not exceed

hic(C,t,k,m, ep, e1)|gll (14 gryem

x(1+ EX, y)y" (1 + E¥*2,y). (9.30)
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Turning to the contribution of the second term in (9.28) observe that, again by
Theorem 8.13,

16: (Y + sh(8y — 6x; — 8x;)3 x5 )14 g
<c(k,t, ep,e1)

(1 +EF(x) + [1 +E1/2(x)]

x {(Ek“/z, Y) + he(k) [E"*l/z(x,-)El/Z(x,) + Ekfl/z(xj)EW(x,»)]}) ,

so that the contribution of the second term in (9.28) does not exceed (where
again we take symmetry into account)

c(t,k,m, eo, €)1 gll 1.4 pryen (1 + EX, ¥)" 2

x Y [1 n El/z(xi)] [1 n E‘/Z(xj)]
oy

x {1 + EF ) + [1 + El/z(x,-)] [(Ek+‘/2, Y)+ hE"*‘/Z(x,-)El/z(xj)]}z.

This is estimated by the r.h.s. of (9.26), completing the proof. O

Our second result in this section deals with the case of smooth rates. If f is a
positive function on X = R}, we denote by C}’Sym(X ") (resp. Cip’sym(X ™))
the space of symmetric continuous differentiable (resp. twice continuously
differentiable) functions g on X™ vanishing whenever at least one argument

vanishes, with norm

0g g —1
g tsym g =‘— =sup(— f )@
(resp. lgllgzom my = 198/0x1llc;cxm + [6%8/8x¢ [, xmy + (878 /81

8)62 ||Cf(X’"))'

Theorem 9.17 Let the assumptions of Theorem 8.14 hold, i.e. X = Ry,
K(x1,x2,dy) = K(x1,x)8(y — x1 — x2), E(x) = x and K is non-
decreasing in each argument function on (Ry)?* that is twice continuously
differentiable up to the boundary with bounded first and second derivatives.
Let g be a twice continuously differentiable symmetric function on (Ry)™
and let F(Y) = (g, Y®™"); assume that Y = héx belongs to M;5', where
X = (x1,...,xn). Then
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sup|T"F(Y) — T, F(Y)|

<t

< he(m, k.t eo.enllgllzom o (4 EFF2 7)1 4 EX vy~

I+E") m
(9.31)
foranyk € [0, (B —3)/2].

Proof This is similar to the proof of Theorem 9.16. Let us indicate the
basic technical steps. We again use (9.27), (9.28), (9.29) and assess only the
contribution of the second term in (9.29). From our experience with the pre-
vious proof, the worst bound comes from the second term in (9.28), so let

us concentrate on this term only. Finally, to shorten the formulas let us take
m = 2. Thus we would like to show that

Y /(1—s>ds/P<xl,x,,dy>/ 201, 1)
{i,jic{l,....

x (st(Y + 5h(Sy — 84 — 84,), -, dy1)

XE(Y +5h(By = 8y = 8y, dya), By — 8 — 6,)%?)
(9.32)

is bounded by the r.h.s. of (9.31) with m = 2.
Notice that, by the definition of the norm in Cfc’sym(X ) one has

‘AZ g(ylv y2)El(Y7x7 dYI)gt(Y, Z»d}’Z)

=< sym .
<cl&, Dl 6T Dl 18l om s,

Consequently the expression (9.32) does not exceed

clgll2m xayh’ > / (1 —s)ds / P(x;, xj.dy)

{i,jyc{l,...,n}

X (IIE:(Y + sh(8y — 8x; — 8x)), .)”M}+Ek

X ”St(Y +Sh(8y - 5x,' - 8Xj)7 )“Mi Ek’ (‘Sy - Sx; - (Sx_/)®2) 5
+

which, by Theorem 8.14, is bounded by

cliglczome i Y f (=s)ds [ Pexixs.dy)

{i,j1c{1,..., n}

x ((EOU + (B Y 4 5h(sy = 8, — 801+ B 0)

X {EQU + (B Y 4 5h(8y — 85, — 8 D1+ EFTTOL 8y — 8y, — ax,>®2) :
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Again by symmetry, choosing E(x;) > E(x;) (without loss of generality)
allows us to estimate this expression as

3 .
cligllezomph® 3 U+ EG)]
) {i.j3c{l,....n}

x {E(xi) [1 (B y) + hEk(xi)E(xj)] 4 Ek+1(xi)}2

< hetk,m. 50, sDNgH o o) (1 + E*Ty),

(X2

as required. O

9.5 Rates of convergence for Boltzmann collisions

Theorem 9.18 Under the assumptions of Theorem 8.20 let g be a continuous
symmetric function on (R)"™ and let F(Y) = (g, Y®™); assume that Y = h8y

belongs to MZ%’e‘, where v = (vi, ..., v,). Then

sup T/ F(Y) = T,F(Y)| < he(m, k. 1, eo, eD)|gll 4 pryen R(Y)  (9.33)

s<t

for any k > 1, where Q2(Y) is a polynomial of the moments (1 + E',Y), with
| < 2k+1/2, of degree depending on the mass and energy of Y (this polynomial
can be calculated explicitly from the proof below).

Proof The proof is basically the same as that of Theorem 9.15 (though
based on the estimates of Theorem 8.20), and we shall merely sketch it. One
again uses (9.27), (9.28) and (9.4), the latter taking the form (since equal
velocities cannot collide)

AF(Y) — AF(Y)

1
3
=h Z }/O (1—s)ds /SH lvi —vj1Pb(@)dn

{i,jic{l,...n

8°F ®2
X m(y + Sh(avl/ + (Sv’/ — 81)[ - 81)!))’ (av[’ + 811/, —_ 61]’» —_ (Svl)
(9.34)

We shall estimate only the contribution to (9.34) of the second term in (9.28)
(the contribution of the first term is estimated similarly). By Theorem 8.20,

”%‘l(y + Sh(avl’ + 51}} - 81}[ - (Svj); U)”l-i,-Ek

< c(k, 1, eq, €1) [1 + Ek(v)]
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X (1 (Y ok + AL + il + oy )72
= (L [ Y2 — (1 o 2P
XAV ll24p + AL+ vi P + v ) P72
= (L o Y2 — (1 D2

which does not exceed

ek, t,eo.en) [14 E* )]
X (1 (1Y Uk + AL+ TR )
(1 oy YR 4 )
) {1V + AL+ 0 PYP2A 4 Loy + (0 Ly PR+ 1)),

so that, again taking symmetry into account, as in the previous section, the
contribution to (9.34) of the second term in (9.28) does not exceed

c(t.k,m, eo, e)gl 1 pmyen (1 + EX Y)" 20> (1 + [ui|?)
i#]
x (14 EF @)+ {I1¥ e + B [ (1 o Y200y )
+ (0 YR )|

N 2
X [||Y||2+,s +h(1+ v H(A + |vj|2),3/2] ) 7

and (9.33) follows as in Theorem 9.15. O
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The dynamic central limit theorem

Our program of interpreting a nonlinear Markov process as the LLN limit of
an approximating Markov interacting-particle system was fulfilled in Chapter 9
for a wide class of interactions. In this chapter we address the natural next step
in the analysis of approximating systems of interacting particles. Namely, we
deal with processes involving fluctuations around the dynamic LLN limit. The
objective is to show that in many cases the limiting behavior of a fluctuation
process is described by an infinite-dimensional Gaussian process of Ornstein—
Uhlenbeck type. This statement can be called a dynamic central limit theorem
(CLT). As in Chapter 9 we start with a formal calculation of the generator
for the fluctuation process in order to be able to compare it with the limiting
second-order Ornstein—Uhlenbeck generator. Then we deduce a weak form of
the CLT, though with precise convergence rates. Finally we sketch the proof of
the full result (i.e. the convergence of fluctuation processes in a certain Skoro-
hod space of cadlag paths with values in weighted Sobolev spaces) for a basic
coagulation model, referring for details to the original paper.

10.1 Generators for fluctuation processes

In this section we calculate generators for fluctuation processes of approximat-
ing Markov interacting-particle systems around their LLNs, which are given by
solutions to kinetic equations. Here we undertake only general, formal, calcula-
tions without paying much attention to the precise conditions under which the
various manipulations actually make sense. We postpone to later sections jus-
tifying the validity of these calculations for concrete models in various strong
or weak topologies under differing assumptions. The calculations are lengthy
but straightforward.

Suppose that S is a closed subset of a linear topological space Y and that
Z; is a Markov process on S specified by its C-Feller Markov semigroup W,
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on C(S). Assume that D is an invariant subspace of C(S) and A is a linear
operator taking D to C(S) such that \il,f(x) = AV, f(x) forany f € D and
for each x € S. Let Q;(z) = (z — &)/a be a family of linear transformations
on Y, where a is a positive constant and &, ¢+ > 0, is a differentiable curve
in Y. The transformation Y; = €,(Z;) is again a Markov process, though in
a slightly generalized sense: not only is it time nonhomogeneous but also its
state space €2;(S) is time dependent. In many situations of interest the sets
2;(S) could be pairwise disjoint for different 7. The corresponding averaging
operators

UM f(y) = E(f(Y)IYs = y), s =t

form a backward Markov propagator, each U’ being a conservative con-
traction taking C(€2;(S5)) to C(2,4(S)) that can be expressed in terms
of @, as

U () =E(f(Q(ZNIR(ZT) = y) = Wi f 0 1R ().
Lifting the transformations €2, to operators on functions, i.e. writing

Qf) =(f o)) = f(Q(),

we obtain the operator equation
UMF =00 s f. f e Cu(), s <. (10.1)

Differentiating by the chain rule (assuming that all derivatives are defined and
sufficiently regular) yields

d -~ d 1 1~
Esz(y) = Ef(ﬂz(y)) = —;(Dé,f)(ﬂr(y)) = —ZQzDg,f()’),

where D, denotes the Gateaux derivative in the direction 1. Consequently,

d i 51 = - &
EU T =Q W AQ f — ZQS Vs D, f,
implying that
%U”f = UL, f, s <t (10.2)
where
Lif=Q7 'AQ, f — éDé[f. (10.3)

Similarly, since

d - - s s
gU”f =—Q7 AV, Qi f + Q7D W Q
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using the identity
Q;'D; Qs =a"'Dy,

N

we obtain

d
d—U” = LU f  s<t. (10.4)
)

We are going to apply these formulas to the backward propagator
UGS CQEM) = CQL M)

of the fluctuation process F/* obtained from Z! by the deterministic linear
transformation Q?(Y) = h=Y2(Y — u,). According to (10.1) this propagator
is given by the formula

U?}”F = @H7'T" QI (10.5)

where Q?F Y)=F (Qﬁ’ Y), and under appropriate regularity assumptions it
satisfies the equation

d . .
EU?;“F - U?f”OthF, s<t<T, (10.6)
where
=y — = _ sy,
Oy = (@M~ A, Qhy — =12 (W’“’)' 10.7)

The aim of this section is to calculate expression (10.7) explicitly in terms of
the variational derivatives of F, identifying both the main and the error terms
in its asymptotic expansion in small /.

Let us start with the general mean field approximation.

Proposition 10.1 Assume that the approximating Markov process on
M;B(Rd) is specified by the generator A}ll from (9.2), with B;ll. of Lévy—
Khintchine form:

B, f(x) = 5(Gu(x)V, V) f(x) + (bu(x), V £ (x))
+ / [fG+y) = f) = (VF), g ()] vulx, dy), (10.8)
so that u; solves the corresponding mean field kinetic equation
d _ (B!
E(g, we) = (B, & i)

Then the operator Oth Jrom (10.6) describing the fluctuation process is written
down as

O'"F = 0,F + 0(Vh) (10.9)
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where
O,F(Y) = ) B! oF Y
t = S1u; wsy” > Mt

gl (LOF 3*F
+/Rd m (Eaﬂ(.) SY(y)SY()>(X)

w(dx). (10.10)

y=x
Here

) 5! SF y
(s (8l 3500) )
| OF
—/(Bﬂray())(x)Y(dx)

3Gy, (x) 0 3\ SF(Y) Sbm(x)iSF(Y)
+/ g ’(dx)Y(dZ){ <6m(z) ox’ ax) SY(r)  bu(z) 0x Y (x)

SF(Y) SF(Y) 9 SF(Y) Vi,
+/[ay(x+y> T (ﬁ IO ) 150 )} G dy)}

and

5 (] 8*F 8*F J
/Rd Z (56Y2(.> 6Y<y)6Y(>)(x) L
1 9 9 82F
-5/ (cﬂ,(x)_, —> S RS
y:

82F 82F
//<8Y2<x+y> Y (x *

+ y)8Y (x) 3yz(x)) Vy, (X, dy)pe (dx).

(10.11)
The error term O(¥/h) in (10.9) equals
(O]'F — OF)(Y)
5 SF
‘ff ds(m() e /Y )W(x)y(dx)
82 SF
Vi f (1—s)ds( B i Y®2> @)
Vh B] 8°F
+ _f (GMer«/EY(x)av 5) Y)Y () yzxY(dX)
8G 2
f/f (( m+sfy(x)’Y> i,i) 82F ()
5:““[() ox ay X y
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/ . _S)‘“/ <6Y2(x+y)

8°F 8°F
2 +
8Y(x +y)8Y(x)  8Y2(x)

X [0y 6 ) s+ VRY) ) = vi (&, dy) e ()]

) Y + Sh(5x+y — )

1
+ / v (. dy) s (d) / (1— s)ds
0

(52F(Y +5h(Sepy —80)  S2F(Y)

— _ ®2
SY ()Y () (gy(.)sy(_),(éﬁy 8x) )

Explicit expressions for the variational derivatives §/5u; are contained in the
proof below.

Remark 10.2 Notice that the last term in the expression for (OFF —
O,;F)(Y) = Oh) is of order O(h) if the third variational derivative of
F is well defined and finite. For this term to be O («/ﬁ ), like the other terms, it is
of course sufficient that the second variational derivative of F'(Y) is 1/2-Holder
continuous with respect to Y. The main conclusion to be drawn from these
lengthy formulas is the following. To approximate the limiting O, F by 0,’1F
one has to work with functionals F having a sufficiently regular second vari-
ational derivative (i.e. twice differentiable in space variables for differential
generators and at least Holder continuous in Y for jump-type generators).

Proof By linearity one can do the calculations separately for a B /L having
one part that is only differential (involving G and b) and the other part only
integral. Thus, assume first that v, = 0. Then, taking into account that

s S F () = L udF)
SY () Vh Y ()
2 2

8 &P () = 1., 82F(Y)

SY()SY () hTSY()SY ()’

one can write

(ALQIF)(Y) = f/by< )—( haF(Y))Y(dx)

T 8Y (x)
/( y(x)— —) QhBF(Y)Y(dx)
2[ ax’ 9 L8Y(x)

3\ =, O&°F)
T3 2 f<GY(X) 8y> ¢ y=x

Y(dx),
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and so (Q?)_IA}lQ?F(Y) is given by

1 d SF(Y)
- 7/ by iy )= o s+ VAT @)

SF(Y
2«/_/( iy () 5 8x> SYE ))(u,+«/EY)(dx)

+1/ G 9 82F(Y)
2 ( oty )ax ay) SY(x)8Y (y)

Taking into account that

SF(Y) .
( 5Y ’“’)

9 SF(Y) SF(Y)
/ b O 3 Sy oy M @ zf/( D 8x>8Y()'ut( %),

one deduces from (10.6) that

b [ SF(Y) 8by, (x)
O, F(Y) _/8 70 [bu,(X)Y(d )+ <—8m(-) ,Y) Mz(a’X)]

9 SF(Y) b, s ymy X)
+ﬁ/aay<x> 0 ds[( 514:() ’Y>

8%b
+(1=y%) (M’ Y®2>:| Y (dx)

(Mz + \/EY)(dX)-

sui ()

1 9 SE(Y)
+§/<G“’(x)a ’ax> 57 () o)
1 3Gy, (x) 9 9\ SF(Y)
+§/<< 514:0) ’Y> 55) 57 (o (Y
1 9 9 S2F(Y
#3 ] (6u30:3) vt
5G
f/(( Mﬂfy(x)’y) 9 )am) @)
() ax’ dx ) §Y(x)
$2G
‘/_/ (( uﬂfy(x),Y@z) i _) SF(Y),LL;(dx)
S;Lt() ax dx | §Y(x)
vh 3 §2F
+_/ (G“’+ﬁy(x)5’ 5) 5Y (18Y (1) |,_,

LV ff <<BGuf+sz(x) Y)i i) 82F
S (L) ’ dx’ dy X) ly=x

Mz (dx)

Y (dx)

Mt (d'x)a
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proving Proposition 10.1 for the differential operator B }L
However, for a B }L with vanishing G and b one has

A}F(Y)

B SF S5F 0 _SF v
‘fxz[w(xﬂ)_mx)_(aw—m Bl(y)’yﬂw(x’ e

1 82F &2
+h/0 (1—s)ds /)(Z(W(Y+Sh(8x+y —8x)), (Bx4y — 6x) )

x vy (x,dy)Y (dx)

and consequently
Q@HTIALQIF(Y)

= /xz Yty (06 AV (e + VY ) (dx)
L[ SF SF (i O )
N\ |:8Y(x+y) Tsv()  \axer) BV ]

1(1 Vd (‘SZ—FY h(s 8:)), (8 5)®2)
+/0 —8)das BY(.)(SY(.)( + $h(Sx4+y — 3x))s (Ox4y — Ox s

which, on subtracting

1 J J OF OF 0 OF 1
ﬁ/xz P (6 )t () [8Y(x+y> Tr() <£6Y<x) B‘(y)’y)]

and expanding in a Taylor series with respect to +/A, yields again the required
formulas. D

One deals similarly with binary and higher-order interactions. Namely, the
following holds.

Proposition 10.3 Ler B* be the conditionally positive operator, taking
C(SX) to C(SX¥), given by (1.76), i.e.

BN fxr, .. x) = AN F(xa, o xp)
+/ [fO1 o) = [, x)]
Xk

x Pl(x1, ..., x¢, dyr - -dyg),
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and specifying the scaled generator of the k-ary interaction (compare (1.69)):

AKF(hsy) = nF1 > BYXF (hsy), X=(X1,...,%n)
I1c{1,...n}, |1 |=k

(for simplicity, we assume no additional mean field dependence). Then the
operator O,h from (10.7) describing the fluctuation process is written down
as (10.9), with

_ [ ok (SF Bik-1)
0,F(Y)_<B <8Y) Y@ u )

Bk
Z 5Y(yl)3Y(y,)

k 52 B
- Bl(v vy, ~ovr, < b ®k 9
e 2 ST ) o
b=l Vi zi=yi
(10.12)
where Bly‘] ’’’’’ " denotes the action of BX on the variables yy, . .., yi. In partic-

ular, suppose that k = 2 and B? preserves the number of particles and hence
can be written as

B2 f(x,)

_|:l G Jd 0 —i—lG 0 0 + Jd 0 :|
= 5( (Xv)’)ayg) 5( (y,X)—,—y> Q/(X,y)a,5> S, y)
d
+ [(b(x,y), 3—> (b(y x), —> S, y)} f v(x,y, dvidvy)
X X2

X [f(x+v1,y+vz)—f(x,y)

a )
- (8_f(x7 y)’ U]) lBl (U]) - <_f(-x’ )’)» U2) 131 (UZ):| s (1013)
X dy

where G(x,y) and y (x, y) are symmetric matrices with y(x,y) = y(y, x)
and v(x, y,dvi dvy) = v(y, x,dvydvy). Then

5 (8F\®
O,FY)= (B ¥ Y ® wy
+/1 Gix. y) 9 9 82F
p— x7 _7_ N —
2 Y ox 0z X) | —x

e (dx) e (dy)
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9 9 82F
+/ <7/(X,y)£, —) i (dx) p; (dy)

dy ) 8Y (»)8Y (x)
1 8°F
- 4 /;(4 <W’ B2y oy + Szpvy =8z = 3zz)®2>
x v(z1, 22, dvidv) s (dz1) e (d22). (10.14)

Proof We leave these calculations (which are quite similar to those given
above) as an exercise. The details can be found in Kolokoltsov [134]. O]

Again the term O(~+/h) depends on the third variational derivatives of F
evaluated at some shifted measures. We shall give below the precise expression
for binary jump interactions to cover the most important models, involving
Boltzmann or Smoluchovski interactions.

Before this, a further remark is in order. As was noted at the end of
Section 1.7, quite different interacting-particle systems can be described by
the same limiting kinetic equation, leading to a natural equivalence relation
between interaction models. For instance, the binary interactions specified by
the operator (10.13) above lead to the kinetic equation

d( )
dt 8, Mt

1 a 0 d
= / i (dx) e (dz) {— (G(x, V)= —) gx) + (B(x, ), —g(x))
X2 2 ax ox ax

+ /Xz[g(x u1) — 800 — (V@) v, (u)Iv(x, y. dvldn)} ,

which also describes the LLN limit for the mean field interaction specified by
the operator B}L from (10.8). The above calculations show, however, that the
limiting fluctuation processes may be different; note that the coefficient y has
dropped out of the kinetic equation but is present in (10.14).

Proposition 10.4 If A% is given by (1.38), i.e.

1
AL F (héy) = ) /X /X[f(ht?x — 2hé; + héy) —f (h8x)IP(z, z; dy) (hdx)(dz)

+ L / / Lf (i85 — sy — hooy + hSy) — F(hS9)]
2h X X2

x P(z1, z2; dy) (hdx)(dz1) (héx)(dz2),
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then we have

O'F(Y)

=0 F(Y)+ —- /X2 <— 8y =8z — 5m> P(z1,22:dy)Y (dz1)Y (dz2)

// <_ 5y — )P(z,z;dy>(m+ﬁm<dz>

/XZ/ (8Y2 (6)’ - 8Z| - 812)®2) P(Zl, 22; dy)

x [Y(dz1)pi(dz2) + Y (dz2) i (dz1)]

4 // <ay2 G 251)@2) P(z. 21 dy) (e +~hY)(dz)

// (8Y2’ By =8z — 5m)®2> P(z1,22:dy)Y (dz1)Y (dz2)

— | (1—-s5)%d 83—FY Vhy — 8, —6.,))
+4/0 - s// sy3 T SVQGy =0, = 85)).

8y — 8z, — szz)®3>

x P(z1, 22 dy) (e + ~hY)(dz1) (it + VhY)(d22)
3/2
b /(1—s)2ds//( 3(Y+s\/_(8y 26.)), (8, — 28 )®3)

x P(z,z: dy) (i + VhY)(d2), (10.15)
where
OF(Y)
»/);2/ ((SY() 21 622) P(Zlv Z2; dY)Y(le)Mz(de)
Azf ((SY( )(SY() 811 - 812)®2>P(Z1’ 225 dY)Mt(dzl)l'Lt(dZ2)-
(10.16)

Proof Here one has

AIQIF(Y)

(e (e

X P(z1,22:3dy)Y (dz1)Y (dz2)
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T (]

X P(z,z;dy)Y(dz)

and consequently

@) A2 F(Y) = % /// [(F(Y +VA@y — 82, — 5,) — F(Y)]
x P(z1,22; dy)(WhY + p)(dz) (VY + p)(dz)
- % / [F(Y + Vh(8y —25,)) — F(Y)]
x P(z, 7 dy)(VhY + pui)(dz).

Expanding the r.h.s. in 4 and using

F(Y +Vh(Sy — 8, — 8,)) — F(Y)
SF h (8%F
= «/ﬁ <_7 5y - 8Z| - 522) +5 2 < Y2’ (fSy 11 - 5z2)®2>

h3/2
+ T (1 — S)
83 ®3
x m(Y +5Vh(y — 8 — 82,)), (By — 8, — 8:,)%° ) ds
yields (10.15). O

The infinite-dimensional Gaussian process generated by (10.16) will be con-
structed later. Here we conclude with an obvious observation that polynomial
functionals of the form F(Y) = (g, Y®™), g € CY™(X™), on measures are
invariant under O;. In particular, for a linear functional F(Y) = (g, Y) (i.e. for
m=1),

O F(Y) = /xzfx [8(¥) — g(z1) — g(z2)] P(z1, 22: dY)Y (dz1) s (d22).

(10.17)
Hence the evolution (in inverse time) of the linear functionals specified by
F, = —OF;, F;(Y) = (g, Y), can be described by the equation

8(z)=—-018(z) = — /X/X [g(y) — g(x) — g(2)] P(x, z; dy) s (dx)
(10.18)
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for the coefficient functions g; (with some abuse of notation, we have denoted
the action of O; on the coefficient functions by O; also). This equation was
analyzed in detail in previous chapters.

10.2 Weak CLT with error rates: the Smoluchovski
and Boltzmann models, mean field limits
and evolutionary games

We can proceed now to the weak form of the CLT, when there is, so to say,
just a “trace” of the CLT, for linear functionals. Though this is a sort of
reduced CLT, since it “does not feel” the quadratic part of the generator of
the limiting Gaussian process, technically it is the major ingredient for prov-
ing further-advanced versions of the CLT. For definiteness, we shall carry out
the program for the cases of Smoluchovski coagulation and Boltzmann col-
lisions with unbounded rates (under the standard assumptions), relegating to
exercises the straightforward modifications needed for Lévy—Khintchine-type
generators with bounded coefficients.

Let us start with the coagulation process. Recall that we denote by U®"
the backward propagator of equation (10.18), i.e. the resolving operator of the
Cauchy problem ¢ = —A,g for t < r with a given g,, and that

FNZh. o) = h™ 2 [ 20(2Z) = o) |

is a normalized fluctuation process.

We shall start with the weak CLT for the Smoluchovski coagulation model.
The main technical ingredient in the proof of the weak form of CLT is given
by the following estimate for the second moment of the fluctuation process.

Proposition 10.5 Ler g be a symmetric continuous function on X>. Suppose
that the coagulation kernel K (X,.) is a continuous function taking SX?* to
M(X) (where the measures are considered in the weak topology), which is
E-non-increasing for a continuous non-negative function E on X such that
E(x) — 00 as x — 00. Suppose that L € Mg, ¢, (X) and (1 + EP, n) < 0o
for the initial condition u = o and for some B > 3.

(i) Let the coagulation kernel K be (1 + \/f)‘g—bounded:

K(x1,x2) < C [1 + \/E(xl)] [1 + \/E(xg)]

(i.e. we are under the assumptions of Theorem 8.13). Then

sup [E (2, (K2, o0 )| = sup | (Ui (g2.0) (BD| - (1019)

s<t
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does not exceed

K(C, 1.k, eo, el gall 1 pryezxny [ 1+ (EXH2, Z + 1o)]

x[1+ (EX, Z! + o) (1 + ||F(;1||3M]+Ek)
forany k > 1.
(ii) Assume that X = R4, K (x1, x2,dy) = K(x1,x2)8(y—x1—x2), E(x) =
x, and that K is non-decreasing in each argument that is twice continuously
differentiable on (R})* up to the boundary, all the first and second partial

derivatives being bounded by a constant C (i.e. we are under the assumptions
of Theorem 8.14). Then expression (10.19) does not exceed

K(C. 1.k, o, e)lgall zom [+ (E*F, Z 4 o)

(+Ek)®2(x2)

x[1+ (EX, 2§ + 1o)] <1+||F(§1||341 )

14+Ek
for any k > 0.

Proof To derive the estimate in part(i) of the theorem, one writes

oo <Z,h(zg> - Mz(uo))®2
’ Vh

Jh N

®2 ®2
ko (Z#<Z’g) —ng)) e (ut(Z’(;) —m(uo))
ok (gz, ZMzhy =zl izl - m(uo)) |

10.20
7 NG (1020

The first term can be rewritten as
% E (g2, (Z(Z5)®2 = Gue(Z0®? + ma(Z) ® [1e(Z4) - 71 (Z)])
e (Z) - 28] @ ni (7).
Under the assumptions of Theorem 8.15 it can be estimated as
K (C. 1. e, e))llgall 1y grye2[ 1+ (EFFV2 Z0][1 + (EX, Z3)].

owing to Theorem 9.15. The second term is estimated as

Z4 — 1o
lg2ll o grye2 [T+ (EX, o + Z)] H =

Vh

M

1+Ek
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using the Lipschitz continuity of the solutions to Smoluchovski’s equation, and
the third term is estimated by an obvious combination of these two estimates.

The estimate in part(ii), under the assumptions of Theorem 8.14, is proved
analogously. Namely, the first term in the representation (10.20) is again esti-
mated by Theorem 9.15, and the second term is estimated using (8.59) and the
observation that

(g2, v®%)|
< sup [1+Ek<x1>]‘1f@m,xz)v(dxz) 1]
x| 8x1 1+Ek
< sup |[1+ EX o) 1 + EFep)] ! P8 o1 x| oI
- X1,X2 3X13xz ’ M:+Ek
<llgall 2om VIR - O

(1+Ek)®2 1+-EK

Theorem 10.6 (Weak CLT for Smoluchovski coagulation) Under the
assumptions of Proposition 10.5(i)

sup [E(g, FIN(Z}, 1) = (U™ g, FY(Z4 1)
s<t

< k(C,1,k, eq, e)VhlIgll 4 gt

2
x (14 EXFV2 70 40y (1 + | g o, ) (10.21)
1 pkt1(X)

for all k > 1, g € Cy,g(X), and, under the assumptions of Proposi-
tion 10.5(ii),

sup [E(g. F/'(Z}, o)) — (U g, F})|

s<t
< &(C.t,k, e, e)Vhligll 20

1+Ek

2
x (1+ EX3 zh o (1 + H FIZE . 10 H 1 (10.22)
M pen X

forallk >0, g€ C ffEk (X), where E denotes the expectation with respect to

the process Z!'.

Proof Recall that we denoted by Ujhc}t’r the backward propagator corre-

sponding to the process Fth = (Zlh — Ml)/\/i_z. By (10.6), the Lh.s. of (10.21)
can be written as
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(U (8. 0) (B — g, |

sup
s<t
S
= sup /0 [U?;O*’(O? — 0)U™ (g, .)] dt (F})!.
s<t ’

Since, by (10.15),

(0} = 0) (U™ g, )(Y) = \/T_ /f/ [U™g(y) = U™ g(z1) = U™ g(22)]

x K(z1,z2: dy)Y (dz1)Y (dz2)

h
— % // [Uf,Yg(y) _ ZU‘[,Sg(Z)]

x K(z, z; dy)(u + VhY)(dz)

(note that the terms containing the second and third variational derivatives in
(10.15) vanish here, as we are applying the operator it to a linear function), the
required estimate follows from Proposition 10.5. O

A similar result holds for the Boltzmann equation (8.61):

d 1
E(g, we) = 1 fsd_l fRM[g(v') +g(w') — g(v) — g(w)]

X B(Jv — w|, 0)dn pus(dv) s (dw).
Recall that in this situation E(v) = v2.
Theorem 10.7 (Weak CLT for Boltzmann collisions) Let
B(jv|.6) =b@)l’, e 1],
where b(0) is a bounded not identically vanishing function (i.e. we are under
the assumptions of Theorem 8.20). Then the estimate

sup [E(g. FI(Z, o)) — (U™g, F(Z}, 1o))|

s<t

< «(C,1,k, eq, e)Vhlglly4 g

x (110, Z1) (1 " ” FI(Z! o) HL (10.23)

1+Ek+l(x))

holds true for all k > 1, g € C, gk (X); the coefficient Q2 (uo, Zé’) depends on
the moments of L0, Zg and can be calculated explicitly.

Proof This is the same as the proof of Theorem 10.6 except that it is based,
of course, on the estimates from Theorem 8.20. O]
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In the same way as above one may obtain the weak CLT with error esti-
mates for other models where the rates of convergence in LLN can be obtained
(including processes on manifolds and evolutionary games). For example, the
first of the results in Exercises 10.1-10.3 below represents the weak CLT
for mean field models with generators of order at most one and the second
represents the weak CLT for interacting diffusions combined with stable-like
processes.

Exercise 10.1 Show that under the assumption of Theorems 8.3 or 9.6,
one has

sup [E(g, FI(Z{, 1)) = (U™ g, F(Z4 1)
t<T

2

< CT 1 ZyODVAlglez vy (1 + |FE o) ) (10.24)

(CL (X))
for g e Cgo(Rd).

Exercise 10.2 Show that under the assumptions of Theorem 9.10 one has the

same estimates as in (10.24) but with ||gllcs (y) and IFy(ZE, uo)llfcz 0y
2 oo

(el
Exercise 10.3 Formulate and prove the corresponding weak CLT for the evo-
lutionary games discussed in Section 1.6. Hint: This is simpler than above as all

generators are bounded, implying the required estimates almost automatically.
The reduced CLT for general bounded generators was obtained in [134].

instead of [lgllcz,(x) and || F{ (ZE. 120)]

10.3 Summarizing the strategy followed

In the previous sections we have developed a method of proving the weak (or
reduced) CLT for fluctuations around the LLN limit of a large class of Markov
models of interacting particles. Let us summarize the milestones of the path
followed. Once the corresponding linear problem and its regularity has been
understood, one obtains well-posedness for the given nonlinear Markov pro-
cess and semigroup. Then the analysis of the derivatives with respect to the
initial data is carried out, aiming at the invariance and regularity (smoothness
and/or bounds) of functionals on measures having a well-defined second-order
variational derivative. The next step is to prove error estimates for the LLN
that imply the boundedness of the second moment of the fluctuation process
(Proposition 10.5). Finally one deduces error estimates for the CLT. The real-
ization of this program relies heavily on the structure of the model in question.
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We have had to use quite different techniques in various situations: the particu-
lars of coagulation processes for Smoluchovski’s model, the subtle properties
of moment propagation for the Boltzmann equation, the regularity of SDEs
for stable-like processes and specific analytical estimates for the generators
“of order at most one” including the Vlasov equations, mollified Boltzmann
processes and stable-like interacting processes with index o < 1.

Though the reduced CLT obtained is useful (for example the convergence
rates can be applied for assessing numerical schemes based on a particular
interacting-particle approximation), it is not of course the full story since one
is naturally interested in the full limit of the fluctuation process. Here again
one can identify the general strategy, but its realization for concrete models is
rarely straightforward (even when the weak CLT has been proved already). We
shall conclude this chapter with a sketch of this strategy in the case of the basic
coagulation model, referring for the full story to the original papers.

10.4 Infinite-dimensional Ornstein—-Uhlenbeck processes

Infinite-dimensional Ornstein—Uhlenbeck (OU) processes obtained as the fluc-
tuation limits for mean field and kth-order interactions are specified by
(10.10) and (10.12) respectively. It is clear how to write down (at least for-
mally) an infinite-dimensional Ito-type stochastic equation driven by infinite-
dimensional Gaussian noise with prescribed correlations. However, these
correlations are rather singular and degenerate, which makes the correspond-
ing rigorous analysis less obvious. We shall discuss two alternative approaches
to the study of the corresponding processes. Namely, in the first approach one
constructs the appropriate semigroup on the appropriate space of generalized
functions, via finite-dimensional approximations or by means of an infinite-
dimensional Riccati equation. The existence of the process itself may be then
obtained as a byproduct from the analysis of scaled fluctuation processes for
approximating interacting-particle systems, if one can show that these pro-
cesses form a tight family. Though the appropriate generalized functions can
be different for specific models (they should reflect the growth and smoothness
properties of the coefficients of B¥), the procedure itself is very much the same.
We shall demonstrate this program for Smoluchovski coagulation models with
smooth unbounded rates, additively bounded by the mass.

Let us construct the propagator of the equation ¥ = —O, F on the set of
cylinder functions C;! = C} (/\/l']"Jr Ek)’ m = 1,2, on measures that have the
form

SN (Y) = f((@1. V). (. V) (10.25)
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with f € CR") and ¢y, ..., ¢, € C 'f:’_(‘)gk. We shall denote by Cy the union of

the C}! foralln =0, 1, ... (of course, functions from C,? are just constants).
The Banach space of k-times continuously differentiable functions on R?

(whose norm is the maximum of the sup norms of a function and all its partial

derivatives up to and including order k) will be denoted, as usual, by C¥(R?).

Theorem 10.8 Under the assumptions of Proposition 10.5(ii) (or equiv-
alently Theorems 8.14 and 10.5(ii)), for any k > 0 and a o such that
(1 + EF 1) < oo there exists a propagator OU' of contractions on Ck
preserving the subspaces C!', n = 0,1,2,..., such that OU"'F, F € (,
depends continuously on t in the topology of uniform convergence on bounded

subsets 0fM1+Ek’ m = 1,2, and solves the equation F = —O; F in the sense
thatif f € CZ(RY) in (10.25) then
d

EOU”’(D‘?I """ YY) = =AU R PY), 0<t <7 (10.26)

uniformly for Y from bounded subsets of Ml gk

.....

1
Proof Substituting a function CD?: " of the form (10.25) (having twice
continuously differentiable f;) with a given initial condition ®,(Y) =

@f,rl""’q)” (Y) att = r into the equation F, = —O,F, and taking into account
that
of; 32ft
— Z—w) m)m) Z ¢<)¢(>

yields the equation

?;’ + a—ft(qbl, )4+ i(qb Y)
_f// 2 ;)Tf[j(‘p;’éy — 8, — 0,)K (21, 225 dy)
j=
x Y (dz1) i (dz2)
4 f// Z ai,ft (¢; ® ¢, (8y — 8 — 8.,)8)K (21, 22; dy)
x pe(dzi) e (dz2),
where f;(x1,...,x,) and all its derivatives are evaluated at the points x; =

(¢;, Y) (here and in what follows we denote by a dot the derivative d/dt with
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respect to time). This equation is clearly satisfied whenever

39 fy
0xj0xg

n

Sty o) == Y T, ¢, 6p)

jk=1

X1y -+ %) (10.27)

and
#0 == [[[#0) = 0@ = 8] K @i dyudw) = -0 23

in (10.27) IT is given by

e, ¢,9) = jf// (0@ v. 6y — 8, = 8)%) K (21, 22 dy)pa(dy)
X i (dz2). (10.28)
Consequently
OU" ®,.(Y)=0,(Y) = U""f) (U], Y), ..., (U ¢, Y)), (10.29)

where U"' f, = Z/{lt-ir fr is defined as the resolving operator for the (inverse-
time) Cauchy problem of equation (10.27) (it is well defined, as (10.27) is just
a spatially invariant second-order evolution). The resolving operator U"" was
constructed in Section 8.4, and

(. ¢, ¢p) = Tt U™ ¢, U™ ¢p).

All the statements of Theorem 10.8 follow from the explicit formula (10.29),
the semigroup property of the solution to the finite-dimensional equation
(10.27) and the estimates from Section 8.4. ]

In the second approach the propagator is constructed by means of the
generalized Riccati equation discussed in Appendix K.

10.5 Full CLT for coagulation processes (a sketch)

Once the weak CLT is obtained, it is natural to ask whether the fluctuation
process corresponding to a particular model converges to the limiting OU pro-
cess. To do this one has to choose an appropriate infinite-dimensional space
(usually a Hilbert space is the most convenient choice) where this OU process
is well defined and then use some compactness argument to get convergence.
Though this is clear in principle, the technical details can be non-trivial for
any particular model (especially for unbounded generators). For the case of
Smoluchovski coagulation this program was carried out in Kolokoltsov [136].
Referring to this paper for the full story with its rather lengthy manipulations
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(see also the bibliographical comments in [136] for related papers), we shall
simply sketch the main steps to be taken and the tools to be used.

Theorem 10.9 (CLT for coagulation: convergence of semigroups) Sup-
pose that k > 0 and hy > 0 are given such that

sup (1 + E*3 8 4 up) < o0. (10.30)
h<hg
(i) Let ® € C/?(MLEA') be given by (10.25) with f € C3(R") and all
¢j € CyLp(X). Then

sup [E® (F'(Z§, 110)) — OU™ d(F)|

s<t

<k(C.t,k, eo, e)Vh max [gjlic2o 1f llcsqe)
1+E

x (14 E¥5 7 4 1p)? (1 +IFy (10.31)

P o)
1+Ek+1

(i) If ® € CFMT 1)
(10.25)) and Fg converges to some Fy as h — 0 in the x-weak topology of
M}+Ek+l then

(with not necessarily smooth f in the representation

]}imo E®(F"(Z}, o)) — OU™ & (Fop)| =0 (10.32)

uniformly for F(’)’ from a bounded subset of Mi L EkH and t from a compact
interval.

This result is obtained by extending the arguments from the proof of The-
orem 10.6, where now one needs the full expansion of the generator of
fluctuations, not only its linear or quadratic part.

To formulate the next result we have to introduce the space of weighted
smooth L ,-functions or weighted Sobolev spaces (as we mentioned above, to
get effective estimates, Hilbert space methods are more appropriate). Namely,
define L, r = L, y(T) as the space of measurable functions g on a measur-

able space T having finite norm |[gllz, , = llg/flz,. The spaces L;(} and

Li’(}, p > 1, are defined as the spaces of absolutely continuous functions ¢ on
X = Ry such that lim,_,¢ ¢ (x) = 0, with respective norms

||¢||L;7.of(x) =19l 00 = 19" /fllL,x),
||¢||Li,0/(x) =o'/ fllL,x) + 1" /) IIL,x)
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and duals (L f)/ and (L2’O ). By the Sobolev embedding lemma one has
the inclusion L2 O cct O and hence also L2 fk ccC fko for arbitrary k > O,

implying by duality the inclusion /\/ll C (L2 fk)’

In order to transfer the main estlmates for the fluctuation processes to these
weighted L»-spaces, one has to obtain L, analogs of the estimates for deriva-
tives (of the solutions to the kinetic equations from Section 8.4), which is
rather technical, and also a corresponding extension of Theorem 10.8. Then
one obtains the following main ingredient in the proof of the functional CLT.

Proposition 10.10  Under the assumptions of Theorem 8.14, for any k > 1/2,

supE|| F'(Zg, Mo)ll y

§S<t

2
gucmkmmqﬂi+u#“ﬁzg+uw](1+H%H y).
2 fk
(10.33)

This fact allows us to obtain key estimates when extending the above
Theorem 10.8 to the following convergence of finite-dimensional distributions.

Theorem 10.11 (CLT for coagulation: finite-dimensional distributions)
Suppose that (10.30) holds, ¢1, ..., ¢, € C1+Ek Ry) and Fh € (L

converges to some Fy in (L

2, 1+Ek+2)
2 1+Ek+2)/ as h — 0. Then the R"-valued random
variables

O = (1. F(Z. p)). - ... (bu. F (Z{. 10)).

,,,,,

0<t; < <ty

converge in distribution, as h — 0, to a Gaussian random variable with
characteristic function

ity (P1s -+ Pn)
=exp (i Zp,(u i, Fo)— Z ft anpzpkn(s, UG, UMy ds )
1
o (10.34)
where tg = 0 and T1 is given by (10.28). In particular, fort =t = --- =t,

this implies that
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n
. .  h
}}gl})Eexp (z Z(qﬁj, F, ))

= exp ( Z(U°’¢,,F0) Z/ (s, U“¢,,U”¢k)ds)

Jj.k=1

Note that passing from Theorem 10.9 to Theorem 10.11 would be auto-
matic for finite-dimensional Feller processes (owing to Theorem C.5), but in
our infinite-dimensional setting this is not at all straightforward and requires
in addition the use of Hilbert space methods (yielding an appropriate compact
containment condition).

Theorem 10.12 (Full CLT for coagulation) Suppose that the conditions of
Theorems 10.9, 10.11 hold.

(i) For any ¢ € C1+Ek (Ry), the real-valued processes (¢, F,h (Zg, o))
converge in distribution in the Skorohod space of cadlag functions (equipped
with the standard Ji-topology) to the Gaussian process with finite-dimensional
distributions specified by Theorem 10.11.

(ii) The fluctuation process F; h (Z L0) converges in distribution on the

Skorohod space of cadlag functions D([0, T]; (L2 1+Ek+2(R+))’) (with Jy-

topology), where (LZ’ B 2 (RY)) is considered in its weak topology, to
the Gaussian process with finite-dimensional distributions specified by The-
orem 10.11.

Notice that, once the previous results have been obtained, all that remains to
be proved in Theorem 10.12 is the tightness of the approximations, i.e. the exis-
tence of a limiting point, because the finite-dimensional distributions of such a
point have already been uniquely specified, by Theorems 10.9 and 10.11.

The proof of Theorem 10.12 is carried out in the following steps.

By Dynkin’s formula applied to the Markov process Z,h one finds that, for a

t
MA@ = @, Z1) — (6, Z) — /0 (L. )(Z")ds

is a martingale and that

h

«/’«/‘(

To show the compactness of this family one uses Theorem C.9 in conjunction
with the result in Exercise 2.1 to estimate the quadratic variation. This implies
(i). In order to prove (ii), one needs only to prove the tightness of the family

6. F!) = 6. Z) + / (Li(d. )(Zds — (&, m))
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of normalized fluctuations F[h, as by Theorem 10.11 the limiting process is
uniquely defined whenever it exists. By Theorem C.2, to prove the tightness it
remains to establish the following compact containment condition: for every
€ > 0and T > O there exists a K > 0 such that, for any £,

P sup IIF! 20, > K] <€,
<te[o,T] L)

and this can be obtained from Proposition 10.10.



11

Developments and comments

In this chapter we discuss briefly several possible developments of the theory.
Each section can be read independently.

11.1 Measure-valued processes as stochastic dynamic
LLNs for interacting particles; duality of
one-dimensional processes

We have introduced nonlinear Markov processes as deterministic dynamic
LLNs for interacting particles. As pointed out in Chapter 1, nonlinear Markov
processes in a metric space S are just deterministic Markov processes in the
space of Borel measures M (S). Also of interest are nondeterministic (stochas-
tic) LLNs, which are described by more general nondeterministic measure-
valued Markov processes. Here we give a short introduction to stochastic LLNs
on a simple model of completely identical particles, discussing in passing the
duality of Markov processes on R.

Suppose that the state of a system is characterized by the number n € Z =
{0, 1,2, ...} of identical indistinguishable particles that it contains at a partic-
ular time. If any single particle, independently of the others, can die after a
lifetime of random length in which a random number / € Z_ of offspring are
produced, the generator of this process will be given by

o
G =n Y gu[fa+m) = fm]
m=—1
for some non-negative constants g,L. More generally, if any group of k particles
chosen randomly (with uniform distribution, say) from a given group of n par-
ticles can be transformed at some random time into a group of / € Z particles
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through some process of birth, death or coagulation etc. then the generator of
this process will be given by

Gef)m) =Ck Y b [fn+m)— fo)]

m=—k

for some non-negative constants gk, where the CX are the usual bino-
mial coefficients and where it is understood that these coefficients vanish
whenever n < k. Finally, if the spontaneous birth (or input) of a ran-
dom number of particles is allowed to occur, this will contribute a term
ano:o g,% [ fmn+m)—f (n)] to the generator equation for our process. A
generator of the type Zlf:o Gy describes all k-ary interactions, with k < K.
The usual scaling of the state space n +— nh, where h is a positive parameter,
combined with the scaling of the interaction G +—> h* Gy, leads to a Markov
chain on hZ with generator

K 00
G"=Y ap. (GRf)(hn) = hECY > b [f(hn + hm) — f(hn)].
k=0 m=—k

(11.1)

We are interested in the limits n — oo, h — 0, with nh — x € R, and
where g',f1 = gfn (h) may also depend on h. To analyze this limiting procedure,
we will consider the operator (11.1) as a restriction to hZ, of the operator,
again denoted G" in an abuse of notation, defined on functions on (0, co) by
G" = Y&, Gl where

(GE)(x)

x(x —h)...[x — (k — 1)h]
- k! >

gk () [f (x + hm) — f(x)]

m=max(—k,—x/h)

(11.2)

for x > h(k — 1); the rh.s. vanishes otherwise. Clearly x(x — h)---
[x — (k — 1)h] tends to x* as h — 0, and we expect that, with an appropri-
ate choice of gfn (h), the sum of the k-ary interaction generators in (11.2) will
tend to the generator of a stochastic process on R of the form Zf:o xENg,
where each Nj is the generator of a spatially homogeneous process with
i.i.d. increments (i.e. a Lévy process) on R;. Hence each N is given by the
Lévy—Khintchine formula with a Lévy measure that has support in R5..

Let us formulate a precise result in this simple one-dimensional setting,
referring to Kolokoltsov [127] for its proof.

We denote by C[0, oo] the Banach space of continuous bounded functions
on (0, 0o) having limits as x — 0 and as x — oo (with the usual sup norm).
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We shall also use the closed subspaces Co[0, co] or Cx[0, c0] of C[0, oo],
consisting of functions such that f(0) = 0 or f(c0) = Orespectively. Consider
an operator L in C[0, co] given by the formula

(Lf)(x)

K o0
= Zxk {akf”(X) — b f'(x) +f0 [fx+y) = fx) = f(x)y] Vk(d)’)} ,
k=1
(11.3)

where K is a natural number, a; and by are real constants, k = 1, ..., K, the
ay are non-negative and the v are Borel measures on (0, co) satisfying

/min(é,éz)vk(dé) < 0.

As a natural domain D(L) of L we take the space of twice continuously
differentiable functions f € C[0, oo] such that Lf € C[0, oc].

Let k1 < kp (resp. 1 < l») denote the bounds of those indexes k for which
the ay (resp. bx) do not vanish, i.e. ag, > 0, ax, > 0 and ay = O for k > k; and
k < ky (resp. b, #0,b,, #0and by =0fork > I and k < ).

Theorem 11.1  Suppose that

(a) the vi vanish for k < ki and k > k»,

(b) iflo < ky then vy, =0,

(c) ifly =k —1and by, = =l then vi, =0,
(d) b, > 0wheneverly > ko — 1,

(e) ifly = ko then there exists 6 > 0 such that

-1/%¥v<ky+i;/mév(&><l
ap Jo ® " bl Js 2" 4
Then the following hold.

(i) If k1 > 1 (resp. ki = 1), L generates a strongly continuous conservative
semigroup on C[0, oo] (resp. non-conservative semigroup on Col[0, oo])).

(ii) The corresponding process X (t), where x denotes the starting point,
is stochastically monotone: the probability P(X,(t) > y) is a non-decreasing
function of x for any y.

(iii) There exists a dual process X (1), with generator given explicitly, whose
distribution is connected with the distribution of X (t) by the duality formula

P(X((1) < y) =P(X, () > x).
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Remark 11.2 The long list of hypotheses in Theorem 11.1 covers the most
likely situations, where either the diffusion (the second-order) term or the drift
(the first-order) term of L dominates the jumps and where consequently pertur-
bation theory can be used for the analysis of L, with the jump part considered
as a perturbation. A simple example with all conditions satisfied is the operator
givenin (11.3), fora; > 0,ax > 0,bg > 0and vi = vg =0.

We shall now describe the approximation of the Markov process X (¢) by
systems of interacting particles with k-ary interactions, i.e. by Markov chains
with generators of the type (11.1), (11.2). This is the simplest and most natural
approximation.

Let finite measures ¥ be defined by v (dy) = min(y, y?)vi(dy). Let ,3,}, ,3,3
be arbitrary positive numbers such that ﬂ,} — ,3,% = by and let w be an arbitrary
constant in (0, 1). Consider the operator G/ = Z,le G with

(GU £)(hn) = n*Ck [Z—’;(f(hn +h) + f(hn —h) — 2 f(hn))
Bl B}
+ f(f(hn +h) — f(hn)) + f(f(hn —h) — f(hn))

+ > (f(nh—i—lh)—f(nh)—i—lh

I=[h—]

x v (L, h)],

f(nh—h)—f(nh)>
h

where the summation index £ = [A~“] denotes the integer part of 2~ and
where

1 1 -
vr(l, h) = max (}ﬁ’ W) Vellh,lh + h).

Theorem 11.3  For any h > 0, under the assumptions of Theorem 11.1 there
exists a unique (and hence non-exploding) Markov chain X" (t) on hZ., with
generator G" as given above. If the initial point nh of this chain tends to a
point x € Ry as h — 0 then the process X Zh (t) converges in distribution, as
h — 0, to the process X, (t) from Theorem 11.1.

An approximating interacting-particle system for a given process on Ry is
by no means unique. The essential features of approximations are the fol-
lowing: (i) a k-ary interaction corresponds to pseudodifferential generators
L(x, d/0x) that are polynomials of degree k in x and requires a common scal-
ing of order Kk (ii) the acceleration of small jumps (the g,’jl (h) in (11.2), of
order A2 for small |m|) gives rise to a diffusion term; (iii) the slowing down
of large jumps gives rise to non-local terms in the limiting generator.



11.2 Discrete nonlinear Markov games 279

We conclude that the study of measure-valued limits of processes with k-ary
interactions leads to the study of Feller processes having non-local pseudo-
differential generators with coefficients growing at least polynomially, if K is
finite (more precisely, with polynomially growing symbols).

The extension of the above results beyond the methods of perturbation
theory and to the case of a finite number of types of interacting particles, lead-
ing in the limit to processes on R¢ with polynomially growing symbols, is
developed in Kolokoltsov [129]. No serious study, however, seems to exist
concerning extension to an infinite number of types or to the correspond-
ing infinite-dimensional (actually measure-valued) limits. An exception is the
well-established development of the theory of superprocesses. These appear
as measure-valued limits of multiple branching processes that in the general
scheme above correspond to the k = 1, non-interacting, case in which the
coefficients of the limiting infinite-dimensional pseudo-differential generators
depend linearly on position.

11.2 Discrete nonlinear Markov games and controlled
processes; the modeling of deception

The theory of controlled stochastic Markov processes has a sound place in the
literature, owing to its wide applicability in practice; see e.g. Hernandez-Lerma
[95], [94]. Here we shall touch upon the corresponding nonlinear extension just
to indicate the possible directions of analysis. A serious presentation would
require a book in itself.

Nonlinear Markov games can be considered as a systematic tool for the mod-
eling of deception. In particular, in a game of pursuit — evasion — an evading
object can create false objectives or hide in order to deceive the pursuer. Thus,
observing this object leads not to its precise location but to a distribution of
possible locations, implying that it is necessary to build competitive control
on the basis of the distribution of the present state. Moreover, by observing
the action of the evading object one can draw conclusions about those of its
dynamic characteristics that make the predicted transition probabilities depend
on the observed distribution. This is precisely the type of situation modeled by
nonlinear Markov games.

The starting point for the analysis is the observation that a nonlinear Markov
semigroup is just a deterministic dynamic system (though on a rather strange
state space of measures). Thus, just as stochastic control theory is a natural
extension of deterministic control, we are going to extend stochastic control by
turning back to deterministic control, but of measures, thus exemplifying the
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usual spiral development of science. The next “turn of the screw” would lead
to stochastic measure-valued games, forming a stochastic control counterpart
for the class of processes discussed in the previous section.

We shall work directly in the competitive control setting (game theory),
which of course includes the usual non-competitive optimization as a particular
case, but for simplicity only in discrete time and in a finite original state space
{1, ..., n}. The full state space is then chosen as a set of probability measures
Y,on{l,...,n}

Suppose that we are given two metric spaces U, V for the control parameters
of two players, a continuous transition cost function g(u, v, u),u € U,v € V,
W € X, and a transition law v(u, v, i) prescribing the new state v € X,
obtained from p once the players have chosen their strategies u € U,v €
V. The problem corresponding to the one-step game (with sequential moves)
consists in calculating the Bellman operator B, where

(BS)(n) = minmax[g(u, v, w) + SW(u, v, w)] (11.4)

for a given final cost function S on X,,. According to the dynamic programming
principle (see e.g. Bellman [27] or Kolokoltsov, and Malafeyev [139]), the
dynamic multi-step game solution is given by the iterations B¥S. Often of
interest is the behavior of this optimal cost BXS(x) as the number of steps k
goes to infinity.

Remark 11.4 In game theory one often (but not always) assumes that
min, max in (11.4) are interchangeable, leading to the possibility of making
simultaneous moves, but we shall not make this assumption.

The function v(u, v, u) can be interpreted as a controlled version of the
mapping P, specifying a nonlinear discrete-time Markov semigroup, discussed
in Section 1.1. Assume that a stochastic representation for this mapping is
chosen, i.e. that

n
vi(u, v, pu) = ZM:’PL/(M, v, W)

i=1

for a given family of (controlled) stochastic matrices P;;. Then it is natural to
assume that the cost function g describes the average over random transitions,
so that

n
glu, v, u) = Z wiPij(u, v, 1) gij
ij=1
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for certain real coefficients g;;. Under this assumption the Bellman operator
equation (11.4) takes the form

(BS)(w) = minmax [ 3 i Pyt v, gy + (3 it v, w) |-
i, j=1 i=1
(11.5)

We can now identify the (not so obvious) place of the usual stochastic con-
trol theory in this nonlinear setting. Namely, assume that the matrices P;; do
not depend on 1. Even then, the set of linear functions S(u) = Y 1 s;u’
on measures (identified with the set of vectors S = (sq, ..., s,)) is not invari-
ant under B. Hence we are automatically reduced not to the usual stochastic
control setting but to a game with incomplete information, where the states are
probability laws on {1, ..., n}. Thus, when choosing a move the players do not
know the present position of the game precisely, but only its distribution. Only
when Dirac measures p form the state space (i.e. there is no uncertainty in
the state) will the Bellman operator be reduced to the usual one for stochastic
game theory,

n
(BS); = minmax ) " Pyj(u, v)(gij + 5))- (11.6)
j=1
As an example of a nonlinear result, we will obtain now an analog of the
result on the existence of an average income for long-lasting games.
Proposition 11.5  If the mapping v is a contraction uniformly in u, v, i.e. if
G v, 1) = v v, pH)| < 8lut = p?) (1.7
foraé € (0, 1), where |v|| = Z?:l |vil, and if g is Lipschitz continuous, i.e.
lg@u, v, u") = g, v, uH)| < Cllu' — 12| (11.8)

for a constant C > 0, then there exist a unique . € R and a Lipschitz-
continuous function S on ¥, such that

B(S)=1+S (11.9)
and, for all g € C(X,), we have
[B"g —mAll < S|+ IS — gl (11.10)

. B"g
lim —2 = A. (11.11)
m—oo m

Proof  Clearly for any constant /2 and a function S one has B(h+S) = h+
B(S). Hence one can project B onto an operator B on the factor space C(%,)
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of C(%,)) with respect to constant functions. Clearly, in the image C'Lip(En) of
the set of Lipschitz-continuous functions Crip(X,), the Lipschitz constant

Lfwh = f(u?)

L(f)=
PR 1Ty Tl

is well defined (it does not depend on which representative of the equivalence
class is chosen). Moreover, from (11.7) and (11.8) it follows that

L(BS) <2C + 8§L(S),
implying that the set
Qr ={f € CLip(Zn) : L(f) < R}

is invariant under B whenever R > C /(1 —§). Since, by the Arzela—Ascoli
theorem, Q2 is convex and compact one can conclude by the Shauder fixed-
point principle that B has a fixed point in Qp. Consequently there exists a
A € R and a Lipschitz-continuous function S such that (11.9) holds.

Notice now that B is non-expansive in the usual sup norm, i.e.

1B(S1) — B(S2)|l = sup [(BS)(n) — (BS2)(w)|
HEZ,

< sup [Si(n) — S2a(w)| = [IS1 — S2|l.
HEX,

Consequently, for any g € C(%,),
IB"g — B"S|l = |B"(g) —mr — S| < llg — Sl

implying the first formula in (11.10). The second is a straightforward corol-
lary. This second formula also implies the uniqueness of A (as well as its
interpretation as the average income). The proof is complete.

One can extend other results for stochastic multi-step games to this non-
linear setting, say, the turnpike theorems from Kolokoltsov [123] (see also
Kolokoltsov, and Malafeyev [139] and Kolokoltsov, and Maslov [141]), and
then study nonlinear Markov analogs of differential games but, as we said, we
shall not pursue this theme here.

11.3 Nonlinear quantum dynamic semigroups and the
nonlinear Schrodinger equation

The Schrodinger and Heisenberg evolutions are given by the semigroups of
unitary operators in a Hilbert space. They describe closed quantum systems not
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interacting with the outer world. This is of course an idealization, as only the
whole universe is closed, strictly speaking. The search for more realistic quan-
tum models leads to the theory of open systems, where an evolution is general
rather than unitary, but it still has to be “positive” (in some not quite obvi-
ous way). Developing a probabilistic interpretation of the processes underlying
this kind of positivity has evolved into the field of quantum probability, where
functions (classical observables) are replaced by linear operators in Hilbert
spaces and measures (mixed states) are replaced by trace-class operators; see
e.g. Meyer [187] for a general introduction to the subject. The LLN for inter-
acting quantum particles leads in this setting to nonlinear quantum semigroups
and nonlinear quantum Markov processes.

The aim of this section is to sketch the application of duality to the well-
posedness problem for nonlinear quantum evolutions. In particular, we aim
to demonstrate that the methods of classical Markov processes often sug-
gest natural approaches to quantum counterparts and that aiming at nonlinear
extensions leads to useful insights even for linear problems.

In order for the discussion to be reasonably self-contained (we will not
assume that the reader is familiar with quantum physics), we shall start with
an informal discussion of the Schrodinger and Heisenberg dual formula-
tions of quantum mechanics and then give rigorous definitions of complete
positivity and quantum dynamic semigroups. Finally we shall move to the
main point, proving a well-posedness result (that is actually rather sim-
ple) for nonlinear quantum dynamics. Trivial particular cases of this result
are, for example, existence of the solutions to certain nonlinear Schrodinger
equations.

We shall fix a separable complex Hilbert space H with a scalar product
that is linear (resp. anti-linear) with respect to the second (resp. first) vari-
able. The standard norm of both vectors and bounded operators in H will be
denoted by ||.||. Let B(H) (resp. B.(H)) denote the Banach space of bounded
linear operators in H (resp. its closed subspace of compact operators), and let
B1(H) denote the space of trace-class operators considered as a Banach space
with respect to the trace norm ||A||; = tr|A|, where |A| = ~/ A*A. We shall
denote by B**(H), B}*(H) and B3*(H) the subspaces of self-adjoint elements
of B(H), B1(H) and B.(H) respectively.

As we are interested mostly in self adjoint operators, it is instructive to recall
(from the spectral theory for compact operators) that any ¥ € B{“(H) has a
discrete spectral representation given by Yv = Y A;(ej, v)e;, where the ¢;
form an orthonormal basis in # and the A; are real numbers. Moreover, such
an operator belongs to B}*(H) if and only if the sum Z?oz] Jj is absolutely
convergent, in which case
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oo o0
Yl =yl =)l wy =3k
j=1 j=1

We shall use basic facts about the space B (), which can be found e.g. in
Meyer [187] or Reed and Simon [205]. The most important is that the space
B(H) is the Banach dual to the space Bj (H), the duality being given explicitly
by tr(AB), A € B(H), B € Bi(H). In its turn the space 3 (H) is the Banach
dual to the space B.(H) (equipped with the usual operator norm).

Recall that an operator A € H is called positive if it is self-adjoint and
satisfies the inequality (v, Av) > O for any v € H. This notion specifies the
order relation in B(H), i.e. A < B means that B — A is positive. Of crucial
importance for the theory of open systems is the so called ultraweak or nor-
mal topology in B(H), which is actually the x-weak topology of B(H) as the
Banach dual to B (H). In other words, a sequence X, € B(H) converges to
X in ultraweak topology whenever tr(X,Y) — tr(XY) as n — oo for any
Y € B1(H). We shall denote the unit operator by 1.

Let us turn to quantum mechanics. In the Schrodinger picture it is supposed
that a quantum system evolves according to the solution to the Cauchy problem

iV = Hyy, Yo =1, (11.12)

where H is a given (possibly unbounded) self-adjoint operator in H called
the Hamiltonian or energy operator. The unknown vectors y; are called wave
functions and describe the states of the quantum system. Solutions to (11.12)
are given by the exponential formula (rigorously defined via operator calculus):

Y =exp(—iHt)y. (11.13)

Alternatively the operators in H, which represent observables, are con-
sidered in the Heisenberg picture to evolve according to the Heisenberg
equation

X, = i[H, X,], Xo=X, (11.14)

where [H, X] = HX — X H is the commutator. The solution to this problem
is easily seen to be given by writing down the “dressing” of X:

X; =exp(iHt) X exp(—iHt). (11.15)

The connection between the Schrodinger and Heisenberg pictures is given by
the relation

Ve, X)) = (¥, Xi ), (11.16)

which is a direct consequence of (11.13) and (11.15). The physical interpreta-
tion of (11.16) signifies the equivalence of the Schrodinger and Heisenberg
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pictures, as the physically measured quantity is not the value of the wave
function itself but precisely the quadratic combination (¢, Ayr) (where ¥ is
a wave function and A an operator) that represent the expected value of the
observable in the state 1. In order to have a clear probabilistic interpretation
one assumes that the wave functions i are normalized, i.e. ||| = 1. This
normalization is preserved by the evolution (11.13). Hence the state space
in the Schrodinger picture is actually the projective space of complex lines
(one-dimensional complex subspaces) in H.

Mathematically equation (11.16) is a duality relation between states and
obervables, and is the quantum counterpart of the usual linear duality between
measures and functions in Markov processes. However, in (11.16) this analogy
is in disguise, as the expression on the L.h.s. is quadratic with respect to the
state. This apparent difference disappears in a more fundamental formulation
of the Schrodinger picture. In this new formulation the states of a quantum
system are represented not by vectors but rather by positive normalized trace-
class operators that in the physics literature are often referred to as density
matrices, i.e. they form the convex set

{AeBi(H): A=0, |[Al1 =tr A =1} (11.17)
The evolution of a state Y is now given by the equation
Y, = —i[H, Y,], Yo=7Y. (11.18)

It is clear that equation (11.14) is dual to equation (11.18), with the respect
to the usual duality given by the trace, implying the relation

tr(Y: X) = tr(Y X) (11.19)

between their solutions.

Notice now that for any vectors ¥, ¢ € H the operator ¥ ® ¢, which by
definition acts in H as (¢ ® ¢)v = (¢, v)¥, is a one-dimensional trace-class
operator. In particular, operators of the form v ® 1 belong to the set (11.17)
for any normalized . To distinguish this class of density matrices, states of
the type ¥ ® v are called pure states while those not of this type are called
mixed states (in classical probability a pure state is given by a Dirac point
mass). As in classical probability, pure states are (the only) extremal points
for the state space (11.17). From the spectral representation for self-adjoint
elements of B.(H) (and the possibility of representing any element as a linear
combination of two self-adjoint elements) it follows that linear combinations of
operators of the type ¥ ® 1/_/ are dense both in B (H) and in B.(H) (taken with
their respective Banach topologies). In particular, convex linear combinations
of pure states are dense in the set (11.17) of all density matrices.
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It is straightforward to see that if i, satisfies (11.12) then the family of
one-dimensional operators y; ® 1; satisfies equation (11.18). Thus the duality
(11.16) is a particular case of (11.19) for pure states.

The following extends the correspondence between the normalization of
vectors and of density matrices.

In the theory of open quantum systems, the evolution of states and observ-
ables is not unitary, but it does have to satisfy a rather strong positivity
condition: not only has it to be positive, i.e. to take positive operators to posi-
tive operators, it also has to remain positive when coupled to another system.
Without going into the details of the physical interpretation (see, however, the
remark below), let us give only the most transparent mathematical definition.
A bounded linear map ® : B(H) — B(H) is called completely positive if, for
all n € N and all sequences (Xj)ﬁzl, (Yj)7:1 of the elements of B(H), one
has

n
D YFOXiX)Y; = 0. (11.20)
ij=1

Remark 11.6 It is not difficult to show that a bounded linear map @ :
B(H) — B(H) is completely positive if and only if it is positive (i.e. it takes
positive operators to positive operators) and if for any n € N the linear mapping
of the space M,,(B(H)) of B(H)-valued n x n matrices given by

A = (a;j) = D,y (A) = (Pa;j)

is a positive mapping in M, (B(H)) = B(H ® C"). On the one hand, this prop-
erty formalizes the underlying physical intuition indicated above and makes
it obvious that the composition of any two completely positive maps is also
completely positive. On the other hand, definition (11.20) yields a connection
with the notion of positive definite functions and kernels; see e.g. Holevo [99]
for the full story.

Remark 11.7 We are working in the simplest noncommutative case for evo-
lutions in B(H). Generally quantum evolutions act in C*-algebras, which can
be inserted into B(H) as closed subalgebras. Definition (11.20) is straightfor-
wardly extendable to this setting. The classical probability setting fits into this
model when the corresponding C*-algebra is commutative. Any such algebra
can be realized as the algebra C(K) of bounded continuous functions on a
compact space K, which clearly can be considered as the algebra of multipli-
cation operators in L (K, i), where the Borel probability measure © on K
is strictly positive on any open subset of K. In this case complete positivity
coincides with the usual notion of positivity.
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The well-known Stinespring theorem gives a full description of completely
positive maps between C*-algebras. When applied to B(H) it states that any
completely positive bounded linear map @ : B(H) +— B(H) has the form

(X)) = Zvi*xvi, (11.21)

where the V; and the sum Zf’i 1 Vl* Vi belong to B(H); see e.g. Davies [56] for
a proof.
The following definition is fundamental. A quantum dynamical semigroup

in B(H) is a semigroup of completely positive linear contractions ®;, t > 0,
in B(H) such that:

O o) =1
(i1) all ®; are normal (i.e. are ultraweakly continuous mappings);
(iii)) ®,(X) — X ultraweakly as t — O for any X € B(H).

Such a semigroup is called conservative if ®;(1) = I for all t.

Remark 11.8 One can show that the last condition (together with the posi-
tivity assumption) implies an apparently stronger condition that ®;(X) — X
strongly as t — O for any X € B(H). This is, however, still not the strong
continuity of the semigroup ®; (familiar from the theory of Feller processes),
which would mean that ®;(X) — X in the norm topology as t — 0 for any
X e B(H).

The crucial Lindblad theorem (see [163]) states that if a dynamic semigroup
is norm continuous and hence has a bounded generator L then such an L has
the form

L(X) = W (X) — S(W(DX + X¥(1)) +i[H, X], (11.22)

where H is a self-adjoint element of B(H) and W is a completely positive
mapping in B(H). Vice versa, a bounded operator of the type (11.22) generates
anorm-continuous dynamic semigroup. In view of the Stinespring theorem one
can further specify (11.22) writing it in the form

L(X) =Z ViXV;— 3 (ViViX + XV[V))) +ilH, X], (11.23)

where V;, Z — V*Vi € B(H). A straightforward manipulation shows that
the corresponding dual evolution on B (H) (in the Schrédinger picture) is the
semigroup with generator
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L'(Y)=v'(X) - % WY +Yw(()) —ilH, Y], (11.24)

or, using (11.23),
o0
ry=14%" ([V/Y, VA4V, ij*]) _i[H, Y], (11.25)
j=1
where L’ here (and in what follows) denotes the dual operator with respect to
the usual pairing given by the trace.

Concrete physically motivated generators often have the form given by
(11.22) or (11.23) but with unbounded W, V; or H. In this case the existence of
a corresponding semigroup is not at all obvious. There is an extensive literature
on the construction and properties (say, the conservativity) of such dynamic
semigroups from a given formal unbounded generator of the type (11.22); see
e.g. [48] or [50] and the references therein. However, from the papers [21] and
[22], which consider the quantum analogs of the procedures described in Sec-
tion 1.3, it becomes clear how naturally the nonlinear counterparts of dynamic
semigroups appear as the LLN, i.e. the mean field limit for quantum interacting
particles. Namely, one is led to a nonlinear equation of the form

o
Vo= Ly = 332 (VY. ViOOL+ [V (00, Y VD) = ilH (), Y
j=1
(11.26)
in By (H), where the operators V; and H depend additionally on the current
state Y.

The aim of this section is to give a well-posedness result for such an
equation, which would yield automatically the existence of the corresponding
nonlinear quantum dynamic semigroup in B (H). For simplicity we consider
the unbounded part of the generator to be fixed, so that it does not depend
on the state (see, however, the remarks below). Our strategy will be the same
as in the above analysis of nonlinear Lévy processes. Namely, we shall work
out a sufficiently regular class of time-nonhomogeneous problems that can be
used in the fixed-point approach to nonlinear situations. But first let us fix a
class of simple nonhomogeneous models with an unbounded generator, for
which the resulting semigroup is strongly continuous. A fruitful additional
idea (suggested by analogy with the classical case) is to concentrate on the
analysis of the semigroup generated by (11.22) in the space B.(H), where
finite-dimensional projectors are dense. Then the evolution of states in By (H)
generated by (11.24) acts in the dual space.

Let us fix a (possibly unbounded) self-adjoint operator Hy in H and a dense
subspace D of H that is contained in the domain of Hy. Assume further that
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D itself is a Banach space with respect to the norm |[.||p > |.||, that Hy has
a bounded norm ||Hyl| p—7 as an operator D — H and that the exponents
exp(i Hot) are bounded in D. Let D’ denote the Banach dual of D, so that by
duality H is naturally embedded in D" and Hy is a bounded operator H +— D’
with norm

| Hollx—p < l1Holl p—#-

The basic example to have in mind is that where Hj is the Laplacian A in
H = L%(RY), the space D being the Sobolev space of functions from L*(R%)
with generalized second derivative also from L?(R?) and corresponding dual
Sobolev space D’'.

Let Di*(H) be the subspace of B.(H) consisting of self-adjoint operators P
whose image is contained in D and having finite norm

IPllp. vy = IPllr—p =sup (| Pvlp : flvll=1).

On the one hand, when equipped with this norm D*(H) clearly becomes a real
Banach space. On the other hand, with respect to the usual operator topology,
the space Di*(H) is dense in the subspace of self-adjoint elements of B.(H)
(linear combinations of one-dimensional operators of type ¥ ® ¥ with ¢ € D
are already dense). Again by duality, any element of D$*(H) extends to a
bounded operator that takes D’ to H (which we shall consistently denote by P
also) having norm

I1Pllp—# < IPlD.H)-
Proposition 11.9 (i) Referring to (11.23), let
H=Hy+ W,

where W and the V; belong to B(H), W is self-adjoint and y ;< || Vi > < oo.
Then the operator (11.23) generates a strongly continuous semigroup ®; of
completely positive contractions in B2 (H) and the operator (11.25) generates
the strongly continuous semigroup ®, of completely positive contractions in
B (H).

(ii) Assume additionally that W and the V; are also bounded operators in
the Banach space D with Y ;2 ||Vi ||% < oo. Then the space D**(H) is an
invariant core for ®, in B2 (H), where ®; is a bounded semigroup of linear
operators in the space D (H) equipped with the Banach topology.
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Proof (i) As we are aiming to apply perturbation theory, let us rewrite the
operators (11.23) and (11.25) in the forms

L(X) = i[Ho, X1+ L(X),
L'(Y) = —i[Ho, X1+ L'(Y).

As is easily seen, under the assumptions in part (i) of the theorem the operators
L and L’ are bounded in B (H) and B{*(H) (equipped with their respective
Banach norms), and hence by the perturbation theory theorem (see Theo-
rem 2.7) it is enough to prove (i) for vanishing V;, W. Thus one needs to show
strong continuity for the contraction semigroups specified by the equations
X =i[H,X]and Y = —i[H, Y] in B (H) and B{®(H) respectively. In both
cases it is enough to prove this strong continuity for the one-dimensional oper-
ators ¢ ® ¢ only, as their combinations are dense. In the case of the second
evolution above, i.e. the expression for Y, one has

le™"H! (¢ @ $)e' " — ¢ @ $lIy
= (e — p) @ Hp + ¢ @ (' — p) < 2] ') — g,

where we have used Exercise 1 1.1 below. A similar argument can be given for
the first evolution.

(i) For vanishing V;, W the statement follows from the explicit formula
(11.15), with H = Hy, for the solutions and the assumption that the opera-
tors exp(i Hot) are bounded in D and hence, by duality, also in D’. In order to
obtain the required statement in the general case from perturbation theory, one
needs to show that L is bounded as an operator in D3°(H). But this holds true,
because the multiplication of X € D2*(H) from the right or left by an operator
that is bounded both in D and H is a bounded operator in D2 (H). L]

The following extension of Proposition 11.9 to the nonhomogeneous case
is straightforward and we shall omit the proof, which requires the use of
Theorem 2.9 instead of Theorem 2.7.

Proposition 11.10  Under the same assumptions on Hy as in Proposition 11.9
assume that

H; = Hy + W (1),
where W (t) and the V;(t) and V! (t) belong to both B(H) and B(D) (the latter

equipped with the Banach topology) and depend on t strongly continuously in
the operator topologies of B(H) and B(D); also, W (t) € B**(H) and

o0
S IVl p < o0

i=1
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uniformly for t from compact intervals. Then the family of operators

o0
LX) = i[H, X1+ Y [V;"(t)xv,- (t) -1 (V;‘(z)vj OX +XVEDV; (t))]
j=l1
(11.27)
generates a strongly continuous backward propagator U of completely pos-
itive contractions in B(H) such that the space D*(H) is invariant, the
operators U*' reduced to D*(H) are bounded and, for any t > 0 and
X € D¥(H), the function U*'Y is the unique solution in D*(H) of the inverse
Cauchy problem
d

UMY = LUMY). s<1 UM =Y
S

where the derivative is understood in the sense of the norm topology of B(H).
We can now obtain the main result of this section.

Theorem 11.11 Let Hy be as in Proposition 11.9. Assume that to any den-
sity matrix Y, i.e. an operator Y from the set (11.17), there correspond linear
operators W(Y) and V;(Y), i = 1,2, ..., that belong to both B(H) and B(D)
(the latter equipped with the Banach topology) in such a way that

1Z(Y1) — Z(Y) I+ 1 Z(Y1) — Z(Y2)llp <c  sup  [ow[(Y] — Y2)P]|,
1PllDe (1) =1

where Z stands for W, any V; or )~ V*V;. If
Hy = Ho+ W(Y)

then the Cauchy problem for equation (11.26) is well posed in the sense that
for an arbitrary Y € B?a(H) there exists a unique weak solution Yy = T;(Y) €
B (H), with |T;(Y)|| < IY]], to (11.26), i.e.

%tr(PY,) =tr[Ly,(P)Y;]. P € DI (H).

The function T;(Y) depends continuously on t and Y in the norm topology of
the dual Banach space (D$*(H))'.

Proof This is similar to the proof of Theorem 7.3. In fact, it is a direct
consequence of the abstract well-posedness discussed in Theorem 2.12 and of
Proposition 11.10. O
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The solution 7;(Y) to (11.26) mentioned in the above theorem specifies a
nonlinear quantum dynamic semigroup.

If the V;(Y) vanish in (11.26), reducing the situation to one of unitary
evolutions, Theorem 11.11 is just an abstract version of the well-known well-
posedness results for nonlinear Schrodinger equations where the potential
depends continuously on the average of some bounded operator in the current
state; see e.g. Maslov [173], Hughes, Kato and Marsden [101] or Kato [116].
The case of bounded H(Y), V;(Y) depending analytically on Y was analyzed
in Belavkin [21], [22].

Remark 11.12 Theorem 11.11 can be extended in many directions. For
instance, instead of a fixed Hy one might well consider the family Hy(Y),
provided that the subspace D remains fixed. One could possibly extend the
general condition for the existence and conservativity of linear dynamic semi-
groups from Chebotarev and Fagnola [49], [50] to the nonlinear setting. Once
the well-posedness of the nonlinear dynamic semigroup is proved, one can
undertake the analysis of the corresponding quantum mean field limits for
quantum interacting particles, which is similar to the corresponding anal-
ysis in the setting of classical statistical physics developed further in this
book.

The useful fact obtained in the following exercise establishes a correspon-
dence between the normalization of vectors and of density matrices.

Exercise 11.1 Show that || ® ¢||1 = ||V ]/ ||¢|| for any ¥, ¢ € H. Hint: this
result is a two-dimensional fact, where the calculation of traces is explicit.

The next exercise stresses the similarity of quantum generators and classical
Markov generators.

Exercise 11.2 Show that the operators L and L’ in (11.23) and (11.25)
are conditionally positive in the sense that if X (resp. Y) is positive and
(Xv,v) = 0 (resp. (Yv,v) = 0) for a vector v € H, then (L(X)v,v) > 0
(resp. (L’ (Y)v, v) > 0). Hint: use the fact (which follows e.g. from the spectral
representation) that for a positive X one has Xv = 0 if and only if (Xv, v) = 0.

The final exercise in this section shows the crucial difference from the
analysis of &, in the whole space B(H).

Exercise 11.3 Show that the semigroup of the equation ¥ = i[H, Y] with
self-adjoint H may not be strongly continuous in B(H). Hint: choose H with
the discrete spectrum {nz},‘jo | and the initial ¥ to be the shift operator on the

corresponding orthonormal basis, i.e. Y takes e; to e; 1.
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11.4 Curvilinear Ornstein—Uhlenbeck processes (linear and
nonlinear) and stochastic geodesic flows on manifolds

In this section we discuss examples of stochastic flows on manifolds. It is
meant for readers who have no objection to a stroll on curvilinear ground.

Remark 11.13 The differential geometry used here is minimal. In fact, one
only needs to have in mind that a compact d-dimensional Riemannian manifold
(M, g) is a compact topological space M such that a neighborhood of any
point has a coordinate system, i.e. is homeomorphic to an open subset of R?,
and the Riemannian metric g in local coordinates x is described by a positive
d x d matrix-valued function g(x) = (g;j (x))f'l,j=1’ which under the change of
coordinates x — X transforms as

o~ ax\" _. 0x
g(x) = g(x) = (—~> g(x(x)) . (11.28)
ox ax

Matrices with this transformation rule are called (0, 2)-tensors. The tangent
space to M at a point x is defined as the d-dimensional linear space of the
velocity vectors x at x of all smooth curves x(¢) in M passing through x. Their
inner (or scalar) product is defined by g, i.e. it is given by (X1, g(x)x2). The
cotangent space 7,7 M at x is defined as the space of linear forms on 7, M. The
vectors from 7 M are often called co-vectors. The mapping

X+ p=gx)x

defines the canonical isometry between the tangent and cotangent spaces,
the corresponding distance on 77 M being defined as (G(x)p1, p2), where
G(x) = g '(x). It is clear (from the differentiation chain rule for tangent
vectors and also from the above isomorphism for co-vectors) that under the
change of coordinates x +— X the tangent and cotangent vectors transform as

. L ax . - 0x r
XtH—=>x=|—|x, p—p=(\—=] p.
0x 0x

This implies in particular that the products (x1, g(x)x2) and (p1, G(x)p2) are
invariant under this change of coordinates and that the form (det G (x)) 12dp is
the invariant Lebesgue volume in T M. The tangent (resp. cotangent) bundle
T M (resp. T*M) is defined as the union of all tangent (cotangent) spaces.
Finally, it is important to have in mind that any Riemannian manifold (M, g)
can be isometrically embedded into an Euclidean space R" (of possibly higher
dimension) via a smooth mapping r : M +— R”" (in older definitions the
manifolds were defined simply as the images of such an embedding). In this
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case the vectors 8r/8xi, i =1,...,d, form a basis in the tangent space T, M
such that, foralli, j =1,...,d,
Jar or
Recall that for a smooth function H on R the system of ODEs
. 0H
=
11.30
Y (1130)
p= 0x

is called a Hamiltonian system with Hamiltonian function (or just Hamilto-
nian) H. In particular, the Newton system of classical mechanics

X =p,

] A% (11.31)

p= T’
is a Hamiltonian system with H(x, p) = p?/2 + V(x), where the function
V is called the potential or the potential energy and p?/2 is interpreted as the
kinetic energy. Free motion corresponds, of course, to the case of constant V.

More general Hamiltonians H appear in many situations, in particular when

one is considering mechanical systems on a non-flat space, i.e. on a man-
ifold. For instance, the analog of the free motion x = p, p = 0 on a
Riemannian manifold (M, g) is called the geodesic flow on M and is defined
as the Hamiltonian system on the cotangent bundle 7*M specified by the
Hamiltonian

1
H(x, p) = 5(Gx)p. p). Gx) =g~ (x) (11.32)

(H again describes the kinetic energy, but in a curvilinear space). The geodesic
flow equations are then

x=GMWp,
. 106 (11.33)
pP= 2 ax p-pP-

The solutions to the system (11.33) (or more often their projections on M) are
called geodesics on M.

In physics, a heat bath is often used to provide a stochastic input to the sys-
tem of interest. Mathematically this is expressed by adding a homogeneous
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noise to the second equation of the Hamiltonian system, i.e. by changing
(11.30) to

dH
op (11.34)
dH

dp = —Wdl +dY;,

where Y; is a Lévy process. In the most-studied models, Y; stands for Brownian
motion (BM), with variance proportional to the square root of the temperature.
To balance the energy pumped into the system by the noise, one often adds
friction to the system, i.e. a non-conservative force proportional to the velocity.
In the case of initial free motion this yields the system

X =p,
(11.35)
dp = —apdt + dY;

with non-negative matrix o, which is an Ornstein—Uhlenbeck (OU) system
driven by the Lévy noise Y;. Especially well studied are the cases when Y; is
BM or a stable process (see e.g. Samorodnitski and Taqqu [217]). We aim to
construct their curvilinear analogs.

If a random force is not homogeneous, as would be the case on a manifold
or in a nonhomogeneous medium, one is led to consider Y; in (11.34) to be
a process depending on the position x, and this leads naturally to the Lévy
processes depending on a parameter studied in this chapter. In particular the
curvilinear analog of the OU system (11.35) is the process in 7*M specified
by the equations

. 0H

X = 8—,
p (11.36)

dH
dp = —a—dt —a(x)pdt +dYi(x),
X

where H is given by (11.32). Assuming for simplicity that the Y, are zero-mean
Lévy processes with Lévy measure absolutely continuous with respect to the
invariant Lebesgue measure on 7)M and having finite outer first moment
(f|y‘>1|y|v(dy) < 00), the generator of Y; is given by

Ly f(p)
[det G(x)]'/? dg

= J(AMV, V) f(p) + /[f(p +q) — f(p) = Vf(p)q]
w(x,q)
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for a certain positive w(x, ¢g). Hence the corresponding full generator of the
process given by (11.36) has the form

0H 9 dH 0 9 52
Lf(X,P)=——f———f—(ot(x)p, é) <A( )—f(x p))

ap 0x dx dp
af (x, p) ) [detG(x)]‘/2 dp

+/<f(x,p+q)—f(x,l7)— ap w(x, p)
(11.37)

Of course, in order to have a correctly defined system on a manifold, this
expression should be invariant under a change of coordinates, which requires
certain transformation rules for the coefficients «, A, w. This is settled in the
next statement.

Proposition 11.14 The operator (11.37) is invariant under the change of
coordinates

- - ax\’
X = X, pH p= PR p

if and only if w is a function on T*M, « is a (1, 1) tensor and A is a (0, 2)
tensor, i.e.

o(x, p) = w(x(X), p(x, p)),
o fax\T o rax\T
T
A = (%) AT
Proof Let U denote the functional transformation
- - - ax\7
Uf(xv p)zf(-x(-x)v p(-xv P)):f x(x), (ﬁ) pP-
We have to show that U~'LU = Z, where
- OH df 9H B 02
LfG. py=Hor 000 (64()2)13, —f) (A( )M)
p ox P ap

Af (X, p) . > [det G (¥)]'/?dg
ap dF.q)

+/(f(i,13+é) FG ) -

The invariance of the part containing H is known (since geodesic flow is well
defined). Thus it is sufficient to analyze the case H = 0. Consider the integral
term Lip¢. One has
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N 0x r _ [ 0x r
Lime(x,p)=/ f(x(x), (E) (p+q))—f(x, (E) p>

A EE). Blx. p) (8_x>T ] [det G(¥)1'/2dg

ap ox w(x,q)
and

U ' LinUf (%, p)

ax\” af (%, p) (ox\"
=/[f<i,ﬁ+(a—)f> q> —f@ﬁ)—M(—f) q}
X ap ax
[det G(x(@))]'"? dg

w(x(X),q)
=/[f(i,13+z)—f(i,ﬁ)

@, ﬁ)z] [det G (¥)]"/2 dz
ap w(x(X), 0%/8x)" 2)
since, due to (11.28),
[det G(%)]'/? = det (g_x> [det G (x(X))]"/>.
X

This implies the first equation in (11.38). The other two formulas are obtained
similarly. O

Exercise 11.4 Prove the last two formulas in (11.38).

In particular, if one is interested in processes depending only on the Rieman-
nian structure it is natural to take the metric tensor g to be the tensor A and the
function w to be a function of the energy H; the tensor o can be taken as the
product g(x)G (x). For instance, (11.36) defines a curvilinear OU process (or
stochastic geodesic flow in the case o = 0), of diffusion type if the generator
of ¥; is given by

Ly f(p) = 38V, V) f(p)
and is of the B-stable type, B € (0, 2), if the generator of Y; is given by

[det G(x)]'/?dgq
(q. G(x)q)B+D/2"

Lyf(p) = f F(p+a) — f(p)— VPl

Theorem 11.15 [f the Riemannian metric g is twice continuously differen-
tiable, the stochastic system (11.36), with either a diffusive or a B-stable Y;
and with either « = 0 or @« = gG, has a unique solution specifying a Markov
processin T*M.
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Proof By localization it is enough to show well-posedness for a stopped
process in a cylinder U x R?, for any coordinate domain U C M. By Proposi-
tion 11.14 the system is invariant under the change in coordinates. Finally, by
Theorem 3.11 the process is well defined in U x R?. Namely, by perturbation
theory one reduces the discussion to the case of Lévy measures with a bounded
support and in this case the coupling is given explicitly by Corollary 3.9. [

An alternative way to extend OU processes to a manifold is by embedding
the manifold in a Euclidean space. Namely, observe that one can write dY; =
(0/0x)xdY; in R", meaning that adding a Lévy-noise force is equivalent to
adding the singular nonhomogeneous potential —x¥; (the position multiplied
by the noise) to the Hamiltonian function. Assume now that a Riemannian
manifold (M, g) is embedded in the Euclidean space R" via a smooth mapping
r : M +— R" and that the random environment in R" is modeled by the Lévy
process Y;. The position of a point x in R” is now r(x), so that the analog
of xY; is the product r(x)Y; and the term Y; from (11.34) has as curvilinear
modification the term

ar\" L ard ‘

<—r> dy, = Tavi b,
ax — 9x!
j=l i=1

which yields the projection of the “free noise” Y; onto the cotangent bundle of
M at x (by (11.29)). In particular, the stochastic (or stochastically perturbed)
geodesic flow induced by the embedding r can be defined by the stochastic
system

x=Gx)p,

1 /6G ar\7 (11.39)
dp=—=\—p,p|dt+ @ dy;,

2\ ox 0x

which represents simultaneously the natural stochastic perturbation of the
geodesic flow (11.33) and the curvilinear analog of the stochastically perturbed
free motion X = p,dp = dY;.

Proposition 11.16 Let g(x) and r(x) be twice continuously differentiable
mappings and Y, a Lévy process in R" specified by the generator equation

Ly f(x) = $(AV, V) f(x) + (b, V f (x))

+/[f<x+y) — f@x) = (Vf(x), »)]vdy),

with [ min(|y|, ly|)v(dy) < oo (the latter assumption is made for technical
simplification; extension to arbitrary Lévy processes is not difficult). Then the
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stochastic geodesic process is well defined by the system (11.39) and represents
a Markov process in T*M.

Proof The generator L of the process specified by (11.39) has the form
L =L+ Ly+ L3 with

9 1 9
Lif(x,p)= (G(x)p, f) —3 (—( )P p) ai

T T
Lof(x,p) = %tr ((g—;) A3—2V2f> + ((%) b, %)
ar\7T af or
g = [ r(xo+(55) a) = rwm- Lo )<ax) g

x v(dq).

Invariance is now checked as in Proposition 11.14. In particular, for an integral
operator A given by

0
Af(x.p) = / (f(x, p+ o) — fx.p) - é(x, p)w(x)q) v(dy).

one shows that U ' AU = A if and only if

- ax\" -

o(X) = ? @ (x(X)),
X

i.e. the columns of the matrix w are (co-)vectors in 7M. The rest of the proof

is the same as for Theorem 11.15; we will omit the details. O

Notice that the process defined by system (11.39) depends on the embed-
ding. However, if the free process Y; is a Brownian motion, i.e. if v =0, =0
and A is the unit matrix, the generator L is now given by

9 G 9 1
Lf(x,p)= (G(x)p, f) 3 (5(”1)’ p) é + Etr [g(x)sz];

it does not depend on the embedding and coincides with the diffusive geodesic
flow analyzed in Theorem 11.15.

One can now obtain the well-posedness of nonlinear curvilinear Ornstein—
Uhlenbeck processes or geodesic flows. Consider, say, a nonlinear system that
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arises from the potentially interacting flows from Theorem 11.15, namely the
system

. oH
X = — Xy, Pp),
ap

aV(X:,y)
0x

Lx, (dy) (11.40)

—a(X )P dt +dY,(Xy),

oH
dPt = _—(X[, Pt)dt _'/
ox

where H (x, p) = (G(x)p, p)/2, V(x, y) is a smooth function on the manifold
M and L¢ means the law of &.

Theorem 11.17 Suppose that the “interaction potential” V is smooth and
that the other coefficients of this stochastic system satisfy the assumptions
of Theorem 11.15 and are also thrice continuously differentiable. Then the
solution X;, Py is well defined for any initial distribution X, Py.

Proof This again follows from Theorem 2.12 and a straightforward non-
homogeneous extension of Theorem 11.15, taking in account the regularity
theorem, Theorem 3.17. O]

Exercise 11.5 Obtain the corresponding nonlinear version of Theorem 4.14.

11.5 The structure of generators

Now we consider the infinitesimal generators of positivity-preserving nonlin-
ear evolutions on measures. In particular, it will be shown that the general class
of evolutions obtained above as the LLN limit for interacting particles, at least
for polynomial generators, also arises naturally just from the assumption of
positivity of the evolution (a nonlinear version of Courrege’s theorem).

Here we shall deal with a nonlinear analog of (6.1), namely

d
E(g, He) = Q2(ur)g, (11.41)

which holds for g from a certain dense domain D of C(R?) if € is a nonlinear
transformation from a dense subset of M (X) to the space of linear functionals
on C(X) with a common domain containing D.

In Section 6.8 the case of bounded generators was discussed. Here we deal
with the general situation. We shall start with an appropriate extension of the
notion of conditional positivity.

Suppose that D is a dense subspace of C(X) and K is a closed subset of
X. We shall say that a linear form A : D — R is K-conditionally positive if
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A(g) > 0 whenever g € D is non-negative and vanishes in K. The following
obvious remark yields a connection with the standard notion of conditional
positivity. A linear operator A : D +— B(X) is conditionally positive if the
linear form Ag(x) is {x}-conditionally positive for any x € X. The motivation
for introducing K -conditional positivity is given by the following simple but
important fact.

Proposition 11.18  [f the solutions to the Cauchy problem of (6.2) are defined
at least locally for initial measures p from a subset M C M(X) (so that
(6.2) holds for all g € D) and preserve positivity, then Q () is supp(u)-
conditionally positive for any u € M. In this case we shall say for brevity that
Q () is conditionally positive in the class M.

Proof Let a non-negative g € D be such that g|x = 0 for K = supp(u).
Then (g, u) = 0, and consequently the condition of positivity-preservation
implies that (d/d1)(g. (1) li—o= Q(u)g > 0. D

Of special interest are evolutions with classes of initial measures containing
the set M;(X ) of finite positive linear combinations of Dirac measures (in a
probabilistic setting this allows one to start a process at any fixed point). As a
consequence of Courrege’s theorem, one obtains the following characterization
of conditional positivity for any fixed measure from M;“(X ).

Proposition 11.19 Suppose that X = RY and the space D from the
definition above contains Ccz(X). If a linear operator A is X = {x1, ..., Xm}-
conditionally positive, then
m
Ag) = Z{c/’g(x,») + (b7, V)g(x)) + 3(GIV, V)g(x))
j=1

+/ [g(xj+y) — g(xj) — 1, (M (¥, V)gx))] vj(dy)}
(11.42)

forg e CCZ(X), where the G7 are positive definite matrices and the v/ are Lévy
measures.

Proof Let us choose as a partition of unity a family of » non-negative
functions x; € CLZ,(X), i = 1,...,n, such that Z:"zl xi = 1 and each y;
equals 1 in a neighborhood of x; (and consequently vanishes in a neighbor-
hood of any other point x; for which [ # i). By linearity A = ) 7| A;,
where Ajg = A(y;g). Clearly each functional A;g is x;-conditionally posi-
tive. Hence, applying a “fixed-point version” (see Remark 2.27) of Courrege’s
theorem to each €2;, one obtains the representation (11.42). O
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Now let  be a mapping from M (R?) to linear forms (possibly unbounded)
in C(RY), with a common domain D containing Cg(Rd), such that Q(u) is
conditionally positive in M}(Rd). Assume that Q2(0) = 0 and that Q(u)g
is continuously differentiable in u for g € D in the sense that the variational
derivative of Q (u; x)g is well defined, continuous in x and weakly continuous
in i (see Lemma F.1 for the variational derivatives). Then

1sQ
Qg = (fo a(m; g ds,u>,

i.e. equation (6.2) can be rewritten as

d
77 (8 ) = (Aa)g, ) = (8, A% (o) o), (11.43)

for some linear operator A(u) depending on . As we saw in the pre-
vious chapter, this form of nonlinear equation arises from the mean field
approximation to interacting-particle systems, in which

A()g(x) = c(x, Wgx) + (b(x, p), V)gx) + H(G(x, w)V, V)g(x)

+ f [g(x +y) — g(x) = 1g, (M (¥, V)W) ] v(x, p; dy);
(11.44)

here ¢, b, G, and v depend continuously on u and x, each G is a non-negative
matrix and each v is a Lévy measure.

We shall show that conditional positivity forces A(u) from (6.1) to have
the form (11.44), assuming additionally that the linearity mapping Q is
polynomial, i.e. the equation has the form

d K
(g =g/~-~/(Akg><x1,...,xk)m(dxl)mm(dxk), (11.45)

where each Ay is a (possibly unbounded) operator from a dense subspace D of
Coo(X) to the space CY™(X k ) of symmetric continuous bounded functions of
k variables from X.

Specifying the definition of conditional positivity to this case, we shall say
that a linear map

A= (AL, ...,Ax):D 1+ (C(X),C¥™(x?),...,Cc¥™xX)) (11.46)

is conditionally positive in M (R?) if, for any collection of different points
X1, ..., Xy of X, for any non-negative function g € D such that g(x;) = 0 for
all j =1, ..., m and for any collection of positive numbers w; one has
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K m m
DY D o Arg iy xi) = 0. (11.47)

k=1i1=1 ir=1

In particular, a linear operator Ay : D — CY™(XX) is conditionally positive
if (11.47) holds for a family A = (0, ..., 0, Ax) of the type (11.46).

The following result yields the structure of conditionally positive polyno-
mial nonlinearities.

Theorem 11.20 Suppose again that X = R? and D contains CCZ.(X ).
A linear mapping (11.46) is conditionally positive if and only if

Arg(xy, ..., Xk)

k
= Z{(Ck(xj’ x\ x;)g(x;))

+ (b (xj, X\ x;), V)g(x;) + 3 (Gi(x;, x\ x))V, V)g(x;)
+/ [g(xj +y) — g(xj) — 1, (M (. Vg )] vi(xj, x \ x;; dy)} ,
(11.48)

for x = (x1,...,xx), where each Gy is a symmetric matrix and each v is
a possibly signed measure on R? \ {0}, with fmin(l, 1) [vel(x, dy) < o0,
such that

K m m
2D SIS SETPN XN EP
k=1 i1=1 ix—1=1

is positive definite and the measure

3055

||M§

m
Y iy o V(X Xy X)) (11.50)
=1

~

is positive for any m and any collection of positive numbers w1, ..., w, and
points X, X1, . .., Xm. Moreover, ci, by, Gy and vy are symmetric with respect
to permutations of all arguments apart from the first and depend continuously
On X1, ..., Xy (the measures vy are considered in the weak topology).

Proof For arbitrary fixed xi, ..., x,,, the functional of g given by

K m m
ZZ...ZQ)Z-I~'~a)ikAkg(xl'l,-~~,xik)

k=1i=1 ir=1
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is (x = (x1, ..., x;,))-conditionally positive and consequently has the form
(11.42), as follows from Proposition 11.19. Using ew; instead of w;, dividing
by € and then letting € — 0 one obtains that ) - ; A;g(x;) also has the same
form. As m is arbitrary, this implies on the one hand that A g(x) has the same
form for arbitrary x (thus giving the required structural result for Aj) and on
the other hand that

K m m
ZGIFZ Z"'Zwi' c 0 A8 (Xiy s - Xiy)

k=2 =1 =1

has the required form. Note, however, that by using subtraction we may destroy
the positivity of the matrices G and measures v. Again letting ¢ — 0 yields
the same representation for the functional

m m
Z Z wilwi2A2g(-xi1 s -xiz)'

i1=1ir=1
As above this implies on the one hand that
T Arg(x1, x1) + 20102 A2 (x1, X2) + @3 Arg(x2, x2),

and hence also A>g(x1, x1), has the required form for arbitrary x (to see this
put wz = 0 in the previous expression). Therefore A>g(xy, x2) has this form
for arbitrary x1, x> (thus giving the required structural result for A,). On the
other hand the same reasoning implies that

K m m
Zekd Z"'Zwi' c 0 A8 (Xiy s - Xiy)

k=3 i1=1 ir=1

has the required form. Following this procedure inductively yields the same
representation for all the Ay.
Consequently,
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X {Ck(xz, Xipsooos Xip_)8(xp) + (b (xy, Xiy s ooy Xip 1), V)g(xp)
+ 2 Gr G, Xty - X DV, Vg (x1)

+/[g(Xj +y) —g(xj) — 15, (. V)g(x))]

X Ve (X, Xy oo Xy dy)}.

As this functional has to be strongly conditionally positive, the required pos-
itivity property of G and v follows from Proposition 11.19. The required
continuity follows from the assumption that A maps continuous functions into
continuous functions. O

Taking into account explicitly the symmetry of the generators in (11.45)
(note also that in (11.45) the use of nonsymmetric generators or their sym-
metrizations would specify the same equation) allows us to obtain useful
equivalent representation for this equation. This form is also convenient if one
is interested in the strong form of the equation in terms of densities. Namely,
the following statement is obvious.

Corollary 11.21  Under the assumptions of Theorem 11.20, equation (11.45)
can be written equivalently in the form

d K
—(g ) = ;k/(Aigm,yl, e Ve DR (dX) e (dyy) - - e (dy—1),

(11.51)
where A} : Coo(X) > CY™(X*) is by
A]ig(-xﬂ ylvn'vyk—l)
= ak(X, Y1y oo Y=1)8(X) + (br(x, y1, ooy Yi—1), V()
+ 5 G yis e =DV VG 4+ Tkt oy k=18 (), (11.52)

with
Ceisevs yi—1)8(X)
:/[g(X'FZ)—g(x)—X(Z)(Za Vg ] ve(x, yi, ... yk—15dz). (11.53)

As we saw in the previous chapter, in models of interacting particles
equation (11.45) often appears in the form

d Ko
E(g,uz) =];E/(Bkg®)(x1,...,xk)m(dxl)~~Mt(ka), (11.54)
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where the linear operators By act in Coo (X ky and

%1, . ) = g(x) + -+ gx).

Clearly, if the linear operators By in Coo (X Ky k=1,...,K,are conditionally
positive in the usual sense then the forms g — Brg®(x1, ..., x;) on Coo(X)
(or a dense subspace of C (X)) are {xy, ..., x,}- conditionally positive. The

inverse also holds.

Corollary 11.22 Let X and D be the same as in Proposition 11.19. A linear
operator Ay : D — CY™(X*) specifies {x1, ..., xx}-conditionally positive
forms Ap(x1, ..., xx) if and only if A has the form given by (11.48), in which
each Gy, (resp. vi) is a positive definite matrix (resp. a Lévy measure), and the
functions ay, by, ck, vk of variables xi, ..., xx are symmetric with respect to
permutations not affecting x1. Equivalently, Ay is given by

k
Arg(xi, o) = Y cr(x, x\ x)g) + Beg®(xi, ., x),  (11.55)
j=1

where By is a conservative operator in Cay (XX) that is conditionally positive
(in the usual sense). If Ayg = (1/k!)Brg® then A}( = (1/kY)Bim in (11.51),
where the lifting operator 1 is given by wg(xy, ..., xx) = g(x1).

Proof The first statement is obvious. By Courrege’s theorem applied to
X*, a conditionally positive By in Coo (X¥) is given by

Bi f(x1, ... xp) =a(xy, ..., xx ) f(xX1, ..., x%)
k
+ Y B s x0), Vi) f (L X))
j=1
+ L@@ OV ) F e x0)
+/[f(xl + Vs X ) — S, x)

k
= L G0 Vi) (1,0

i=1
X VX1, ...y Xgs dyy - - dyg). (11.56)

Applying thisto f = g% and comparing with (11.48) yields the required result.
O

Corollary 11.23 In the case K = 2 the family (A1, A) is conditionally
positive in M;(Rd) if and only if A1(x) is x-conditionally positive for all x,
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and As(x1, x2) is (x1, xp)-conditionally positive for all x1, x2, i.e. if A| and A,
have the form (11.48), where G| and G» (resp. v and vy) are positive definite
matrices (resp. Lévy measures). In particular, for K = 2 equation (11.45) can
always be written in the form (11.54). In physical language this means that a
quadratic mean field dependence can always be realized by a certain binary
interaction (this is not the case for discrete X; see Exercise 11.7 below).

Proof 1In the case K = 2 the positivity of (11.49), say, reads as the
positivity of the matrix

m
cl(x)—l—ZZa)icz(x,x,-) (11.57)

i=1
for all natural m, positive numbers w; and points x, x;, j = 1, ..., m. Hence
c1 is always positive (to see this put w; = 0 for all j ). To prove the claim,
one has to show that c(x, y) is positive definite for all x, y. But if there exist
x, y such that c¢(x, y) is not positive definite then, by choosing a large enough
number of points xi, ..., X, near y, one would get a matrix of the form
(11.57), which is not positive definite (even when all w; = 1). The positivity of
measures v is analyzed similarly. This contradiction completes the proof. [

Some remarks about and examples of these results are in order. As in the
linear case we shall say that A(u)g is conservative if A(u)¢, (x) tends to zero
asn — 00, where ¢, (x) = ¢ (x/n) and ¢ is an arbitrary function from C, 02 (RY)
that equals 1 in a neighborhood of the origin and has values in [0, 1]. For
operators given by (11.44) this is of course equivalent to the condition that ¢
vanishes.

Remark 11.24 It is clear that, in the mapping (11.46), if only two compo-
nents, say A; and A}, do not vanish, and A is conditionally positive then both
non-vanishing components A; and A are also conditionally positive (take ew
instead of w; in the definition and then pass to the limits € — 0 and € — ©0).
In the case where there are more than two non-vanishing components in the
family A, the analogous statement is false. Namely, if A is conditionally pos-
itive, the “boundary” operators A and Ag are conditionally positive as well
(using the same argument as before), but the intermediate operators Ax need
not be, as is shown by the following simple example.

Exercise 11.6 Let A = (A, Ay, A3), where
Aig(xr,..,x) = ai [Agx) + -+ Agx)],  i=1,2,3,

with a; = a3 = 1. Show that if a> is a small enough negative number then A
is conditionally positive but its component A; is not. Write down an explicit
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solution to equation (11.45) in this case. Hint: the positivity of (11.49) follows
from

m m 2
1+2a22wi+3(2a),~) > 0.
i=1

i=1

Remark 11.25 We have given results for X = R?, but using localization
arguments (like those for the linear case, see [43]) the same results can be
easily extended to closed manifolds. It is seemingly possible to characterize
the corresponding boundary conditions in the same way (again generalizing
the linear case from [43]), though this is not so straightforward.

Remark 11.26 The basic conditions for the positivity of (11.49), (11.50) can
be written in an alternative, integral, form. For example, the positivity of the
matrices in (11.49) is equivalent (at least for bounded continuous functions c)
to the positivity of the matrices ¢ given by

K
ok [ et v - @ (11.58)
k=1

for all non-negative Borel measures 1 (dy). (This can be obtained either from
the limit of integral sums of the form (11.49) or directly from the conditional
positivity of the r.h.s. of (11.51).) Hence the conditions (11.49), (11.50) actu-
ally represent modified multi-dimensional matrix-valued or measure-valued
versions of the usual notion of positive definite functions. For instance, in the
case k = K =3 andd = 1, (11.58) means that f c3(x,y, o(y)w(z)dydz
is a non-negative number for any non-negative integrable function w. The
usual notion of a positive definite function c¢3 (as a function of the variables
v, z) would require the same positivity for arbitrary (not necessarily positive)
integrable w.

Remark 11.27 Corollary 11.23 cannot be extended to K > 2. Of course,
if each Agg(xy,...,x,) is {x1, ..., x,)-conditionally positive then the map-
ping (11.46) is conditionally positive in M, but not vice versa. In a simple
example of a conditionally positive operator, in the case k = K = 3 without
conditionally positive components, the operator is defined by

A3g(x1, x2, x3) = cos(xp — x3)Ag(xy) + cos(x; — x3)Ag(x2)
+ cos(x] — x2)Ag(x3), (11.59)

where A is the Laplacian operator. Clearly A3g(x1, X2, x3) is not {x1, x2, x3}-
conditionally positive, but the positivity of (11.49) holds. The strong form of
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equation (11.51) in this case is

d
27100 =34/ (x) / Ji) fi(2) cos(y — 2) dy dz. (11.60)

The “nonlinear diffusion coefficient” given by the integral is not strictly
positive here. Namely, since

/f@»ﬂ@aﬂy—mdw&=%uﬂnﬁ+¢ﬂ—wﬁx

where f (p) is the Fourier transform of f, this expression does not have to be
strictly positive for all non-vanishing non-negative f. However, one can find
an explicit solution to the Cauchy problem of (11.60):

@y

1
Jr = m/exp( 2—a)t> foy) dy,

o =In[1+ 1o + 1 fo=DP].

This is easily obtained by passing to the Fourier transform of equation (11.60),
which has the form

iﬂ)——l%Amz (=D fi(p)
g ip)=—3p DI+ 1fi ) fi(p

where

and is solved by observing that & = | fA,(1)|2 —+ | ft(—1)|2 solves the equation
£ = —Stz and consequently equals (7 + &, h-1,

Remark 11.28 There is a natural “decomposable” class of operators for
which (11.45) reduces straightforwardly to a linear problem. Namely, suppose
that k!Arg = Brgt = (ékg)‘|r forall k = 1, ..., K, for some conservative
conditionally positive Bk in Coo(X) (in particular Bkl = 0). Then (11.51)
takes the form

K
d 1 -
- 3 = B 3 (k71)7
77 (& 1) kE_l 7= 1)!( k&> o)l

which is a linear equation depending on || i || = ||to]| as parameter.

The following example illustrates the idea of the conditional positivity of
the generator of a Markov evolution in the simplest nonlinear situation.

Exercise 11.7 Of special interest for applications is the case of infinitesimal
generators depending quadratically on x (see the next section), which leads to
the system of quadratic equations

)'cjz(ij,x)’ j=12,...,N, (11.61)
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where N is a natural number (or more generally N = 00), the unknown x =
(x1, x2,...) is an N-dimensional vector and the AJ are given square N x N
matrices. Suppose that Z;V= 1 A’/ = 0. Show that the system (11.61) defines a
positivity-preserving semigroup (i.e. if all the coordinates of the initial vector
x¥ are non-negative then the solution x () is globally uniquely defined and all
coordinates of this solution are non-negative for all times), if and only if for
each j the matrix A/ obtained from A/ by deleting its jth column and jth row
is such that (A/v, v) > 0 for any v € R¥~! with non-negative coordinates.
Hint: this condition expresses the fact that if x; = 0 and the other x;, i # j,
are non-negative, then x; > 0.

11.6 Bibliographical comments

The first chapter introduced Markov models of interacting particles and their
LLN limit, avoiding technical details. A probability model for the deduction
of kinetic equations was first suggested by Leontovich [160], who analyzed
the case of a discrete state space. For some cases where the state space is
continuous, the same approach was developed by Kac [113], McKean [181],
[182] and Tanaka [238], [239]; the last-mentioned paper contained the first
models of not only binary but also kth-order interactions. For coagulation
processes the use of such a method for the deduction of Smoluchovski’s
equation was suggested by Marcus [169] and Lushnikov [165]. For gen-
eral Hamiltonian systems the corresponding procedure was carried out by
Belavkin and Maslov [26]. The deduction of kinetic equations of Boltzmann
type using Bogolyubov chains (see Appendix Appendix J) was suggested in
Bogolyubov [42]. The creation—annihilation operator formalism for the anal-
ysis of Bogolyubov chains was proposed by Petrina and Vidibida [199] and
further developed in Maslov and Tariverdiev [177]. The well-posedness prob-
lem for Bogolyubov chains was studied by several authors; see e.g. Sinai and
Suchov [221] and references therein. The deduction of the general kth-order
interaction equations (1.70) using the Bogolyubov chain approach was carried
out in Belavkin and Kolokoltsov [25]. Belavkin [21], [22] developed quantum
analogs of the kinetic equations describing a dynamic law of large numbers
for particle systems; the evolution of these equations is described by quantum
dynamic semigroups and leads to the type of nonlinear equations discussed in
Section 11.3. Belavkin [21] also suggested an elegant Hamiltonian approach to
the deduction of kinetic equations. Namely, for an evolution of the type (1.68)
let us define the Hamiltonian function
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k

H(Q.Y) = le' ((I,[P’, Aho®Y, Y®l) (11.62)

=0
and consider the corresponding infinite-dimensional Hamiltonian system

) o= SH
80’ e

One can easily see that since H(1,Y) = 0 (by the conservativity of the gen-
erator), the above Hamiltonian system has solutions with Q = 1 identically.
Under this constraint the first Hamiltonian equation, Y = 6H /8 Q, coincides
with the kinetic equation (1.70). This yields also a natural link with the semi-
classical analysis. Namely, one can easily show (for the details see Belavkin
and Kolokoltsov [25]) that in terms of generating functionals the evolution
(J.7) is given by the following equation in terms of functional derivatives:

Y

h%&)pt(Q):H(Q,h%) ®,,(0). (11.63)
Thus the above Hamiltonian system possesses quasi-classical asymptotics. For
a general and accessible introduction to the mathematical theory of interacting
particles we refer to the books of Liggett [162], Kipnis and Landim [120], and
de Masi and Presutti [61], and the volume edited by Accardi and Fagnola [1]
on quantum interactions.

Chapter 2 collected some mostly well-known results of the modern theory of
Markov processes, with the emphasis on the connections with analysis (semi-
groups, evolution equations etc). Special examples were given (for example in
Section 2.4) and more general formulations of some facts were presented (for
example at the end of Section 2.1 and in Section 2.4).

Chapter 3 started with a new development in SDEs driven by nonlinear Lévy
noise extending the author’s paper [137]. The idea here was to solve SDEs with
noise depending on a parameter linked with the position of the solution itself,
that is to say SDEs driven by noise deriving from feedback from the evolution
of the process. Expressed in this general form, this idea had been used already
in Kunita [150] and Carmona and Nualart [46]. However, in our setting the
dependence of the noise on a parameter is expressed through the generator, so
that whether the construction of the process itself varies sufficiently regularly
with the evolution of this parameter becomes a problem. Settling this issue
properly leads to a spectacular application to the theory of Markov processes,
reconciling the analytical theory of general Markov semigroups with the SDE
approach. The resulting construction of Feller processes specified by gen-
eral Lévy—Khintchine-type operators with Lipschitz-continuous coefficients
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actually represents a probabilistic proof of the convergence of a certain
T -product (a chronological product). This 7T-product has a natural link with
the evolution equation, which can be shown using the method of frozen coef-
ficients, well known in the analysis of ¥ DO. In Section 3.3 we explained
the connection with the usual stochastic calculus, sketching Ito’s approach to
the construction of classical SDEs driven by Lévy and/or Poisson noise, as
explained in detail in Stroock’s monograph [227]. It would seem that Propo-
sition 3.16, on an approximation scheme based on nonlinear functions of
increments, is new.

In Chapter 4 we introduced some analytical approaches to the study of
Markov processes, the most relevant for the following exposition. Sections 4.2
and 4.3 were based on the Appendix to [136] and developed for arbitrary state
spaces an old idea on the construction of countable Markov chains that goes
back to Feller and Kolmogorov; see e.g. Anderson [6] for a modern treat-
ment. The results of Sections 4.4 and 4.5 appear to be new. The last section
reviewed other developments in the theory. For a more substantial treatment of
the subject the reader is referred to the fundamental monograph of Jacob [103].
Among the topics relating to Chapters 3 and 4, but (regrettably) not devel-
oped there, one should mention processes living on domains with a non-empty
boundary and related boundary problems for PDEs and WDEs. The literature
on the boundary-value problem for parabolic equations is of course enormous.
For much less studied generators having both a diffusive and a jump part, one
could consult e.g. Taira [233] or Kolokoltsov [130] for recent results and a
short review.

Chapter 5 presented a systematic development of the Lyapunov or barrier
function method for processes with Lévy—Khintchine-type pseudo-differential
generators having unbounded coefficients (previously used mainly for dif-
fusions and jump-type processes; see e.g. the monographs of Freidlin [78]
or Ethier and Kurtz [74])). Special attention was paid to the description of
appropriate function spaces where the corresponding semigroup is strongly
continuous (yielding a useful extension of the notion of Feller semigroups)
and to the invariant domains of the generator. These aspects are seemingly new,
even in the well-developed theory of diffusions with unbounded coefficients.

Chapters 6 and 7 were devoted to the rigorous mathematical construction of
solutions to kinetic equations. The literature on this subject is extensive; the
review given below is not meant to be exhaustive.

The results in Section 6.2 are mostly well known. However, we put together
various approaches on the level of generality that unify a number of particu-
lar results on bounded generators that serve as starting points for the analysis
of unbounded-coefficient extensions of particular models. Sections 6.3—6.6
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followed the author’s paper [132], presenting the unification and extension
of a variety of particular situations analyzed previously by many authors
(see the review below). The existence result of Theorem 6.7 can be essen-
tially improved. Namely, the assumption of the existence of a finite moment
(1+E B, w) with 8 > 1 is not needed. To work without this assumption, two
ideas are used. First, if (14+E, ) < 00, there exists an increasing smooth func-
tion G on Ry such that (G(1+E), i) < oo (this is a well-known, and not very
difficult, general measure-theoretic result; see e.g. [188] for a proof); second,
one has to work with the barrier function G(1 + E) instead of the moment L.
Mishler and Wennberg [188] give a corresponding treatment of the Boltzmann
equation and Laurencot and Wrzosek [157] consider a coagulation model. The
results in Sections 6.7 and 6.8 are new.

The results in Sections 7.1 and 7.2 are also new; they complement the con-
structions of nonlinear stable-like processes obtained in Kolokoltsov [134]
and extend, to rather general Lévy—Khintchine-type generators, results previ-
ously available for nonlinear diffusions. In Section 7.3 we simply formulated
the results obtained in [137], yielding a universal approach to the probabilis-
tic interpretation of nonlinear evolutions by means of distribution-dependent
SDE:s driven by nonlinear Lévy noise. In Section 7.4 we indicated how some
classes of sufficiently regular evolutions with unbounded coefficients can
be treated using the direct nonlinear duality approach applied earlier in the
bounded-coefficient case.

The main streams of developments in nonlinear kinetic equations in the lit-
erature are those devoted to nonlinear diffusions, the Boltzmann equation and
coagulation—fragmentation processes, some basically identical techniques hav-
ing been developed independently for these models. The interplay between
these directions of research is developing quickly, especially in connection
with spatially nontrivial models of interaction. The theory of nonlinear dif-
fusions, pioneered by McKean [181], is well established; see Gértner [82]
for a review of early developments. New advances are mainly in the study
of the Landau—Fokker—Planck equation, (1.82), which presents a certain diffu-
sive limit for the Boltzmann equation. This nonlinear diffusion equation has a
degeneracy of a kind that is intractable by a direct application of the McKean
approach. The probabilistic analysis of this equation is based on an ingenious
solution in terms of SDEs driven by space—time white noise due to Guérin
[89], [90]; see also [91] for further regularity analysis based on the Malli-
avin calculus. Namely, the starting point of this analysis is a nice observation
that if A = oo’ in (1.82), o being a d x n matrix, the Landau equation
is solved by the distributions of the solutions to the stochastic differential
equation
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where W" is the n-dimensional space—time white noise (i.e. a zero-mean
Gaussian R"-valued random measure on Ry x [0, 1] with EW}" W]’.l (dads) =

8;" da ds), the pair of processes (X, Y) is defined on the product probability
space (2, F, F:, P) x ([0, 1], B([0, 1]), da) and the distributions of X and
Y are taken as coinciding. Analytically, a rigorous treatment of the Landau—
Fokker—Planck equation (1.82) was initiated by Arseniev and Buryak [13]; see
Desvillettes and Villani [65] and Goudon [85], and references therein, for a
wealth of further development.

There is of course plenty of related activity on various nonlinear parabolic
equations, reaction—diffusion equations, etc. arising in various areas in the
natural sciences (nonlinear wave propagation, super-processes, gravity etc.),
which we have not aimed to review; see e.g. Smoller [224], Maslov and
Omel’yanov [176], Dynkin [69] and Biler and Brandolese [37]. Nonlinear
SPDE:s driven by space—time white noise are also being actively studied (see
e.g. Crisan and Xiong [55], Kurtz and Xiong [152], [153]), often using approx-
imations of the Ito type. In general, the branching-particle mechanism for
Monte-Carlo-type approximations to the solutions of stochastic equations have
become very popular in applications; see e.g. the monograph Del Moral [64]
and references therein.

The literature on the Boltzmann equation is immense, even if one con-
centrates on the mathematical analysis of the spatially homogeneous model
(and the related mollified equation), which are particular cases of the general
model analyzed in Chapter 6. Let us review only the development of the key
well-posedness facts. The first was obtained by Carleman [45], for the class
of rapidly decreasing continuous functions, by means of quite specific repre-
sentations that are available for the Boltzmann equation. The L;-theory was
developed by Arkeryd [10] using an approach similar to that used later for
coagulation models; it is incorporated in the general results of Sections 6.2
and 6.4. The L°°-theory of solutions was developed by Arkeryd [11] and the
LP-theory by Gustafsson [92], [93]. The above-mentioned works are mostly
concerned with the so-called hard potential interactions with a cutoff, where,
roughly speaking, the collision kernel B(|v|, 0) is bounded by [v|?, B € (0, 1].
Further extensions under various growth and singularity assumptions have
been developed by many authors; see e.g. Mishler and Wennberg [188], Lu
and Wennberg [164] and references therein. The propagation of smoothness in
integral norms, i.e. well-posedness theory in Sobolev spaces, was developed
by Mouhot and Villani [191], and the propagation of smoothness in uniform
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norms, i.e. well-posedness in the spaces of continuously differentiable func-
tions, was developed in Kolokoltsov [133] under the rather general assumption
of polynomially growing collision kernels. Namely, suppose that

B(|v], 0) = |v|? cos? 2 0h(9)

in (1.52) for a bounded function %. Then, for any g, d, the energy- and mass-
preserving solution f; to the Boltzmann equation is well defined for any initial
non-negative function f (the density of the initial measure w) having finite
energy and entropy. It was shown in [133] that there exist bounds, which are
global in time, for the uniform moments sup, [ f;(x)(1 + |x])"] of the solution
f: (and also for its spatial derivatives) in terms of the initial integral moments
f[f(x)(l + |x])*]dx. These bounds depend in a nontrivial way on the rela-
tions between the parameters 3, d, s, r, but can be obtained in a more or less
explicit form.

The mathematical analysis of Smoluchovski’s coagulation—fragmentation
equation was initiated by Ball and Carr in [17], where an equation with a dis-
crete mass distribution was analyzed subject to additive bounds for the rates.
Various discrete models of interactions were unified in Kolokoltsov [131]:
discrete versions of the results of Section 6.4 were given. Related results
were obtained by Lachowicz [154]. Well-posedness for weak measure-valued
kinetic equations for coagulation, in continuous time and in a general measur-
able space, was obtained by Norris [194]. When coagulation alone is taken into
consideration, Theorems 6.10 and 6.12 yield the Norris well-posedness result.
The method used by Norris was a little different, as it relied heavily on the
monotonicity built into the coagulation model. Using the methods of complex
analysis, Dubovskii and Stewart [68] obtained well-posedness for coagulation—
fragmentation processes in the class of measures with exponentially decreasing
continuous densities. As coagulation evolution does not preserve the num-
ber of particles, the underlying nonlinear process, unlike in the Boltzmann
case, is sub-Markov. However, since the mass is preserved one can ‘“change
the variable” by considering the process to be one of mass evolution, which
then becomes Markovian. This idea was exploited by Deaconu, Fournier and
Tanré [62] to give an alternative probabilistic interpretation of Smoluchovski
evolution yielding naturally a well-posedness result for infinite initial mea-
sure (the scaled number of particles) but finite total mass. Much modern
literature is devoted to the qualitative behavior of coagulation—fragmentation
models, i.e. their gelation (involving the non-conservativity of mass), self-
similarity and long-time behavior, which are not studied in this monograph;
see e.g. Ernst and Protsinis [72], Fournier and Laurencot [77], Lushnikov
and Kulmala [166], da Costa, Roessel and Wattis [52] and references therein.
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Another stream of activity is connected with spatially nontrivial models,
mainly with coagulating particles that move in space according to a Brownian
motion with a parameter depending on the mass; see e.g. Collet and Poupaud
[51] and Wrzosek [249] for discrete mass distributions and [5], [156], [195]
for continuous masses. Finally, we refer to Eibeck and Wagner [70], Kolodko,
Sabelfeld and Wagner [122] and references therein for the extensive work
on numerical solutions to the Smoluchovski equation. Various special classes
of coagulation and fragmentation processes are dealt with in the monograph
Bertoin [34].

The systematic development of the theory of smoothness of solutions to
kinetic equations with respect to the initial data given in Chapter 8 is a novel-
ty of the book. The exposition in this chapter in some places extends and in
some places complements results from the author’s papers [133], [134], [136].
In Bailleul [14] the smoothness results of Section 8.3 were extended to treat
smoothness with respect to a parameter in the coagulation kernel. This sen-
sitivity of the Smoluchovski equation is important in numerical analysis; see
Kraft and Vikhansky [149] and Bailleul [14].

Among the topics related to Part II, but not touched upon, we mention the
development of nonlinear evolutions on lattices (by Zegarlinski in [254] and by
Olkiewicz, Xu and Zegarlinski in [197]), the evolution of nonlinear averages,
in particular with applications to financial market analysis, by Maslov (see
[174], [175]) and the theory of nonlinear Dirichlet forms (see Sipriani and
Grillo [222] and Jost [112]).

Chapter 9 dealt with the dynamic LLN. Section 9.3 contained a unified
exposition of the traditional approach to proving the LLN (one proves the
tightness of particle approximation systems and picks up a converging subse-
quence) for rather general jump-type interactions. It included the basic LLNs
for binary coagulations (see Norris [194]) and for Boltzmann collisions (see
e.g. Sznitman [231] and [232]). Other sections in Chapter 9 were devoted to
estimating the rates of convergence in the LLN for interactions with unbounded
rates, using the smoothness of the kinetic equations with respect to the initial
data. They were based mostly on [134], [136]. The results in Section 9.5 are
new. Convergence estimates in the LLN for Boltzmann-type collisions with
bounded rates supplemented by a spatial movement (the mollified Boltzmann
equation) were obtained by Graham and Méléard [87], [88] using the method
of Boltzmann trees.

Turning to Chapter 10, let us mention first of all that the CLT for inter-
acting diffusions has been thoroughly developed; see Dawson [58] and Giné
and Wellner [83] and references therein. The CLT for coagulation processes
with finite rates and discrete mass was established by Deaconu, Fournier and
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Tanré [63]. For the Boltzmann equation with bounded rates it was obtained
by Méléard [185] in the more general setting of collisions supplemented by
a spatial movement (the mollified Boltzmann equation). The method in these
papers is different from ours; instead of working out analytical estimates of
the smoothness of kinetic equations with respect to the initial data, it is based
on the direct analysis of infinite-dimensional SDEs underlying the limiting
Ornstein—Uhlenbeck (OU) process.

The results on the CLT for stable-like processes from Section 10.2 comple-
ment and improve the results of the author’s paper [134], where non-degenerate
stable-like processes (described by Theorem 4.25 and hence having addi-
tional regularity properties) were analyzed. The results on the Smoluchovski
equation with unbounded rates were based on the author’s paper [136]; the esti-
mates of convergence in the CLT for the Boltzmann equation with unbounded
rates seem to be new.

Interesting applications of the circle of ideas around the CLT limit for evo-
lutionary games can be found in Mobilia, Georgiev and Tauber [189] and
Reichenbach, Mobilia and Frey [208].

The analysis of infinite-dimensional OU processes just touched upon in
Section 10.4 represents a vast area of research, for which one can consult
the above-mentioned papers of Méléard as well as for example Lescot and
Roeckner [161], van Neerven [244], Dawson et al. [60] and references therein.

In Chapter 11 we have considered the various developments, indicating pos-
sible directions and perspectives of further research. Its results are due mostly
to the author.

The controlled nonlinear Markov processes touched upon in a general way
in Section 11.2 are well under investigation in the setting of McKean nonlinear
diffusions; see [100] and references therein.

In Section 11.4 we applied the methods of Chapter 3 to the construction
of Markov processes on manifolds and also extended to Lévy-type noise the
analytical construction of stochastic geodesic flows with Brownian noise sug-
gested in [124]. Geometrical constructions of Ornstein—Uhlenbeck processes
on manifolds driven by Browninan noise were given in [67], [117].

Section 11.5 dealt with a nonlinear counterpart of the notion of conditional
positivity developed in Kolokoltsov [134]. A characterization of ‘“tangent
vectors” in the space of probability laws at the Dirac point measures, see
Proposition 11.19, which follows from the Courrege representation of lin-
ear conditionally positive functionals, was given by Stroock [227]. In this
book Stroock posed the question of characterizing “tangent vectors” to arbi-
trary measures. Theorem 11.20, taken from Kolokoltsov [134], solves this
problem for polynomial vector fields, which can be extended to analytic
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vector fields. The discussion in Section 11.5 established formal links between
general positivity-preserving evolutions and mean field limits for interacting
particles.

The appendices contain some technical material used in the main body of the
text. The results are well known apart from, possibly, some in Appendices E,
G and H.
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Appendix A Distances on measures

The properties of separability, metrizability, compactness and completeness for
atopological space S are crucial for the analysis of S-valued random processes.
Here we shall recall the basis relevant notions for the space of Borel measures,
highlighting the main ideas and examples and omitting lengthy proofs.

Recall that a topological (e.g. metric) space is called separable if it contains
a countable dense subset. It is useful to have in mind that separability is a
topological property, unlike, say, completeness, which depends on the choice
of distance. (For example, an open interval and the line R are homeomorphic,
but the usual distance is complete for the line and not complete for the interval).
The following standard examples show that separability cannot necessarily be
assumed.

Example A.1 The Banach space [, of bounded sequences of real (or
complex) numbers a = (ay, as,...) equipped with the sup norm |a| =
sup; |a;| is not separable, because its subset of sequences with values in
{0, 1} is not countable but the distance between any two such (not coinciding)
sequences is 1.

Example A.2 The Banach spaces C(RY), Loo(R?), MSi€ed(R?) are not
separable because they contain a subspace isomorphic to /.

Example A.3 The Banach spaces Coo(RY), Lp(Rd), p € [1,00), are
separable; this follows from the Stone—Weierstrass theorem.

Recall that a sequence of finite Borel measures p,, is said to converge weakly
(resp. vaguely) to a measure p as n — oo if (f, i, ) converges to (f, i) for any
f € C(S) (resp. forany f € Cc(S)).If S is locally compact, the Riesz—Markov
theorem states that the space of finite signed Borel measures is the Banach
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dual to the Banach space C(S). This duality specifies the x-weak topology
on measures, where the convergence pu, to u as n — oo means that (f, u,)
converges to (f, n) for any f € Coo(S).

Example A.4 Let S = R. The sequence u, = né, in M(R) converges
vaguely but not x-weakly. The sequence 1, = §, converges x-weakly but not
weakly.

Proposition A.5 Suppose that p,, n € N, and p are finite Borel measures
in R%.

(i) If the p, converge vaguely to p, and the p,(R%) converge to p(R?), as
n — oo then the p, converge to p weakly (in particular, if p, and p are
probability laws, the vague and the weak convergence coincide).

(ii) pn — p *-weakly if and only if p, — p vaguely and the sequence p,, is
bounded.

Proof (i) Assuming that p, is not tight (see the definition before Theo-
rem A.12) leads to a contradiction, since then 3 €: V compact set K In :
un(RY\ K) > €, implying that

liminf p,(RY) > p(RY) +e.
n— o0
(ii) This is straightforward. ]

Proposition A.6 If S is a separable metric space then the space M(S) of
finite Borel measures is separable in the weak (and hence also in the vague)

topology.

Proof A dense countable set is given by linear combinations, with rational
coefficients, of the Dirac masses 8, where {x;} is a dense subset of S. ]

The following general fact from functional analysis is important for the
analysis of measures.

Proposition A.7 Let B be a separable Banach space. Then the unit ball B}
in its dual Banach space B* is x-weakly compact and there exists a complete
metric in BY compatible with this topology.

Proof Let {x1, x3, ...} be a dense subset in the unit ball of B. The formula

o
plu.m) =y 27 | = n.x0)
k=1
specifies a complete metric in B} that is compatible with the x-weak conver-
gence, i.e. p(Un, u) — 0asn — 0if and only if (u,, x) — (u, x) for any
x € B. Completeness and compactness follow easily. To show compactness,
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for example, we have to show that any sequence w, has a converging sub-
sequence. To this end, we first choose a subsequence ,u,ll such that (u,ll, Xx1)
converges, then a further subsequence ,u% such that (,u,%, X7) converges, etc.
Finally, the diagonal subsequence ] converges on any of the x; and is
therefore converging. O

Remark A.8 The unit ball can be seen to be compact without assuming the
By separability of B (the so-called Banach—Alaoglu theorem).

Proposition A.9 IS is a separable locally compact metric space then the set
My (S) of Borel measures with norm bounded by M is a complete separable
metric compact set in the vague topology.

Proof This follows from Propositions A.6 and A.7. O

To metricize the weak topology on measures one needs other approaches.
Let S be a metric space with distance d. For P, Q € P(S) define the Prohorov
distance

ppron(P, Q) = inf{e > 0: P(F) < Q(F€) + €V closed F},

where F€ = {x € S :inf,er d(x, y) < €}.
It is not difficult to show that

P(F) < Q(F)+B <<= QO(F)<PF)+5p,
leading to the conclusion that ppop, is actually a metric.

Theorem A.10 (i) If S is separable then p(u,, n) — 0 asn — oo for
W, L1, L2, ... € P(S) if and only if nu, — n weakly.

(ii) If S is separable (resp. complete and separable) then (P(S), pproh) is
separable (resp. complete and separable).

Proof See e.g. Ethier and Kurtz [74]. O

It is instructive to have a probabilistic interpretation of this distance.

One says that a measure v € P(S x §) is a coupling of the measures u, n €
P(S) if the margins of v are ; and 7, i.e. if V(A x §) = n(A) and V(S x A) =
n(A) for any measurable A or, equivalently, if

/S S [6(0) + ¥ (] v(dxdy) = (¢, ) + (¥, 1) (A.D)

for any ¢, ¥ € C(S).
Theorem A.11 Let S be a separable metric space and P, Q € P(S). Then

Pproh (P, Q) = infinf{e > 0: v(x,y :d(x,y) > €) < €},
vV
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where inf,, is taken over all couplings of P, Q.
Proof See Ethier and Kurtz [74]. O]

As in the usual analysis, for the study of the convergence of probability laws
the crucial role belongs to the notion of compactness. Recall that a subset of a
metric space is called relatively compact if its closure is compact.

A family IT of measures on a complete separable metric space S is called
tight if for any e there exists a compact set K C S such that P(S \ K) < € for
all measures P € I1. The following fact is fundamental (a proof can be found
e.g. in [74], [220] or [114]).

Theorem A.12 (Prohorov’s compactness criterion) A family T1 of mea-
sures on a complete separable metric space S is relatively compact in the weak
topology if and only if it is tight.

Another convenient way to metricize the weak topology of measures is
using Wasserstein—Kantorovich distances. Namely, let P?(S) be the set of
probability measures u on S with finite pth moment, p > 0, i.e. such that

/dp(xo,x)u(dx) < 00

for some (and hence clearly for all) xg.
The Wasserstein-Kantorovich metrics W, p > 1, on the set of probability
measures P (S) are defined as

I/p
Wy, p2) = (ilvlf/dp(yl, J’Z)V(d)’1d)’2)> , (A2)

where inf is taken over the class of probability measures v on S x S that couple
w1 and po. Of course, W), depends on the metric d. It follows directly from
the definition that

Wy (11, jt2) = inf Ed” (X1, X2), (A.3)

where inf is taken over all random vectors (X1, X») such that X; has the law
wi, i = 1,2. One can show (see e.g. [246]) that the W), are actually metrics
on PP(S) (the only point that is not obvious being that the triangle inequality
holds) and that they are complete.

Proposition A.13 I S is complete and separable, the infimum in (A.2) is
attained.

Proof In view of Theorem A.12, in order to be able to pick out a converg-
ing subsequence from a minimizing sequence of couplings, one needs to know
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that the set of couplings is tight. But this is straightforward: if K is a compact
setin S such that 1 (S \ K) < d and u2(S \ K) < é then

V(S x S\ (K x K)) =v(§ x (S\ K)) +v((S\K) x§) =24,
for any coupling v. O

The main result connecting weak convergence with the Wasserstein metrics
is as follows.

Theorem A.14 [f S is complete and separable, p > 1, and u, i, o, . ..
are elements of PP (S) then the following statements are equivalent:

(i) Wp(tn, u) — 0 asn — oo;
(ii) un — | weakly as n — oo and for some (and hence any) xq

fdp(x,xo)un(dX) - /dp(x,XO)M(dX).
Proof See e.g. Villani [246]. O

Remark A.15 If d is bounded then, of course, P? (S)=P(S) for all p. Hence,
changing the distance d to the equivalent d = min(d, 1) allows us to use
Wasserstein metrics as an alternative way to metricize the weak topology of
probability measures.

In the case p = 1 the celebrated Monge—Kantorovich theorem states that

Wipr, u2) = sup [(f, 1) — (f, m2)l,
feLip
where Lip is the set of continuous functions f such that | f(x) — f(y)| <
lx — y]| for all x, y; see [246] or [202].

We shall need also the wasserstein distance between the distributions in the
spaces of the paths (curves) X : [0, T] — S. Its definition depends on the way
in which the distance between paths is measured. The most natural choices are
the uniform and integral measures leading to the distances

t<T

1/p
Wy run(X', X?) = inf (E supd” (X}, X?)) :
(A4)

T 1/p
Wo.rin(X1, X2) =inf<E/ dp(X;],X;Z)dt> ,
0

where inf is taken over all couplings of the distributions of the random paths
X1, X». The estimates in W) 7y are usually easier to obtain, but those
in Wy run are stronger. In particular, uniform convergence is stronger than
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Skorohod convergence, implying that the limits in W, 7 un preserve the Sko-
rohod space of cadlag paths while the limits in W), 7 jnc need not necessarily
do so.

Appendix B Topology on cadlag paths

The main classes of stochastic processes, i.e. martingales and sufficiently reg-
ular Markov process, have modifications with cadlag paths, meaning that
they are right continuous and have left limits (the word cadlag is a French
acronym). This is a quite remarkable fact, in view of the general Kolmogorov
result on the existence of processes on the space of all (even non-measurable)
paths. Suppose that (S, p) is a complete separable metric space. The set of S-
valued cadlag functions on a finite interval [0, T'], T € Ry or on the half-line
R} isusually denoted by D = D([0, T'], S) or D = D(R4, S) and is called the
Skorohod path space. We shall often write D([0, T], S) for both these cases,
meaning that 7' can be finite or infinite.

Proposition B.1 [fx € D([0, T1, S) then for any § > 0 there can exist only
finitely many jumps of x on [0, T of a size exceeding §.

Proof If this were not so then jumps exceeding § would have an accumu-
lation point on [0, T']. O]

In the analysis of continuous functions a useful characteristic is the modulus
of continuity

w(x, t,h) =sup{px(s),x(r)):r—h<s<r <t} h > 0.

As one can easily see, a function x € D([0, ¢], §) is continuous on [0, ¢] if and
only if limy, .o w(x, ¢, h) = 0. In the analysis of cadlag functions a similar role
belongs to the modified modulus of continuity, defined as

ﬁ)(x,t,h):igfml?x sup  p(x(r), x(s)),

1k =<1,8 <tg41
where the infimum extends over all partitions A = (0 = 19 < 11 < ---
<ty <t)suchthattyy) —tx > hfork=1,...,1—1.

Proposition B.2 (i) The definition of w(x,t, h) is not be changed if the
infimum is extended only over partitions with h < tyy1 — tr < 2h. In
particular w(x,t,h) < w(x,t,2h) for all x. (ii) If x € D([0,1t], S) then
limy, o w(x, t, h) =0.
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Proof By Proposition B.1, for an arbitrary § there exists a partition 0 =
tg < t? <. < t,? =t of [0, ¢] such that inside the intervals [; = [tlo, t10+1) of
the partition there are no jumps with sizes exceeding §. Let us make a further
partition of each [;, defining recursively
j+1

{7 = min(, |, infls > 1/ : |x(s) — x> 28)),

with as many j as one needs to reach tlo+l. Clearly the new partition thus

obtained is finite and all the differences /' — /™" are strictly positive, so that
on the one hand

h= nlni_n(t/' )
JJ
On the other hand, w(x, t, h) < 46. O

The appropriate topology on D is not obvious. Our intuition arising from the
study of random processes suggests that, in a reasonable topology, the conver-
gence of the sizes and times of jumps should imply the convergence of paths.
For example, the sequence of step functions 1j141/4,00) should converge to
1{1,00) as n — oo in D([0, T],Ry) for T > 1. However, the usual uniform
distance

11[1+1/m.00) — L1000l = sup [1[141/n,00) (V) — 1[1,00) (V)]
y

equals 1 for all n not allowing such a convergence in the uniform topology.
The main idea is to make 1[141/4,00) and 11 o) close by introducing a time
change that connects them. Namely, a time change on [0, T] or R is defined
as a monotone continuous bijection of [0, 7] or R onto itself. One says that
a sequence x,, € D([0, T], S) converges to x € D([0, T], S) in the Skorohod
topology Jj if there exists a sequence of time changes 1, of [0, 7] such that
sup [An(s) — s| + sup p(xp (An(s)), x(s)) — O, n — 0o,
s s<t
for t = T in the case where 7 is finite or for all # > 0 in the case where
T = oo.
For example, for

(1+1/n)t, <1,
=0 =1/n)t-D)+0A+1/n), 1<t=2, (B.1)
t, r>2,

one has 11 11/,,00) (An (1)) = 1{1,00)(t) for all ¢, so that

sup (14 () = 51+ M141/m,00) A (8) = 11,00y ()]) = 1/n — 0
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asn — oo forall # > 2. Thus the step functions 1111/, 00) converge to 1fj,oc)
in the Skorohod topology of D(R,, R}) as n — oo.

Proposition B.3 (i) Let

J(x,T) = supd(x(t), x(t—))
t<T

for T < oo and
o0
J(x,00) = / e “min(1, J(x,u))du.
0

Clearly J(x,T) = 0 if and only if x is continuous. We claim that the function
J(x, T) is continuous on D([0, T], S).

(ii) If x, — x in D([0, T'], S) and the limiting curve x is continuous then
Xp — X point-wise.

Proof This is left as an exercise. O

It is more or less obvious that the functions

ds(x,y) = infsup ([2(s) = 5| + p(r(hls)), (s)) )

s<T

for finite 7" and

ds(x,y) = iI}}f |:sup IL(s) — 5|+ 22*71 min (1, flﬁl};p()(()\(s)), y(s))>i|

520 n=I

for infinite 7 (where inf extends over the set of all time changes) specify a
metric on the sets D([0, T], S), called Skorohod’s metric, that is compatible
with Ji-topology in the sense that x,, converges to x in this topology if and
only if dg(x,, x) — 0as n — oo. This metric is not very convenient for the
analysis, since the space D([0, T'], S) is not complete in this metric, as the
following shows:

Example B.4 Consider a sequence of indicators 1j;_1,,,1). This sequence is
fundamental (or Cauchy) with respect to the metric dg on D ([0, T'], R) for any
T > 1 (because the time changes

t(d=1/n)
T—T/m) t<1—-1/m,

A= 1=L4m (1 —1m)), 1—lm=<t<1 (B.2)
t, t>1

transform 1j1_1/p,1) to 1[1—1/,,1)) but is not converging. Convince yourself
that this sequence is not fundamental in the metric dp introduced below.
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However, one can improve this situation by measuring the distance between
any time change and the identity map not by a uniform norm as in dg but rather
by the distance of the corresponding infinitesimal increments. More precisely,
one measures the distance between a time change and the identity map by the
quantity

A1) — A(s)
g —_—

I —s

y(A) = sup |lo

0<s<t

’

The corresponding distance,

dp(x. y) = inf (m) +sup p (¥ (1(5)), y(s)))
A T

=

for finite T and

dp(x, y) = inf [m) + 27 min (1, supp (x(:(s)), ¥(s)) )]

s<n
n=1 -

for T = oo (where inf is over all time changes with a finite y (X)) is
called Prohorov’s metric on D([0, T], S). Clearly this is again a metric on
D([0,T], $).

Proposition B.5 The Prohorov metric dp is compatible with the Ji-topology
on D([0,T1, S), so that x,, — x if and only if dp(x,, x) — Oasn — 0.

Proof In one direction this is clear, since y(%,) — 0 implies
SUPg<s<; |An(s)—s| — Oforall  (where one takes into account that A(0) = 0).
Suppose now that dg(x, x,) — 0 for x,,x € D([0, T], S). Assume that T is
finite (the modification for 7 = oo being more or less straightforward). Then
for any § € (0, 1/4) one can choose a partition 0 = 79y < t; < --- of [0, T],
with, for tyy1 — tx > 6,

sup  px(@),x(s)) <wx,T,8)+46

1 <r,s <tg+1

and time change A with

sup |A(t) — t] < 82, sup p (x(rl(t),xn(t))> <.

0<t<T 0<t<T

Let A be the time change obtained from A by linear interpolation between its
values at the points of the partition #;, k = 0, 1, 2, ... Then

Atkr1) — M)
Og _—

< max(log(1 4 28), —log(1 — 28)) < 44.
Tk+1 — Ik

y(h) = max 1



328 Appendices

Moreover, as the composition Aok maps each interval [, fx4+1) to itself,
one has

p(x 0, % 0)) = p (x0). XG0 X)) + p (7 0 A1), % 00)))
< w(x, T, 8) + 26.

This implies that dp (x, x;) — 0, as § can be chosen arbitrarily small (and one
takes into account Proposition B.2). O

The following fact is fundamental.

Theorem B.6 (Skorohod-Kolmogorov—Prohorov) (i) The metric space
(D([0,T], S),dp) is complete and separable.
(ii) The Borel o-algebra of D([0, T], S) is generated by the evaluation maps
x> x(t) forallt <T (ort < oo inthe case T = 00).
(iii) A set A C D([0, T, S) is relatively compact in the Ji-topology if and
only if w; (A) is relatively compact in S for each t and
lim sup w(x,t, h) =0, t>0. (B.3)

h—=0yxea

A (by now standard) proof can be found e.g. in [107], [38] or [74].

Proposition B.7 If S is locally compact, then condition (iii) of the above
theorem implies that there exists a compact set U't such that 7;(A) C 't for
allt € [0, T].

Proof 1If w(x,T,h) < € then let ' be the union of a finite number of
compact closures of myr/2(A), hk/2 < T, k € N. Then all intervals of any
partition with [#, fx4+1] > h contain a point hk/2, so that the whole trajectory
belongs to the compact set UI'}, 2 O

We conclude with further remarks on the space D.
An interesting feature of Ji-topology is the fact that addition is not con-
tinuous in this topology, i.e. D is not a linear topological space. In fact, let

x = —y = 1j1,00) be a step function in D(R, R). Consider the approximat-
ing step functions from the left and from the right, namely x, = 1{1-1/1,00),
Yn = —1{141/n,00)- Thenx + y = O and x, — x, y, — y asn — ocin the

Ji-topology. However, x,, + ¥4 = 1{1—1/s,1+1/4) dOes not converge to zero.

Another important feature of Ji-topology is in the fact that one cannot
approximate discontinuous functions by continuous functions. For instance,
if one tries to approximate the step function x = 1j1 o) by the broken-line
continuous paths

X, (1) =n(t — 1+ 1/m)11—1/n,1) + 11,00 (B.4)
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then x,, converges to x pointwise and monotonically but not in Jj. In fact, one
can easily see that dg(x,, x) = 1 for all n.

Let us mention that J; is not the only reasonable topology on D. In fact,
in his seminal paper in 1956, Skorohod introduced four different topologies on
D: the so-called Ji, J, M1 and M, topologies. The topology M», for example,
arises from a comparison of the epigraphs {(¢, y) : y > x(¢)} of paths by means
of the Hausdorff distance. In this topology, the sequence (B.3) converges to the
step function x = 11 ). Though these topologies are of interest sometimes,
J1 is by far the most important. Only J;-topology is used in this book.

Appendix C Convergence of processes in Skorohod spaces

Everywhere in this appendix, S denotes a complete separable metric space with
distance d.

The results of this section are quite standard, though a systematic exposition
of the main tools needed for the study of convergence in Skorohod spaces is
not easy to find in a single textbook. Such a systematic exposition would take
us far from the content of this book, so we have just collected everything that
we need, giving precise references to where the proofs can be found. The basic
references are the books Jacod and Shiryaev [108], Kallenberg [115], Ethier
and Kurtz [74]; see also Dawson [59] and Talay, and Tubaro [239].

Let X“ be a family of S-valued random processes, each defined on its own
probability space with a fixed filtration F;* with respect to which it is adapted.
One says that the family X* possesses the compact containment condition if
for any n, T > O there exists a compact set I';, 7 C § such that

inf P{Xy (1) €T, r V1 €[0, T} = 1—1. (C.1)

The following is the basic criterion of compactness for distributions on
Skorohod spaces (see Appendix B for the notation w).

Theorem C.1 Let X* be a family of random processes with sample paths in
DRy, S). Then {X*} is relatively compact if and only if

(i) for every n > 0 and a rational t > O there exists a compact set ', ; C S
such that

inf P{Xo(1) €T} =1—1 (C.2)
I :

(where FZ,, is the n-neighborhood of T, ; ),
(ii) for every n > 0 and T > O there exists a § > 0 such that

sup P{w (X, 8, T) > n} <n.
o
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Moreover, if (i) and (ii) hold then the compact containment condition holds
also.

Proof See Ethier and Kurtz [74]. O]

The following result (often referred to as the Jakubovski criterion of
tightness) reduces the problem of compactness to real-valued processes.

Theorem C.2 Let X% be a family of random processes with sample paths in
DR+, S) possessing the compact containment condition. Let H be a dense
subspace of C(S) in the topology of uniform convergence on compact sets.
Then {X 4} is relatively compact if and only if the family { f o X4} is relatively
compact forany f € H.

Proof See Ethier and Kurtz [74], Theorem 3.9.1, or Jakubovski [108]. [

As the conditions of Theorem C.1 are not easy to check, more concrete
criteria have been developed.

A sequence X" of S-valued random processes (each defined on its own prob-
ability space with a fixed filtration F, with respect to which it is adapted) is
said to enjoy the one of Aldous conditions, (A), (A’) or (A”), if

(A) For each N,e,n > 0 there exist a § > 0 and ng such that, for any
sequence of J,-stopping times {t,} with 7, < N,
sup sup P{d(X7 , X7 ) > n} <e.
nx=npyH<§
(A") Foreach N,e,n > 0 there exist a § > 0 and an ng such that, for any
sequence of pairs of J;,-stopping times {o,, 7,} witho, <1, <N,
sup P”{d(Xgn, X;’n) >n,1, <op+8) <e.
n=ng
(A”) One has that d(X7 , X7 13,) — 0 in probability as n — oo for
any sequence of bounded F;,-stopping times {7,} and any sequence of
positive numbers i, — 0.

Theorem C.3 (Aldous criterion for tightness) Conditions (A), (A’), (A”)
are equivalent and imply the basic tightness condition (ii) of Theorem C.1.

Proof See Joffe and Métivier [111], Kallenberg [114], Jacod and Shiryaev
[107] or Ethier and Kurtz [74]. O]

As an easy consequence of this criterion we obtain the following crucial
link between semigroup convergence and Skorohod convergence for Feller
processes.
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Theorem C.4 Ler S be locally compact and X, X!, X2 ... be S-valued
Feller processes with corresponding Feller semigroups T;, T,l, T,z, ... If the
compact containment condition holds and the semigroups T" converge to T;
strongly and uniformly for bounded times then the sequence {X"} is tight and
the distributions of X" converge to the distribution of X.

Proof Using Theorems C.1 and C.3 and the strong Markov property of
Feller processes, one only needs to show that d(X[, X Zn) — 0 in probability
as n — oo for any initial distributions w, that may arise from the optional
stopping of X" and for any positive constants s, — 0. By the compact con-
tainment condition (and Prohorov’s criterion for tightness) we may assume that
Un converges weakly to a certain u, the law of X¢. By the assumed uniformity
in time of semigroup convergence, Tf:; g — gforany g € C(S), implying
that

ELf(X0)g(X} )] = E(f T} 9)(X2) — E(f2)(X0)

for f, g € Co(S). Consequently, (X[, XZ") — (Xp, Xp) in distribution. Then

d(Xi, X Zn) — d(Xo, Xo) = 0 in distribution and hence also in probability.
For applications to the dynamic law of large numbers for interacting

particles the following slight modification of this result is often useful. O

Theorem C.5 Let S be locally compact, S, be a family of closed subsets of S
and X, X', X2, ... be S, S1, 82, ... -valued Feller processes with correspond-
ing Feller semigroups Ty, Ttl, le, ... Suppose that the compact containment
condition holds for the family X" and that the semigroups T" converge to T;
in the sense that

sup sup |7y f(xn) — Ty f (xn)| — O, n— 0o

S<t x,€S,
forany t > 0 and f € Coo(S). Finally, assume that the sequence x, € S,
converges to an x € S. Then the sequence of processes {X"(x,)} (with ini-
tial conditions x,) is tight and the distributions of X" (x,) converge to the
distribution of X (x).

Proof Itis the same as for the previous theorem. Notice that after choosing
a subsequence of laws u, in S, converging to a law p in S one has

(T foun) = (T fo ) = (T = T) fo pn) + (T fo o — 1),

implying that (7" f, u,) — (T f, n) because the first term in the above
expression tends to zero by our assumption on the convergence of 7, and the
second by the weak convergence of . O
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The following result allows us to obtain convergence for the solutions of the
martingale problem without assuming the convergence of semigroups and the
local compactness of S.

Theorem C.6 Let X, be a family of random processes with sample paths in
DRy, S) and let C, be a subalgebra in C(S). Assume that for any f from a
dense subset of C, there exist cadlag adapted processes Z* such that

t
FOxe - /O 2%(s) ds

is an F{¥-martingale and, for any t > 0,

t 1/p
supE(f |Z‘;§(s)|”ds) <00
o 0 N

fora p > 1. Then the family f o X% is tight in D(R4, R) for any f € C,.
Proof See Theorem 3.9.4 in Ethier and Kurtz [74]. O]

To formulate other criteria we need the notion of quadratic variation. For two
real-valued processes X and Y the mutual variation or covariation is defined
as the limit in probability

[X, Y]

n
= lim Z(Xmin(s,'_,_l,t) - Xmin(s,»,t))(Ymin(x,'H,t) - Ymin(s,-,t))
)—0 i

max; (Si4+1—Si
(C.3)

(the limit is over finite partitions 0 = 59 < 51 < --- < 5, = t of the interval
[0, ¢]). In particular, [X, X]; is often denoted for brevity by [ X]; and is called
the quadratic variation of X.

Proposition C.7 If [X, Y] is well defined for two martingales X;, Y; then
(XY), — [X, Y], is a martingale.

Proof For a partition A = (s =59 < 51 < -+ < s, = t) of the interval
[s, t] write

n
[X. Y% =) (X, — Xy, )Yy, — Y, ).
j=1
Then

n n
(XY) — (XY)y = ) (X; — Xy, )Yy, + Y _(Ys; — YD Xy,
Jj=1 j=1
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n n
=X V1A 4D (Y, = Y DX + ) (X, — X, Y, (C4)
j=1 j=1
and the expectation of the last two terms vanishes. O

Remark C.8 Formula (C.4) suggests a stochastic integral representation for
XY as

t t
(XY), — (XY) = [X, Y],+/ Xs_dYS+/ Y. dx..
0 0

since the integrals in the above relation are clearly the only reasonable notation
for the limit of the last two terms in (C.4). In stochastic analysis such integrals
are studied systematically.

By a straightforward generalization of Proposition C.7, one obtains that if
t t
X! =m] +f blds,  X?= M,2+/ b2 ds,
0 0
where Mll, M,2 are martingales and b; is a bounded measurable process, then
t
x'x?, —[x', X%, —/ (X!p? + X2y ds (C.5)
0

is a martingale.
One can deduce from (C.3) that if X and Y have locally finite variations
A X and AY then a.s.

[X,Y], = Z AX,AY (C.6)
s<t
(see e.g. Kallenberg [114] or Talay and Tubaro [237] for a proof).

It is also known that if [ X, Y]; is locally integrable then there exists a unique
predictable process with paths of finite variation, denoted by (X, Y) and called
the predictable covariation, such that [X, Y]; — (X, Y); is a local martingale;
(X, X); is often denoted for brevity as (X);.

The following two results are usually referred to as the Rebolledo criteria for
tightness (see e.g. [204] or [73] for the first and [203] or [111] for the second).

Theorem C.9 Let X} be a family of square integrable processes such that
X! =M+ V",

where the V' are predictable finite-variation processes and the M} are mar-
tingales. Then the family X} satisfies the Aldous condition (A) whenever V'
and the quadratic variation [M]'] satisfy this condition.
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Theorem C.10 [n the above theorem, the quadratic variation [M]'] and the
martingales M]' themselves satisfy the Aldous condition (A) whenever the
predictable quadratic variation (M]'); satisfies this condition.

To apply Rebolledo’s criteria, one has to be able to calculate either the
covariation or the predictable covariation. In the case of a jump process, one
can often use (C.6) effectively. For a Markov process it is often easy to find
the predictable covariation, as we now explain. Let X; be a Markov process in
R? solving the martingale problem for an operator L. Let ¢; (x) denote the ith
coordinate of x € R?, and suppose that ¢’ and ¢’¢/ belong to the domain of
L, so that

M =X — X~ /Ot Lo  (Xs)ds
and
MY = X{X] - XpX{ - /0 LX) ds
are well-defined martingales. Notice first that
(X', X7 = (M, M),

by (C.6). In the next two lines M; denotes an arbitrary martingale. From
equation (C.5) one has

Xix] — xix]
= X', X7 + /0 (XLt + XL ds + M,
implying that
(X", X1,
= /OIL<¢"¢>J')(XS>ds - /Ot [XIL@N X0 + XIL@HX) | ds + My,
Consequently, by the definition of the predictable covariation,
(X', X7); = /0 L@ 69 (X0) = XEL@H(X) = X L@ (X ds, (€7)

which is the required formula.

Appendix D Vector-valued ODEs

For the sake of completeness we present here in a concise form the basic result
on the smoothness of solutions to Banach-space-valued ODEs (more precisely,
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ODEs on functions with values in a Banach space) with respect to a parameter.
We recall in passing the notion of Gateaux differentiation (see e.g. Martin [170]
for a detailed exposition).

Let B and B, denote Banach spaces with norms ||.[|1, ||.|[2. We assume that
M is a closed convex subset of Bj. In the examples we have in mind, M stands
for the set of positive elements in B (say, M = M(X) in the Banach space
Bj of signed measures on X).

One says that a mapping F : M +— By is Gateaux differentiable if, for any
Y € M and £ € Bj such that there exists an 7 > 0 with Y + h&é € M, the limit

1
De F(Y) = hlirg W [F(Y +h&) — F(Y)]
—04

exists (in the norm topology of B,); D¢ F(Y) is called the Gateaux derivative
of F(Y) in the direction &. From the definition it follows that

Du:F(Y) =aD:F(Y)

whenever a > 0 and that
1
F(Y +€) = F(Y) +/ DeF(Y +58)ds O.1)
0

whenever Y + & € M.

Exercise D.1 Show that if /" is Gateaux differentiable and D¢ F'(Y) depends
continuously on Y for any & then the mapping D¢ F'(Y') depends linearly on &.
Hint: use (D.1) to show additivity and also to show homogeneity with respect
to negative multipliers.

Exercise D.2 Deduce from (D.1) that if D¢ F/(Y) is Lipschitz continuous, in
the sense that

[ De2(Y1) — DeQ(Y2)ll2 = O §111Y1 — Yzl
uniformly on Yy, ¥ from any bounded set, then
|F(Y +&) — F(Y) = DeF(D)]l2 = O(I€]1}) (D.2)
uniformly for ¥, & from any bounded set.
From now on let B| = B> = B with norm denoted by ||.|.

Theorem D.1 (Differentiation with respect to the initial data) Ler Q; be
a family of continuous Gateaux differentiable mappings M +— B depending
continuously on t, such that, uniformly for finite t,
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D2 (V)| < c(IYIDIE
D2 (Y1) — D (Y2) |l < c(IY1l + I2IDIE Y1 — Y2 (D.3)

for a continuous function ¢ on Ry. Let the Cauchy problem

e = (), Mo = [, (D.4)

be well posed in M in the sense that for any ;v € M there exists a unique
continuous curve j; = () € B, t > 0, such that

t
j = o+ /0 Q, (1) ds (D.5)

and, uniformly for finite t and bounded ,u(l), M%,

e () — e (Nl < cllwd — wdll (D.6)

for all pairs of initial data /L(l), u(z). Finally, let & = & (&, ) be a continuous
curve in B satisfying the equation

t
E -t /0 De. 24 (1ty) ds (D7)

for a given solution 1y = () of (D.5). Then
1
sup Ell,us(u + hE) — () — hE|l < k(OR]IE]P (D.8)
s<t

uniformly for bounded & and i, implying in particular that & = Dg i, ().

Proof Subtracting from the integral equations for u;(u + h€) the integral
equations for u;(u) and hé; yields

pe (it + hE) — () — hé;
t
= /0 [Q25 (s (1 + hE)) — Qs (s () — hDg Q25 (s (1)1 dss.
However, it follows from (D.2) and (D.6) that

1925 (s (b A-hE)) — QL (15 (1)) = Dy (uth)—pas () s (s () | = O (W) €]

Hence, writing ¢, = [, (0 + hE) — () — h&;]/ h and using Exercise D.1
implies that

t
¢ = /O D 25 (s (1)) ds + O €12,

which in turn implies (D.8), by Gronwall’s lemma, and the first estimate
in (D.3). O
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Theorem D.2 (Differentiation with respect to a parameter) Let Q; be a
Sfamily of Gateaux differentiable mappings from M to the Banach space L(B)
of bounded linear operators in B satisfying (D.3), where the norm on the Lh.s.
of the inequalities is now understood as the operator norm. Then the solution
to the linear Cauchy problem

Z, =%, Zy=ZE¢eB,

is Gateaux differentiable with respect to Y, and the derivative D¢ Z;(Y) is the
unique solution of the problem

DeZ,(Y) = (Y)De Z,(Y) + DeQu(Y)Z,.  DeZo(Y) =0.

Proof This is the same as for the previous theorem and is left as an
exercise. 0

Appendix E Pseudo-differential operator notation

The Fourier transform

FF(p) = [ rwar = o e
(zﬂ)dﬂ ?

1
(zﬂ)d/Z

is known to be a bijection on the Schwarz space S(R?), the inverse operator
being the inverse Fourier transform

—1 _ 1 ipx
F g(x)_—(zn)dﬂ e g(p)dp.

As one easily sees, the Fourier transform takes the differentiation operator to
the multiplication operator, i.e. F(f)(p) = (ip) F(f). This property suggests
a natural definition for fractional derivatives. Namely, one defines a symmetric
fractional operator in R? of the form

/ (V. ) uds),
Sd—l

where w(ds) is an arbitrary centrally symmetric finite Borel measure on the
sphere S9!, as the operator that multiplies the Fourier transform of a function
by

/ (p. )P (ds).
Sd—l

i.e. via the equation

F(/ |<v,s>|ﬂu<ds)f>(p)= / 1(p, )IP(ds)Ff(p).
Sdfl Sd—l
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Well-known explicit calculations (see e.g. [124] or [217]) show that
f (V. )P n(ds)

gd—1

dly|

cp Jo Ssar [f(x+3) = F0)] B |1+ﬁ/uc(ds)
= B €0, 1),
e s e+ = F0) = 0LV FE)] |'1y+'ﬁ (ds),
B e(.2),
(E.1)
with certain explicit constants cg and with
/S (V. )lp(ds) = —— hm / / e —r@] '|y2' M(d )

Fractional derivatives constitute a particular case of the so-called pseudo—
differential operators (WDOs). For a function v (p) in R, called in this
context a symbol, one defines the WDO v (—iV) as the operator taken by
Fourier transform to multiplication by ; this is expressed in the equation

E@W(=iV) f)(p) = ¥ (p)(Ff)(p). (E.3)

Comparing this definition with the above fractional derivatives, one sees that
Jsa—1 [(V, $)|* u(ds) is the WDO with symbol [¢s—1 |(p, $)|* u(ds).

The explicit formula for F~! yields an explicit integral representation for
the WDO with symbol v:

. 1 -

VIS0 = s [P VER P dp,
This expression suggests the following further extension. For a function
¥ (x, p) on R? one defines the WDO v (x, —i V) with symbol r via the formula

V(x, —iV)f(x) = / ey (x, p)(Ff)(p)dp. (E-4)

1
(27.[)d/2

Appendix F  Variational derivatives

We recall here basic definitions for the variational derivatives of functionals on
measures, deduce some of their elementary properties and finally specify the
natural class of functional spaces, on which the derivatives on the dual space
can be defined analogously. Suppose that X is a metric space. For a function F/
on M(X), the variational derivative §F (Y)/5Y (x) is defined as the Gateaux
derivative of F(Y) in the direction §,:
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SF(Y)
Y (x)

= Dy, F(¥) = lim ! [F(Y +s8,) — F(Y)],
s—>04 8

where limg ., means the limit over positive s and D denotes the Gateaux
derivative. The higher derivatives 8LF(Y)/8Y (x1)---8Y (x;) are defined induc-
tively.

As follows from the definition, if 6 F(Y)/8Y (.) exists for an x € X and
depends continuously on Y in the weak topology of M (X) then the function
F (Y +56x) of s € Ry has a continuous right derivative everywhere and hence
is continuously differentiable, implying that

LSF(Y + s8y)

o) ds. (F.1)

F(Y+8x)—F(Y)=/
0

From the definition of the variational derivative it follows that

1 §F
lim —[F(Y +sady) — F(Y)] =
s_lf&s[ (Y +saby) — F(Y)] Y ®

for a positive a, allowing us to extend equation (F.1) to

1

F(Y +aéy) — F(Y) =a/ B—F(Y+sa8x)ds. (F2)
0o 0Y(x)

It is easy to see that this still holds for negative a provided that Y + ad, €

M(X).

We shall need an extension of this identity for measures that are more gen-
eral than the Dirac measure §,. Let us introduce some useful notation. We
shall say that F belongs to C‘kwak(./\/l(X)) = CkMX)), k = 1,2,..., if,
foralll =1, ...k, 81F(Y)/8Y(x1) ---8Y (x;) exists for all xq,...,x; € Xk,
Y € M(X), and represents a continuous mapping of k + 1 variables (when
measures are equipped with the weak topology) that are uniformly bounded
on the sets of bounded Y. If X is locally compact, one similarly defines the
spaces C’\fague (M(X)), which differ from the spaces C{;eak (M(X)), by assum-
ing that there is continuity in the vague topology and that the derivatives
S'F(Y)/8Y (x1)---8Y (x;) belong to Cuo(X') uniformly for bounded sets of
Y. If X = RY, we shall say that F belongs to CLl (M(X)), 1 =1,2,..., if,
foranym =0, 1, ..., [, the derivatives

ﬂ(SF(Y)
ox™ §Y (x)

exist for all x € X, Y € M(X), are continuous functions of their vari-
ables (when measures are equipped with the weak topology) and are uniformly
bounded on the sets of bounded Y.
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Lemma F.1 If F € CY(M(X)) then F is Gateaux differentiable on M(X)

and

SF(Y
D:F(Y) :/(W—Ex))é(dx). (F3)

In particular, if Y, Y + & € M(X) then

(F.4)

1
F(Y+E)—F(Y)=/ (wg) ds
0

8Y ()
(note that & can be a signed measure).
Proof Using the representation

F(Y +s(aéy +b8y)) — F(Y)

S SF
= F(Y +sady) — F(Y) + bf — (Y + sad, + hbd,) dh
0o SY(y)

for arbitrary points x, y and numbers a, b € R such that
Y +ad, +bsy, € M(X)

and also the uniform continuity of § F'(Y + s8; + hdy; y) in s, h allows us to
deduce from (F.1) the existence of the limit

lim L[F(y 5.+ b8,)) — F(N)] = a4 p 0
J&E[ (' + s(@dy +b3y)) = ()]_aBY(x)+ 5Y(y)

Extending similarly to an arbitrary number of points, one obtains (F.4) for & a
finite linear combination of the Dirac measures.

Assume now that § € M(X) and & — & as k — oo weakly in M(X),
where the & are finite linear combinations of the Dirac measures with positive
coefficients. We now pass to the limit & — oo in equation (F.4) written for
& =¢&.As F € C(M(X)), one has

FY+&) —FY)— FY+& —F(Y), k — oo.

Next, the difference

L/ §F L/ §F
/0 (—(w(.)(Y +ssk),sk> ds —/0 (—H(‘) (Y +ss),g> ds

can be written as
/4(8F<Y+s)s s)d
— sE), & — S
o \8Y() Kok

18FY 8FY J
+A[Qnﬁ *@*9_<wo(+ﬁxg}&
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By our assumptions,

_(SY()( +s Sk)__ay()( + 5§)

converges to zero as k — oo uniformly for x from any compact set. However,
as & — & this family is tight, so that the integrals in the above formula can
be made arbitrarily small outside any compact domain. Hence both integrals
converge to zero.

To complete the proof of (F.4) let us note that if & ¢ M(X) (i.e. £ is a
signed measure) then the same procedure is applied, but one has to approx-
imate both ¥ and &. Clearly (F.3) follows from (F.4) and the definition of a
Gateaux derivative. O

CorollaryF2 IfY,Y+& € M(X)and F € C*(M(X)) or F € C3(M(X)),
the following Taylor expansions hold respectively:

2
F(Y+s>—F(Y):(5F(Y) ) /(1 (‘3 F¥ + 55) ms) ds

8Y () 8Y()8Y ()
(E.5a)
Fy o SF 1/ 82F(Y)
o= ()_(8Y(>’E)+_(6Y<>8Y<>’$®E)
S3F(Y + s&)
2 ®3
/(1 ) ( S ) JE )ds. (E.5b)

Proof This follows straightforwardly from the usual Taylor expansion. [

Lemma F.3 Ift — w, € M(X) is continuously differentiable in the weak
topology then, for any F € C'(M (X)),

d .
EF(M') = (OF (urs-), f1r)- (F.6)
Proof This requires the chain rule of calculus in an infinite-dimensional
setting. The details are left as an exercise. O

Another application of the chain rule that is of importance is the following.
LemmaF4 [fF e CLl (M®R?)) then

iF(thX) = hi SF()

x; Ax; 8Y (x;)’
Exercise F.1 Prove Lemma F.4. Hint: formally, this is a chain rule, where
one uses the fact that &/ is the generalized function (distribution) acting as
(f. 8,) = f'(x). For a more rigorous footing one represents the increments of
F by (F.4).

Y = hy = héyx, + - + hdy,.
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One often needs also the derivatives of Banach-space-valued functions on
M(X). Let us say that a mapping ® : M(X) — M(X) has a strong
variational derivative §® (i, x) if, for any u € M(X), x € X, the limit

oP = 1li l[<1>Y+8 —®(Y)]
(SY(x)_siI&E (Y + 58x) (Y)

exists in the norm topology of M (X) and is a finite signed measure on X.
Higher derivatives are defined inductively. We shall say that ® belongs to
ClM(X): M(X)),1 =0,2,...,ifforallk =1,...,Ithe strong variational
derivative 8kd>(Y; X1,...,xp)exists forall x1,...,x; € Xk, Y € M(X), and
represents a mapping M (X) x X¥ > M31€%(X) that is continuous in the sense
of the weak topology and is bounded on the bounded subsets of Y.

Lemma F5 Ler @ € C'(M(X); M(X)) and F € CY(M(X)); then the
composition F o ®(Y) = F(®(Y)) belongs to C' (M (X)), and

ya (@(1)) _/‘8F(Z) 5P
§Y (x) 8Z(Y) | z=a ) 0Y (x)
Proof By (F4),

(Y, dy). (E7)

SF o®

. 1
70 1) = im 5 [FOX +hb) — F@W))]

1
= lim lf ds [S—F(CD(Y)+S[<I>(Y+h8 ) — ®(V)]..) DY + héy)
0 8Z()

- <I>(Y)]

50
= lim f/ / [52( S(@m) + s, x)—i—o(l)])W(Y dy)]

yielding (F.7). O

The above lemmas are derived under the strong assumption of boundedness.
In practice one often uses their various extensions, in which functions and
their variational derivatives are unbounded or defined on a subset of M (X).
The matter is often complicated by the necessity to work in different weak or
strong topologies. In all these situations the validity of the calculations should
be justified, of course.

Moreover, variational derivatives can be defined also for other functional
spaces. The next statement identifies a natural class.

Proposition F.6 Let a Banach space B with norm ||.|p be a subspace of
the space of continuous functions on a complete locally compact metric space
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X (we shall apply it in the case where X is a subset of R?) such that, for any
compact set K C X, the mapping f + f1k is a contraction and a continuous
embedding B — C(K) with a closed image and, for any f € B, one has
f =1lim(f1p,) in B as R — oo, where Bg is a ball with any fixed center.
Then the Dirac measures 8¢ belong to B* and their linear combinations are
*-weakly dense there. Consequently, the variational derivatives §F /8Y can be
defined in the usual way and possess all the above properties.

Proof By the Hahn—Banach theorem, any element ¢ € B* can be lifted to
an element of (C(K))* = M(K) and hence approximated by linear combina-
tions of Dirac measures. Finally, by the assumptions made in the proposition,

any (¢, f) is approximated by (¢r, ) = (¢, f1gg). O

Spaces satisfying the conditions of Proposition F.6 are numerous. As exam-
ples, one can take the spaces Coo(X), Cr(X), Cfoo(X), their subspaces of
differentiable functions with uniform or integral norms and various weighted
Sobolev spaces.

Appendix G Geometry of collisions

We recall here two points on Boltzmann’s collision geometry. Namely, we
shall deduce the collision inequalities and the Carleman representation for the
collision kernel, in both cases for an arbitrary number of dimensions.

Recall that the Boltzmann equation in weak form, (1.50), can be written as

d
J &m0 =3 / / 1 (dv) e (dw)
t neSd—1:(n,w—v)>0 JR2
x [g() +gw) —g) — gw)]B(va —v1].6),  (G.1)
where 0 € [0, /2] is the angle between n = (v — v)/|v' — v| and w — v, and
vV =v—n(—w,n), w =w+nk—w,n),
ne st (n,v—w) > 0; (G.2)
this is a natural parametrization of collisions under the conservation laws (1.48)
v+w =1+, vV 4+ w? =)+ W)

Unlike in (1.52), which is an adaptation of the general jump-type kinetic equa-
tion, we denote here the input and output pairs of velocities by (v, w) and
(v, w’), which is more usual in the literature on the Boltzmann equation.
Clearly, equation (G.1) can be rewritten as
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d( )
dt 85 Kt

=3 /Sd_l /de[g(v/) +gw') = g(v) — g)B(lv — w|, O)dnp, (dv)p (dw),
(G.3)

if B is extended to the angles 6 € [r/2, ] by using B(|v|, 8) = B(|v|, Tt —6).
Also, the symmetry allows us to rewrite (G.1) as

d( )
dt gv,u*t

=/ dn/ we (dv) e (dw)[g(v") — g()1B(Jva — v1], 0).
neSi=1:(n,w—v)=>0 R2d
(G4

For measures with density u(dx) = f(x)dx, this can be given in the following
strong form:

d
Eft(v)

-/ [ @O AG) = i) 1B = ol.0) dnduw,
neSi=1:(n,w—v)>0 JRI

(G.5)
A useful tool for the analysis of collisions is supplied by the following

elementary fact.

Proposition G.1 If v/, w’ are the velocities attained after a collision of
particles with velocities v, w € Rd, so that

vV =v—nk-—w,n), w =w+n—w,n),
nesi (n,v—w) >0,
then

V)% = |v|?sin® 6 + |w|? cos? @ — o |v| |w] sin @ cos 6 cos ¢ sina, 6

|u/|2 = |v|200529 + |w|2 sin® 6 + o|v||w]sinf cos b cos ¢ sin«, '
where o € [0, ] is the angle between the vectors v and w, 0 € [0, 7w /2] is the
angle between v' —v and w —v and ¢ € [0, 7] is the angle between the planes
generated by v, w and v/ — v, w — v.

Exercise G.1 Prove this statement. Hints: clearly the second equation in
(G.6) is obtained from the first by symmetry, i.e. by changing 6 to 7/2 — 6.
Furthermore, though (G.6) is formulated in RY, it is effectively a three-
dimensional statement involving three vectors, v, w, v’ (or the four points
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0, v, w, v in the corresponding affine space). Finally, it can be shown by
lengthy but straightforward calculations that the main point is that the vec-
tors v/ — v and v/ — w are perpendicular (because, as follows from (G.2), the
end points of all possible vectors v’ lie on the sphere whose poles are the end
points of v, w).

The form of the collision inequality given below (and its proof) is taken
from Lu and Wenberg [164]. This form is the result of much development and
improvement, the main contributors being, seemingly, Povsner and Elmroth
(see [71)).

Proposition G.2  With the notation of the previous proposition, the following
collision inequality holds for 6 € (0, 7 /2) and any ¢ > 0:

4+ VD7 + e+ W'D = e+ D7 = (e + w72
< 27 (e + T e + w2
+ (¢ + [wH) D2 + v 2] cos O sin O
— min (;{s(s —), 2) cos2 0 sin? 0[(c + [v?)* + (c + [w|P*/?]. (G.7)
Proof By (G.6)

[V|? < (Jv] sin® + |w| cos6)?,

lw'|2 < (Jv] cos @ + |w] sin6)>.

Hence
¢+ [v']? < c(sin? 0 + cos? 0) + (Jv] sin® + |w| cos 0)?
= <msin9 +4/c+ |w|2cose>2
and

2
c+w')? < <,/c + [v|2cos @ + /¢ + |w]|? sin9> )

Using inequality (6.15) one can write

(c+ VD72 + (c+ Jw'|H?
< [(c+ [V + (c + [w|*)*?](sin® 6 + cos’ 6)
+ 2% sin 6 cos O(sin* "2 0 + cos’ "2 6)
x [(c + A2+ [wH2 + (e + [wH D2 + [)HV2],



346 Appendices
the last term being bounded by
27 5in6 cos 6 e+ 1) V2 e w2+ (e w2 e+ o) ]

owing to the assumption s > 2. Hence, it remains to show the elementary
inequality

sin 0 4+ cos*# < 1 — min [%s(s -2), 2] cos? 0 sin 6, s > 2.

Exercise G.2 Prove the above inequality, thus completing the proof of the
proposition. Hint: for s > 4 it reduces to the obvious inequality

sin® 6 + cos® +2cos> 6 sin 9 < 1:
for s € [2, 4] one simply needs to prove that
af +(1—a)f +BB—Da(l—a) <1,  ae0.1/2]. el.2].
O

As a second topic in this appendix, we shall discuss a couple of other
representations for the Boltzmann equation that are crucial for its qualitative
analysis.

Namely, writing

n= |w U|cos0+msin0, dn:sindfzededm,
w—v

with m € $972 and dm the Lebesgue measure on Sd_l, allows us to rewrite
(G.5) as

d /2

— fi(v) = / de dm/ dw[fy(w") f; W) = fi(w) f; (v)]

dt 0 §d—2 RY

x sin? 20 B(Jw — vl, 0). (G.8)
Under the symmetry condition
sin? 20 B(|z|, 0) = sin? (/2 — 0) B(|z|, /2 — )

the integral in (G.8) is invariant under the transformation 6 +— m/2 —
0,m — —m (or equivalently, v — w’, w’ +> v’). Hence, decomposing
the domain of € into two parts, [0, /4] and [ /4, 7 /2], and making the above
transformation in the second integral allows us to represent the Boltzmann
equation in the following reduced form:

d
) =2 f f LA ) i) — fi(w) i ()]
t nesd—1:0¢[0,m/4] JRI

X B(lw —v|,0)dndw. (G.9)
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Next, let us denote by E, ; the (d — 1)-dimensional plane in R? that passes
through v and is perpendicular to z — v and by dg; , the Lebesgue measure on
it. Changing the variables w, n in (G.5) to v/ € R?, w’ € E, ,, so that

/!

/ / /
dndw =dn dEU‘v,w dlv —v| = ] dv dEu,u/w ,

v — vl

leads to the following Carleman representation of the Boltzmann equation:

d B —v|,0

i) = / v / de, W) fi0) — fiw) fion 202 =20

r w e v— v/
(G.10)

Finally, using the same transformation for (G.9) leads to the following reduced
form of the Carleman representation, the Carleman—Gustafsson representation,
which was proposed in [92]:

d
—fiv) = 2/ dv’/ dg, W'
dt RY weE, yilw|<v—v|

B(lw —vl,0
X LA fi ) = frw) i) = 20

To—wt G0

Carleman’s representation and its modification are useful for obtaining point-
wise estimates for solutions to the Boltzmann equation; see e.g. the end of
Section 6.2.

Appendix H A combinatorial lemma

Clearly, for any f € Cyym(X?) and x = (x1, ..., x,) € X",

> JF(xn)

Ic{l,.n},|1|=2
=1 / f £ (@1, 2)8x(dz1)8x(dz2) — 1 / f@ D82 (H.D)
The following is a generalization for functions of k variables.

Proposition H.1 For any natural k, f € Csym(Xk) andx = (x1,...,X,) €
X",

1 Dk
> Fe =l o () (H2)

Icf{l,....n},|[I|=k

where o (f) is a positive linear mapping on Csym(Xk) given by
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—1

! L, XL X\, Z
LD SRED B NN R

IC{1,.n), | [|1=m lel

k
o(f)=
x 88*=m=D(dzy.  (H.3)

Proof Clearly

n

(f. 884 = fGinox) =k Y f&xD)+o(f)
[1yenny ir=1 Ic{1,..., n},|I|=k
where o (f) is the sum of the terms f(x;,, ..., x;,) in which at least two indices

coincide. Let i, j,i < j, denote the numbers of the first repeated indices there.
Then, by the symmetry of f,

I n

c(H=) D" > (j —2)!
j=2i=11=1Jc{l,..n}\l,|J|=j—2

n

J

X f(xlvxlvva-xilv-~'sxik,j)
iyenny ig—j=1
k n
. Bk—j
=Y G-DY] > Sy 08 (da).
j=2 I=1 Jc{l,...n\L|J|=j—2 7 X7

Settingm = j — 1 and I = J U/ yields (H.3). O

Corollary H2  Forh > 0, f € Cyym(X*) andx = (x1, ..., x,) € X",

1
Y fan =Gl s —on(HL (Ha)

Ic{l,...n},|1|1=k

where o, (f) is a positive linear mapping on Csym(Xk) possessing the
estimates

on(f) -
k! - 2k —2)!

/ Pf(y)(h8)®* D @ay), (H.5)
kal

where Pf(y1, ..., yk—1) = (Y1, Y1, Y2, Y35 - - -+ Yk—1), and

on(f) -
k! — 2(k —2)!

I £IASK AL (H.6)
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Proof Multiplying (H.2) by i* yields (H.4) with

k—1
on(f)y=Y K"*mt N fx AT )
m=1

1c{1,...n},|I|l=m lel
x (héx)®* =D (qyz).
(H.7)

Hence, estimating the sum over the subsets / by the sum over all combinations
yields

k—1
LVIETS SULSID SR BCRE e
m=1
x (h8) @D (dz)

k—1
= 3 hm [ PFOIBBOT Vi)
m=1

implying (H.5) and hence (H.5). O
Exercise H.1 Show that
k—1
1
WY F&D = G 80%) + Y (=W (@[LF] ()P,
I1C{l,...n}.[I|=k ’ =1

(H.8)
where the CD;‘ [f] are positive bounded operators taking Cgym(X k) to
Coym(X B _l). Write down an explicit formula for <I>f‘ [f].

Appendix I Approximation of infinite-dimensional
functions

Let B and B* be a real separable Banach space and its dual, with duality
denoted by (-, -) and the unit balls by By and Bj. It follows from the Stone—
Weierstrass theorem that finite-dimensional (or cylindrical) functions of the
form Fy(v) = f((g1,v),...,(gm,v)) with g, ..., gy € Band f € C(R™)
are dense in the space C(BY) of x-weakly continuous bounded functions on
the unit ball in B*. We need a more precise statement (which to date the author
has not found in the literature) that these approximations can be chosen in such
a way that they respect differentiation. It is sufficient for us to discuss the case
B = Cuso(X), where X is R” or a submanifold of R”, and we will focus our
attention on this case.
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A family Py, P, ... of linear contractions in B of the form given by
Lj
Pjv ="y (w},v)¢}, (L.1)
=1

where ¢>§ and ws are finite linearly independent sets from the unit balls B} and
By respectively, is said to form an approximative identity if the sequence P;
converges strongly to the identity operator as j — oo.

To see the existence of such a family, let us choose a finite 1/j net
X1, X2, ..., xr; in the ball {||x]| < j}. Let ¢§ be a collection of continuous
non-negative functions such that ¢;(x) = > qbi. (x) belongs to [0, 1] every-
where, equals 1 for ||x|| < j and vanishes for | x|| > j + 1 and such that each
¢§. equals 1 in a neighborhood of xﬁ. and vanishes for ||x — xi. || > 2/j. Then
the operators given by

Lj Lj
Pif) = faheh) = (£ 8,:1)¢;(X)
=1 =1

form an approximative identity in B = Cso(X), which one may check first for
f € C'(R?) and then, by approximating for all f € Coo(R?).

Proposition I.1  Suppose that the family Py, Pa, ... of finite-dimensional lin-
ear contractions in B given by (1.1) form an approximative identity in B.
Then:

(i) for any F € C(BY) the family of finite-dimensional (or cylinder) func-
tionals Fj = F (P;‘) converges to F uniformly (i.e. in the norm topology of
C(B}):

(ii) if F is k-times continuously differentiable, i.e. SkF(pL)(v], ..., Ug) exists
and is a x-weakly continuous function of k + 1 variables, then the derivatives
of Fj of order k converge to the corresponding derivatives of F uniformly
on By.

Proof (i) Notice that
Lj
Pi(u) = ) (¢}, mw.
=1

The required convergence for functions of the form Fg(u) = expl(g, w)l,
g € Cxo(X), follows from the definition of the approximative identity

Fo(PE (1) = exp[(Pg. )]
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For arbitrary F' € C(BY) the statement is obtained through its approximation
by linear combinations of exponential functions Fy (which is possible owing
to the Stone—Weierstrass theorem).

(i) If F is k-times continuously differentiable then

SFj(w)
Sp(x)

=i¢‘<)€> F_pr
= 5“(’“;‘) ’

[ ¢F P, Prs, | = P SF(P} )
~ ey ) T T )

and similarly

Sij(,LL) ( SkF (P*w) P*S, ® Q P*$ )
= ), P e - :
Sp(vy) -+ S (ve) Spu(vy) -+ - du(vg) J Joun j Ovk
the result then follows from (i). O

From Proposition I.1 one easily deduces the possibility of approximating
F e C(BY) by polynomials or exponential functionals together with their
derivatives.

Corollary 1.2 For any F € C(BY) there exist two families F, € C(BY), of
finite linear combinations of the analytic functions of i € B*, the first of which
is of the form

Lj
: 2
eXp | —€j Z [(¢§~, W) — 51] . € >0, &eRY
=1
and the second of which is of the form

fg(xl, o xoudxy) - p(dxy), g € SRY,

such that T1;(F) converges to F uniformly on BY; if F is differentiable then
the corresponding derivatives also converge.

Proof For any |, clearly the functional F;(u) = F(P¥(u)) can be writ-
yJ y J j

. L .
ten in the form Fj () = f;(y(w)) where y(u) = {(@}. 10)..... (7. 1)
and the f; are bounded continuous functions of L; variables. Approximat-

ing f; first by eA fj and the latter function by a linear combination
of Gaussian functions of the type exp[—e¢; ZZL:’ 1O = 51)2], we then define
IT;(F(uw) = hj(y(n)), which has the required property. One obtains the
polynomial approximation in a similar way, invoking the finite-dimensional
Weierstrass theorem. O
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Appendix J Bogolyubov chains, generating functionals
and Fock-space calculus

This appendix is an addendum to Section 1.9 indicating an alternative method
of deducing the basic kinetic equations (historically one of the first methods;
see the comments in Section 11.6) that uses so-called Bogolyubov chains,
called also the BBGKY hierarchy.

The discussion in Section 1.9 suggests that it could be useful to look at the
evolution (1.68) in terms of correlation functions. This is actually the method
normally used in statistical physics. The corresponding equations are called
Bogolyubov chains. A neat and systematic way to obtain these equations is via
Fock-space calculus, using creation and annihilation operators; this also yields
a fruitful connection with similar problems in quantum mechanics.

For an arbitrary Y € M(X) the annihilation operator a_(Y) is defined by

(a—(Y)f)(x17 s xn) = f(xlv <o Xn, xn+1)Y(dxn+l)

on C(SX) and, for an arbitrary h € C(X), the creation operator ay (h) acts on
C(SX) as follows:

(@ IO ) =Y fOn, s iy xR (), O,
i=1
(ar(m )’ =0

(the inverted caret on x; indicates that it is removed from the list of arguments
of f). Their duals are the creation and annihilation operators on My, (X),
defined as

* 1 - 7
(@ (V)p)(dx - -dxy) = ~ 3 p(dy -+ dxi - dxp)Y (dx;),
i=1

(ay (W)p)(dxy ---dxy) = (n + 1) pn1(dxy - - dxp1)h(Xpg1).

Xn+1

These operators satisfy the canonical commutation relations

fa-asl = [hY@oL  lazin.a 1= [ hwy@nt
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For brevity, we shall write a; and a’} for the operators a4 (1) and a% (1)
respectively. The powers of a (k) and its dual are clearly given by the formulas

[y 1" Gers ooy =mt > " [ [,

Ic{l,..,n},|I|l=m iel
[@(h)"p], (dxi - - dxy)
(n 4+ m)! ”
el | Pt -+ dxnsn) [ hGons )
. Xn41seees Xn+m j=1

(the first formula holds only for m < n and, for m > n, the power
[(a+(h))™ £]" vanishes).

In terms of canonical creation and annihilation operators, the transforma-
tions p > p" and g — $"g = f from Section 1.9 are described by the
formulas

o> v=NIh"e%p (J.1)
and
f={fY>g={g} =) h N f. J.2)

Next, for an operator D on C(X), the density number operator n(D) (or
gauge operator or second-quantization operator for D) in C(SX) is defined
by the formula

n
A(D)f (X1, X)) = Y Dif (X1, X), (1.3)
i=1
where D; actson f(x1, ..., x,) regarded as a function of x;. One easily checks

that

[n(A), n(D)] = n([A, D)),
[n(D), ay(h)] = ay(Dh), la—(Y), n(D)] = a_(D*Y).

In particular, if D is a finite-dimensional operator of the form

1
D= hj®Y;, hjeCX), YeMX), J.4)
j=1

which acts as Df = Y (f.¥))h;. then n(D) = Y_'_ ay(hj)a_(¥;). In
general, however, one cannot express n(D) in terms of a4 and a_.
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The tensor power of the operator n is defined for a possibly unbounded
operator Lk . Coym(X) — Csym(Xk) as the operator n®k (L% in Csym(X)
given by the formula

@ LHYHEL )= Y LA, J.5)

Ic{l,....n}, [T |=k

where we write

fx1 ..... x,,()’h---vym):f(xla---,xn’)’lv---s)’m),

for an arbitrary f € Csym(&X). This is precisely the transformation from a By
of the form (1.65) to the generator of k-ary interaction I; given by (1.66), so
that

I[P, A¥] = n®k(BX). (J.6)

Using the formalism of the creation, annihilation and gauge operators, one
may deduce the Bogolyubov-chain equations, i.e. the equations for the correla-
tion functions v” that correspond to the evolution of p” dual to equation (1.68),
ie.

k
o = IR A0, PP AL= = S HLIPL AL @)
h =1

Although we will not carry out this calculation (see the comments in
Section 11.6), let us note that it turns out that the limiting equations, as h — 0,
to the equations for v and g expressed by (J.1) and (J.2) are given by the
chain of equations (1.91) and (1.92), yielding the method of deducing kinetic
equations from Bogolyubov chains for correlation functions.

Finally, let us mention a method of storing information on many-particle
evolutions using generating functionals. The generating functionals for an
observable f = {f"} € C(X) and for a state p = {p,} € M(X) are defined
respectively as functionals ® r of ¥ € M(X) and @ o of Q € C(X), where

DY) = (f.Y®), ®,(0) = (0%, ). (J.8)

Clearly generating functionals represent an infinite-dimensional analogue of
the familiar generating functions for discrete probability laws.

As follows from the above discussion, the kinetic equation (1.71) yields the
characteristic equation for the evolution of the generating functional ®g, of
the observable g; satisfiying (1.92) (the dual limiting equation for correlation
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functions). Namely, if Y; solves (1.71) with initial condition Yy and g; solves
(1.92) with initial condition go then

Dy, (Yo) = Dy (¥y).

This equation represents a natural nonlinear extension of the usual duality
between measures and functions.

Appendix K Infinite-dimensional Riccati equations

The construction of the Ornstein—Uhlenbeck (OU) semigroups from Sec-
tion 10.4 is very straightforward. However, the corresponding process is
Gaussian; hence it is also quite natural and insightful to construct infinite-
dimensional OU semigroups and/or propagators alternatively, via the com-
pletion from its action on Gaussian test functions. In analyzing the latter, the
Riccati equation appears. We shall sketch here this approach to the analysis
of infinite-dimensional OU semigroups, starting with the theory of differential
Riccati equations on symmetric operators in Banach spaces.

Let B and B* be a real Banach space and its dual, duality being denoted as
usual by (., .). Let us say that a densely defined operator C from B to B* (that
is possibly unbounded) is symmetric (resp. positive) if (Cv, w) = (Cw,v)
(resp. if (Cv, v) > 0) for all v, w from the domain of C. By SL™ (B, B*) let
us denote the space of bounded positive operators taking B to B*. Analogous
definitions are applied to the operators taking B* to B. The notion of positivity
induces a (partial) order relation on the space of symmetric operators.

The (time-nonhomogeneous differential) Riccati equation in B is defined as
the equation

R, = A()R, +[A()R,]* — R,C()R;, (K.1)

where A(t) and C(¢) are given families of possibly unbounded operators from
B to B and from B to B* respectively, and where the solutions R; are sought in
the class SL*(B*, B). The literature on the infinite-dimensional Riccati equa-
tion is extensive (see e.g. Curtain [53] and McEneaney [181] and references
therein), but it is usually connected with optimal control problems and has a
the Hilbert space setting. We shall give here a short proof of well-posedness
for an unbounded family C(¢) in a Banach space using an explicit formula
arising from the “interaction representation” and bypassing any optimization
interpretations and tools, and we then discuss the link with infinite-dimensional
Ornstein—Uhlenbeck processes describing fluctuation limits.
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Before approaching (K.1) we will summarize the main properties of a
simpler reduced equation with vanishing A (), namely the equation

a(t)y = —n(t)C(t, s)m(t), t>s. (K.2)

Proposition K.1 Suppose that C(t,s), t > s, is a family of densely defined
positive operators taking B to B* that are bounded and strongly continuous in
t fort > s, their norms being an integrable function, i.e.

13
/ IC(z, s)lldT = k(t —s) (K.3)

for a continuous k : Ry +— Ry vanishing at the origin. Then, for any
s € SLT(B*, B), there exists a unique global strongly continuous family
of operators w(t,s) € SLT(B*, B), t > s, such that

t
w(t,s) =mg — / n(t,s)C(zr, s)m(z,s)dt (K.4)

(the integral is defined in the norm topology). Moreover:

(i) w(t,s) < ms and the image of 7w (t,s) coincides with that of g for all
r=s;

(ii) the family 7 (t,s) depends continuously on t,s and Lipschitz contin-
uously on the initial data in the uniform operator topology (defined by the
operator norm);

(iii) equation (K.2) holds in the strong operator topology fort > s;

(iv) if ws has a bounded inverse 7'[;1 then all (¢, s) are invertible and

e~ e, ) < g 4w —s).

Proof The existence of a positive solution for times ¢t — s such that « (t —
$)||ms || < 1 follows from the explicit formula

P -1 P —1
w(t,s) = mg <1~|—f C(r, s)drns> = <1+7Tsf C(r, s)dr) g

(notice that the series representations for both these expressions coincide),
which is obtained from the observation that, in terms of the inverse operator,
equation (K.2) takes the simpler form (d Jdtyn (¢, s) = C(t, s). This implies
also the required bound for the inverse operator. From (K.4) and the positivity
of (¢, s) it follows that (¢, s) < m;. Consequently, for large ¢ — s one can
construct solutions by iterating the above formula. Lipschitz continuity and
uniqueness follow from Gronwall’s lemma, since (K.4) implies that



Infinite-dimensional Riccati equations 357

t
I 69) = w9l < k= 2+ [ I @i+ 1o

x |C(z, )z (z,5) — 72(z, 5) | dz.
(K.5)

O
Now we return to equation (K.1).

Proposition K.2 (i) Let the domains of all A(t) and C(t) contain a common
dense subspace D in B and depend strongly continuously on t as bounded
operators taking D to B and D to B* respectively (we assume that D is itself
a Banach space with a certain norm);

(ii) let A(t) generate a bounded propagator U with common invariant
domain D so that, for any ¢ € D, the family U'* ¢ is the unique solution in D
of the Cauchy problem

d t,s t,s s,5
EU’¢=A(I)U’¢, U =¢

and U" is strongly continuous both in B and D;

(iii) let C(t) be positive and let the norm of C(t,s) = (US)*C(@)U"* €
SL*(B, B*) fort > s satisfy (K.3).

Then, for any R € SL™(B*, B) with image belonging to D, the family

R, =U"n@t, s)U™*,  t>s, (K.6)

where 1 (t,s) is the solution to (K.2) given by Proposition K.I with my = R
and C(t,s) = (U*C()U"®, is a continuous function t — SLT(B*, B),
t > s, in the strong operator topology; the images of the R; belong to D
and R; depends Lipschitz continuously on R and satisfies the Riccati equation
weakly, i.e.

%(R,v, w) = (A)Rv, w) + (v, A®)Rw) — (R,Ct)Rv, w) (K.7)

for all v,w € B*. Finally, if R is compact or has a finite-dimensional range
then the same holds for all R;.

Proof Everything follows by inspection from the explicit formula given
(it is straightforward to check that if 7 satisfies the required reduced Riccati
equation then the “dressed” operator (K.6) satisfies (K.7)) and Proposition K.1.

0

Remark K.3 The obstruction to the strong form of the Riccati equation lies
only in the second term of (K.7) and can be easily removed by an appropriate
assumption.
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Remark K.4 The above results were formulated for the usual forward
Cauchy problem. However, in stochastic processes one often has to deal with
the inverse Cauchy problem. Of course, everything remains the same for the
inverse-time Riccati equation

Ry = —A()Ry — [A()R;]" + R;C(s) Ry, s<t, (K.8)

if A(¢) is assumed to generate the backward propagator U*/, s < t, in B.
Then the family Ry = US'm (s, t)(US!)* solves (K.8) with initial condition
R; = R, where 7 solves the reduced Riccati equation in terms of the inverse
time 77y, = m;C (s, t)m; with the same initial condition 7; = R and C(s,t) =
(Us’t)*C(S)US’t.

Now we point out how the Riccati equation appears from an analysis of the
backward propagators in C(B*), which are specified by formal generators of
the form

0F ) = (A0 7 ) + oot
8Y ()’ 2 §Y2(., )’

where A(¢) and C () are as above and L ¢ is the bilinear form corresponding
to C(1),i.e.

Len(f®g)=(C@)/f, 8,
so that

ICOlp—p = sup (C)f, g).
1711 1gl<t

In order to give meaning to the above operator O it is convenient to reduce
the analysis to the functional Banach spaces B introduced in Proposition F.6.
If R € SL™(B*, B) for such a space B then R can be specified by its integral

kernel (which, with some abuse of notation, we shall denote by the same letter
R). Thus

R(x,y) = (Réy, 8y) = (R8x)(y),

so that
k@ = [(®)0F0)dy = [ R0 F0)dy.
Now let
Fi(Y) = Fr,.4,.,(Y) = exp [—%(RtY, Y) + (b0, Y) + y,] . YeB,

(K.9)
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with R, € SLT(B*, B), ¢; € B. Then

OF (V) = (AR +6). Y ) +3(CORY =60, RY = ¢1) = S L Rr,

implying the following.

Proposition K.5 If a Banach space B is of the kind introduced in Proposi-
tion F.6, if Ry, s < t, satisfies the weak inverse-time Riccati equation

%(Rsv, v) = =2(A(s)Rsv, v) + (R;C(s)Rsv, v), s<t, (K10)

and if ¢s, ys satisfy the system

(bs = _A(s)¢s + RSC(S)¢Ss
Vs = 2 Les) (R — s ® ¢5) (K.11)

then the Gaussian functional Fy solves the equation Fy = —OgFy. If the
assumptions of Proposition K.2 hold for the inverse equation (K.8) (see
Remark K.4) and the first equation in (K.11) is well posed in B, the resolv-
ing operators of the equation Fy = —O4Fy form a backward propagator of
positivity-preserving contraction in the closure (in the uniform topology) of
the linear combinations of the Gaussian functionals (K.9) it R; has images
Jfrom D.

Proof This is straightforward from Proposition K.2. The positivity of
the propagators obtained follows from the conditional positivity of O; or
alternatively can be deduced from the finite-dimensional approximations. [J

Remark K.6 The propagator constructed in Proposition K.5 does not have
to be strongly continuous. Continuity in time holds only in the sense of
convergence on bounded sets.

For example, in the case of the operator O; F from (10.16) under the assump-
tions of Theorem 8.14 (the pure coagulation model) the operator A(¢) is given
by

AN f(x) = / [f(x+2) = f(0) = F@D] K (x, D (d2),

and generates the propagator U"" constructed in Chapter 7. Hence one
can apply Proposition K.5 for an alternative construction of the Ornstein—
Uhlenbeck semigroup from Section 10.4.
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